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Momentum and Mass Transter in a 
Submerged Water Jet 


By WALTON FORSTALL? ano E. W. GAYLORD,’ PITTSBURGH, PA. 


For a round water jet issuing into stationary water, 
momentum and material diffusion were measured, the 
latter by means of a sodium chloride tracer technique. 
It was found that (a) the behavior of the water jet was 
the same as that found by others for an air jet issuing 
into air, and hence constants obtained from measure- 
ments in air can be applied to water; (b) the turbulent 
Schmidt number for water is approximately the same as 
the turbulent Schmidt number for air and about equal 
to the turbulent Prandtl number for air jets; and (c) the 
error curve serves as a useful and satisfactory representa- 
tion of diffusion profiles for water just as it does for air. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


, = specific heat at constant pressure 
C,, Ce = empirical constants 
D = jet diameter at z = 0 
D, = turbulent material diffusion coefficient 
k, = turbulent thermal conductivity 
r = radial distance from jet axis 
= value of r for which u 
= value of r for which & 
= turbulent Schmidt number 
= axial component of velocity 
= radial component of velocity 
= distance from jet exit measured parallel to jet axis 
= difference between temperature at r = 0 and tem- 
perature of secondary fluid 
= difference between temperature at z = 0,r = 0, and 
temperature of secondary fluid + 
= turbulent velocity diffusion coefficient 
= concentration of a tracer material, per unit volume 
p = density 
Subscripts 
= value atr = 0 
= value atz = 0,r =0 
= referring to velocity diffusion 
= referring to material diffusion 


This paper is based in part on a thesis by the junior author in 
partial fulfillment of the requirements for the degree of Doctor of 
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3 Assistant Professor, Mechanical Engineering, Carnegie Institute 
of Technology. Assoc. Mem. ASME. 
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Discussion of this paper should be addressed to the Secretary, 
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Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, February 3, 1954. Paper No. 54—A-38. 


TURBULENT DIFFUSION 


In the turbulent flow of a fluid, irregularities of local velocity 
have the effect of transporting fluid in all directions throughout 
the body of fluid considered moving in some pattern of average 
flow. In this manner properties associated with the fluid are 
also transported. Whereas molecular diffusion is a characteristic 
of the fluid involved, turbulent diffusion (that is, diffusion due to 
the effect of turbulence alone) is determined by the nature of 
the turbulence and for the same turbulence is independent of the 
fluid. Molecular diffusivity 
each one of numerous fluids 


lent diffusion to various flow patterns is still a formidable problem 


can be measured and tabulated for 
In contrast, the relating of turbu- 


Yet in many technologically important flow patterns the molecu- 
lar diffusion is negligible so that turbulent diffusion controls the 
process 

The attack on this problem is being made by several different 
Corrsin and his fellow workers are probing the nature 
v. Krzywoblocki is developing a theory in 


methods. 
of turbulence itself. 
which turbulence is an extension of the spectrum of molecular mo- 
tion. In the meantime, many investigators have measured tur- 
bulent diffusion in simple geometries of flow and correlated the 
results by empirical formulations. It seems reasonable that the 
turbulent-diffusion problem ultimately wii! be solved by an un- 
derstanding of turbulence itself, but in the interim, measurements 
of mean values and their corresponding empiricisms provide 
much useful information 


Tue Jer ProBLtem 


Jets form an important part of the study of the effect of turbu- 
lence on mean flow. A paper by Foystall and Shapiro (1)* aug- 
mented by two discussions (2) contains an extensive compilation 
of references. Also an extremely comprehensive bibliography on 
jets is to be found in a doctoral thesis by Nottage (8) 

Of primary interest in the jet-diffusion problem are the trans- 
port of material, temperature, and momentum. Of these three, 
material has been the most neglected. Furthermore, because of 
difficulties inherent in the use of liquids, most of the experimental 
work has been done with gases. 

This paper reports the results of measurements of material and 
momentum diffusion in a submerged water jet. The jet (primary 
stream) is of circular cross section and when entering a stationary 
body of water (secondary) provides the familiar mixing pattern 
shown schematically in Fig. 1. There were several reasons for 
carrying out this investigation: 

1 It was the test of an instrument for measuring turbulent 
diffusion in water. It is planned to publish in a later paper a 
complete description of this instrument, which employs sodium 
chloride tracer and a specially designed electric conductivity cell. 
2 Turbulent diffusion of water is of considerable technological 


interest. An important paper by Rouse, et al. (3) developed a 


convenient means for predicting the spread of a fluid jet, which 
Rouse determined his 


presumably was applicable to a water jet. 
empirical values using air. It was the authors’ purpose to con- 


*« Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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firm the reasonable assumption that these values were independ- 
ent of the fluid used and would serve to predict the spread of a 
submerged water jet. 

3 It has been well established from measurements with turbu- 
lent-air jets that material and temperature diffuse at about the 
same speed, a rate which is more rapid than momentum diffusion. 
The relative rate of turbulent-momentum diffusion compared 
with turbulent-temperature diffusion can be expressed as a ‘‘tur- 
bulent Prandtl number.’’ The corresponding vzlue for material 
diffusion and momentum diffusion is the “turbulent Schmidt 
number.’”’ Almost no data exist on turbulent Schmidt numbers 
for water. 

TURBULENT Scumipt NUMBER 

Consider the steady, axially symmetric flow of a turbulent, in- 
compressible, inviscid, circular jet containing a tracer. Assume 
pressure constant everywhere and neglect the gradients, assumed 
small, of certain fluctuation products in the axial direction. 
Define two turbulent-diffusion coefficients by the equations 

ou 


aS [ 
v Ma sorte [1] 


a& 
oe 


, 


u 


Ev’ = —D, 
where u’ and v’ are the fluctuations of axial and radial velocity, 
£’ is the fluctuation of concentration of tracer material, v, is the 
coefficient of turbulent diffusion of momentum, D, is the co- 
efficient of turbulent diffusion of material, and the bars denote 
time averages. 
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Total diffusion is, of course, the sum of molecular and turbulent 
effects. Thus the total coefficient of momentum diffusion is y + 
v,, where v is the kinematic viscosity. But in contrast to », 
which is a property of the fluid, v; is a mere empiricism and is not 
a property of the fluid, being dependent instead upon the nature 
of the turbulence present. In many practical cases of turbulent 
mixing, including the ones for which measurement are reported 
here, v is so small compared to vy, that it may be ignored. 

If the definitions for v, and D, given in Equations [1] and [2] 
are substituted into the equations for the turbulent diffusion of 
the mean value of momentum and material, respectively, these 
equations become identical with the equations for molecular dif- 
fusion in nonturbulent flow, except for the bars used to indicate 
time averages. In what follows bars will not be used but, since 
we are dealing with turbulent flow, time averages are to be un- 
derstood. 

If it is further assumed that the velocity and concentration 
profiles are all similar, it may be shown (4, 5) that 


gee 


D, wu g 


Ue gE. 


where u, is the time average axial velocity and £&. is the time 
average concentration of tracer material on the jet axis. If we 
define the turbulent Schmidt number S as 


V; 
D, 


S = 


and assume it to be constant, Equation [3] integrates to 


é ( u y 
E. tbe 
The normal probability or error curve is suitable for describing 

the profile of a circular jet. This has been shown by many in- 
vestigators and is confirmed once more by the results of this 
work. As will be indicated, the error curve presents a special 
convenience in the evaluation of turbulent Schmidt number from 
diffusion measurements. Velocity and concentration profiles in 
terms of the error curve are 


u ; r \5 
= exp | — 0.694 
mu 
r 2 
= exp | — 0.694 ( ) | 
¢ Tmt 


where r,,, and 7m¢ are the values of r where the respective values 
of u/u, and £/£, reach 1/2. This leads to 


e 
mt 


EXPERIMENTAL APPARATUS 


S= 


The apparatus shown in Fig. 3 produced a round water jet 
issuing from a wall into water which was nearly stationary. 


The tank is 3 ft in diam and 4 ft high. The jet issues vertically 
from either a '/, or */s-in-diam nozzle centered in the bottom. 
An amount of water equal to that supplied by the jet overflows 
the rim of the tank while the remainder of the entrained water 
returns downward outside the jet-mixing region. The tank is so 
large compared to the jet-mixing region that velocities in the re- 
turn flow are negligible compared to velocities in the mixing re- 
gion. 
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The tank is 192 and 128 nozzle diameters high, depending on 
the nozzle used; and below 38 nozzle diameters, where the meas- 
urements were made, there was no evidence of any disturbance 
caused by the water surface at the top of the tank. A traversing 
impact tube #/;. in. OD was used to measure velocities and take 
samples for conductivity analysis 

For material diffusion measurements the jet was fresh water 
and the fluid in the tank was a 1 per cent solution of sodium 
chloride. Continuous sampling through two electrical conducti 
ity cells compared the salinity of any point in the mixing region 
to the salinity existing in the stationary water in the tank. This 
comparison method does not require the salt concentration in the 
receiving medium to be known or to be constant, so long as the 


change occurs relatively slowly, as is the case here 
RESULTS 


Similarity. Profile similarity in terms of half-radii is shown to 
be satisfied for both velocity and concentration by Figs. 4 and 5 
Rate of Spreading. If u/u, and &/&. are to be functions of : 


only, the jet should spread ilong straight lines, and the loci ol 
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half-radii should be a straight line. Fig. 6 shows that this re- 

quirement is reasonably well met between 15 and 30 jet diameters 
Center-Line Values. Similarity and conservation of momen- 

tum and material flux result in equations for the center-line values 

having the form 

CD 


and 
r 


when z = 0 represents a common point source for the momentum 
and material flux; up and & are values atz = 0,r = 0; C, 
and C¢ are constants. Fig. 7 compares the data with values of 
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MEASURED VALUES 


Turbulent 
Schmidt 


number 


TABLE 1 


Turbulent 
Prandtl 
number 

vt 


-———- Half-Radii 
pA at. 3 4 eS . £8 
z kt/cpp 


0.113 
0.101 
0.091 
0.090 
0.092 
0.097 
0.089 
0.083 


0.083 
0.095 


1/qin. nozzle 


/s-in. nozzle 


cocoosso 


Hinze (5) 


Sooossess 


~ 


0.701 


Corrsin (6) 
(0.705)@ 
Rouse (3) 


® Computed by authors from reference data using error curve and con- 
stant S 


C, = 6.4 and C; = 5.2. Rouse (3) obtained the values 6.2 for 
his results with air. The difference between 6.4 and 6.2 is within 
the range of experimental error. 

Comparison With Other Investigators. Table 1 shows various 
measured values for velocity and concentration half-radii, and 
Schmidt number computed from the assumption of an error 
curve profile and constant Schmidt number. Comparable re- 
sults from Hinze (5), Corrsin (6), and Rouse (3) also are shown. 

Values of the velocity and concentration half-radii appear to be 
somewhat high when compared with those of Hinze and Corrsin, 
which are in complete agreement. Though there is considerable 
scatter, the authors’ velocity half-radii agree rather well with 
Rouse. 

The authors’ Schmidt number results seem to be rather too 
high throughout. Whether this is due to the fact that a liquid 
was employed or whether experimental error is involved, is not 
known; liquids are hard to work with and more evidence is 
needed. Nevertheless, all values are less than unity, indicating 
that the tendency for mass to diffuse more rapidly than momen- 
tum is true for water as well as for air and is probably independent 
of the fluid medium employed. As an example of the utility of 
the error curve it is interesting to note the values for the turbulent 
Schmidt number and the turbulent Prandtl number which the 
authors have computed by applying an error-curve profile to tae 
data of Hinze and Corrsin. 

Figs. 8 and 9 compare the center-line values of this experiment 
with those of Rouse, Hinze, and Corrsin. In all cases excellent 
agreement is shown for all points farther downstream than 10 
diameters. Near the jet exit the points for the '/,-in. nozzle are 
of doubtful accuracy. 


CONCLUSIONS 


1 The turbulent diffusion of velocity and material in an 
axially symmetric water jet is like that in a jet of air of constant 
density. 

2 The employment for water jets of experimental constants 
determined in air as proposed by Rouse (3) is justified experi- 
mentally. 

3 The turbulent diffusion of material in water behaves like 
the turbulent diffusion of temperature in air of nearly constant 
density. 

4 The results of this investigation indicate a turbulent 
Schmidt number for water in the range of 0.75 to 0.85. Forstall 
and Shapiro (1) suggested a value of 0.70 + 10 per cent for the 
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turbulent Schmidt number and turbulent Prandtl number. It 
appears that the value is not likely to be below 0.70. 

5 The error curve is a useful and satisfactory empirical profile 
for the analysis of axially symmetric jets. 
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Prediction of Creep-Deflection and 
Stress Distribution in Beams 


From Creep in Tension 


By W. N. FINDLEY! ano J. 


A method of predicting creep in bending from data on 
creep in tension has been derived and applied to creep of a 
canvas laminate. Both creep deflections and stress dis- 
tribution were derived. The deflections compared favora- 
bly with test data. It was shown that the stress distribu- 
tion remained constant during creep in bending when 
creep in tension and compression were equal and the coeffi- 
cient of the time-dependent term was equal to the time- 
independent term. Methods of determining creep deflec- 
tions of beams having nonuniform bending moments are 
described. 


STATUS OF THE PROBLEM 


UMEROUS attempts have been made to express creep 
mathematical expression either em- 
Many investigators have 


behavior by a 
pirically or theoretically. 
assumed the time dependence of creep at constant load to be a 
linear function of time (1 to 4)? and have examined the rate of 
creep as a function of stress and temperature—usually only stress 
has been considered. 
Tensile Creep. Some of the types of equations which have been 
employed to describe the relationship between creep rate v and 
stress o are as follows 


= Bo (viscous nes 
» = Bo* (power . [2] 


= A’e®? orlnv = A + Bo (exponential or logarithmic). . [3] 


B sinh hyperbolic sine). . [4] 


where a, A, A’, B, and @» are constants. 

Of these equations, the hyperbolic sine, Equation |4], has been 
shown to have fundamental significance in terms of molecular be- 
havior (5). It should be noted that Equations [1] and [3] are 
approximations of Equation [4] if 7/0» is either small or large, re- 
spectively. 

Other investigators (6 to 14), observing that creep was usually 
not a linear function of time, expressed the total strain €, versus 
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time /, relation nonlinearly by equations, such as the following 


C+ Dint + Et. (5) 


(see references 7 and 8 


(see reference 14 


(see references 6, 9, 11-13) 
where } and n are constants and C, D, E, €, and m are functions 
of stress, and ¢€ includes both time-dependent and time-independ- 
ent strain. 

When the coefficients €) and m in Equation [7] are expressed 
as hyperbolic sine functions of stress, Equation [7 
(13, 15) 


becomes 


a g : ‘ 0 : 
€ = sinh — + m’t* {| sinh [8] 
O~ om 


where €9’, m’, 0, 7,,, and n are constants. From Equation [8] 


the creep rate v, as obtained by differentiation, is 
. . go : 
v = m’nt"—! sinh —— [9] 

a 


m 


and is a function of time rather than a constant as often as- 
sumed. 

Bending Creep. The first analysis of creep in bending was re- 
ported by MacCullough (16) in 1933. The results of his tests of 
lead beams were in reasonable agreement with the deflections 
calculated from observed minimum creep rates in tension and 
compression. Linearity of strain with distance from the neutral 
axis was demonstrated; that is, plane sections remained plane 
even during creep. 

Tapsell and Johnson (2) also demonstrated for lead beams that 
the strain remained a linear function of distance from the neutral 
axis. It followed from this observation, and was shown by the 
data, that the strain-time curves at every position (fiber) of the 
beam have a similar shape 

Creep of beams of aluminum and polystyrene plastic were in- 
vestigated by Marin and Zwissler (17) and Marin and Cuff (18). 
The observed minimum creep rates in bending were compared 
with bending-creep rates computed from tension-creep tests 
assuming a linear dependence of creep on time and a power rela- 
tion between creep rate and stress. The theory did not permit 
computation of deflection. Both the tension- and bending-creep 
curves depart considerably from the assumed linear dependence 
on time. In a discussion, Findley (19) presented data on creep of 
polystyrene which indicated that the power function of stress 
was not satisfactory for small stresses. 

Creep of an imaginary copper beam was examined by Popov 
(20) using several creep rate versus stress relations. His examina- 
tion indicated that the stress distribution in a beam changed with 
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time and tended toward a steady-state distribution of a nonlinear 
An approximate summation procedure was employed to 
Deflections were calculated on 


shape. 
salculate the stress distribution. 
an assumption of a linear variation of strain with time. 
tions also were calculated using a creep equation of the type of 
Equation [7] with a linear function of stress for €) and an ex- 
ponential function of stress for m. No experimental verification 
was reported, however. 

In a paper by Marin, Pao, and Cuff (4), a method was de- 
scribed for calculating bending-creep rates and deflections in a 
beam of material for which the creep behavior is different in ten- 
sion and compression. The results were compared with data on 
creep of lucite and plexiglas. Again a linear time function was 
assumed which was not a close approximation to the observed be- 
Different power functions of stress were employed to 
In the analysis the 
The analysis 


havior. 
describe the elastic strains and creep strains. 
elastic and creep strains were treated separately. 
predicted a different stress distribution and position of the 
neutral axis for the elastic component of strains than for the 
creep (time dependent) component of strains in the beam. Since 
these two stress distributions must exist simultaneously it does 
not seem possible for them to be different. 

In a paper which had just become available at the time this 
manuscript was prepared, Pao and Marin (14) presented another 
analysis for bending creep of plexiglas in which a complex equa- 
tion for creep of the form of Equation [6] was employed. This 
equation did not describe the initial part of the creep curves much 
more closely than a linear equation. Identical creep relations in 
tension and compression were assumed although the authors’ 
previous data on plexiglas showed this to be untrue. The analysis 
permits the stress distribution to vary with time but neglects the 
resulting changes in elastic strains. Other simplifications were 
found necessary in order to solve the problem. The resulting 
equation predicted a constant creep rate after about 1000 hr 
which did not agree with the data; these were presented to 11,000 
hr, the creep rate decreasing continuously. The paper also de- 
scribed methods for determining creep deflections of beams in 
which the bending moment varied along the beam. 


DERIVATION FOR BENDING With Equa. CREEP IN TENSION AND 
COMPRESSION AND, Eguat Time-DEPENDENT AND INDEPENDENT 
CONSTANTS 


In previous studies (9, 12, 15) the creep curves obtained from a 
canvas laminate tested at different constant stresses were found 
to be closely described by an equation of the form 


€ = €& + mi” = (€)' + m’t") sinh pins, (O} 


where the symbols are the same as described above. The stress 
dependence in this relation is of the same form as that in the 
activation-energy theory of creep as advanced by Kauzmann 


(5). It also has been shown previously (15) that an equation 
for the stress-strain curve obtained from a constant strain rate- 
tension test could be derived from Equation [10] and that the 
resulting equation was in close agreement with the experimental 
data. It should be noted that the time-independent term €) = 
e’o sinh (a /a) in Equation [10] expresses the instantaneous strain, 
i.e., the strain at time zero, and that it does not represent linear 
elasticity except when 0» is large compared to a. 

- Fortunately, bending-creep data also were obtained for ma- 
terial of identical composition made by the same manufacturer 
at about the same time. These data were obtained by Marin 
(21). While Marin also obtained tension-creep curves on this 
material which agreed in general with the tension-creep curves in 
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reference (9), they did not have sufficient self-consistency to per- 
mit evaluating the constants in Equation [10]. 

Dr. Marin in a private communication provided compression 
creep curves of a canvas laminate which show a greater creep for 
a given stress than the tension-creep data. However, the in- 
stantaneous strains also were 50 per cent greater, whereas the 
stress-strain curves of this material in tension and compression 
were nearly the same for the stresses involved in the creep tests 
(12). 
been prepared on the assumption that creep in tension and com- 


In view of this observation, the following derivation has 


pression was identical for the canvas laminate. 

Equation [10] accurately represents the creep data under con- 
di‘ions of constant stress. It probably does not, however, ac- 
curately describe creep under varying stress. Thus, if the stress 
distribution in the beam changed during creep, as described by 
Popov (20), some inaccuracy might be introduced by the use of 
this equation unless the material obeys the time-hardening law 
(22), which probably is not the case. 

To determine the bending-creep relation the conditions of equi- 
librium and geometry must be satisfied. From the geometry of a 
beam in pure bending, or one in which the distortion due to shear 
well-known geometrical relation 


is negligible, the following 


applies 


i111] 


where € is the total strain at a distance y measured perpendicu- 
larly from the neutral axis and p is the radius of curvature of the 
centroidal axis. This relation is equivalent to assuming that plane 
sections remain plane—a fact which has been demonstrated for 
plastically bent beams by Nadai (23) and for creep of lead beams 
by MacCullough (16). 
strains in the different ‘‘fibers’’ of a beam of great length, bent by 
a constant bending moment into the arc of a circle, suggests that 
plane sections must remain plane at all points along the beam 
which are remote from the ends. 

The conditions of equilibrium for a beam are expressed by the 
following equations when the accelerations involved in the creep 
which is usually the case 


Also, consideration of compatibility of 


are so small as to be negligible 


ff. - ay(dA) 
*  a(dA 
fi aa ) 


where A is the cross-sectional area of the beam, h is the depth of 
the beam, and c is the distance from the neutral axis to the tension 
face of the beam. 

Substituting Equation [11] for € in Equation [10] and solving 
for the stress o the following is obtained 


y 


pe pyRrae = g) sinh~! (Ny). ..[14] 
p( €o + m’t") 


o = gp sinh 


where the symbol 


1 
~ pl€o’ + m’t") 


has been introduced. 

For a beam of rectangular cross section of width b, (dA) = 
b(dy), in Equations [12] and [13]. Making this substitution and 
introducing Equation [14] for o in Equation [13], the following re- 


sults 
of a(dy) = bo» f sinh! (Ny)(dy) 
ch cah 
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Upon integration, assuming identical creep relations for tension 
h/2, i.e., the 


neutral axis is at the center of the beam and does not change 


and compression, Equation [16] shows that c = 


position with time under load. 
Making the same substitutions in Equation 
the limits in accordance with the previous paragraph yields 


M=bd f oy(dy) = bo f y sinh~'(Ny\(dy) 


After integrating and rearranging terms this becomes 


[12] and changing 


2M 
= (N¢ 


j r.\e 
ss » [2( Nc)? 4 
Oobc? 


1} sinh~! (Ne Ve) VIG 


which for convenience in computations may be written 


2M 20 cosh 20 sinh 26 
Oobc? cosh 26 l 
where 6 = sinh! Ne. 

Equation [18] shows that the bending moment M is a function 
of N for a beam of given size and material. Thus for a constant 
bending moment /, N must be a constant. Hence, from Equa- 
tion [15] it is observed that the curvature 1/p of the beam under 
a constant bending moment varies with time in accordance with 
the same time function as strain varies in a tension creep test; 


that is 
I 
p 


+ mt") [19] 


= N(€’ 


In this equation N is the function of bending moment M, given 
by Equation [18]. The most convenient way of determining N 
from Equation [18] is by means of a diagram of 
2M 
- versus Ve 
Ode : 


which is easily constructed from the second form of Equation 
18] as shown in Fig. 1. 
From Equation [14] the stress distribution 


sinh [20 | 


is obtained. Since .\ is a function of the bending moment, size 
and material of the beam and independent of time (according to 
Equation [18]), it follows that the stress distribution does not 
change with time during creep under a constant bending moment. 
LAMINATE IN PURE 


CREEP OF CANVAS 


BENDING 


APPLICATION TO 


Deflections. Numerical values of the constants in Equation 
[10] which were determined from tension creep data (9) are as 
follows 

= 0.001875 in. per in. 

n = 0.1188 


1000 psi 


, 
= pi 


a5 = 


The values differ from the values determined for this laminate in 
in which m’ was 0.0029 and o was 5230. 


The agreement between the tension creep-test data and Equation 


a previous study (15 


[10] using the present constants is shown in Fig. 2. 

The agreement is excellent except for the highest stresses of 
5700 and 6650 psi. 
tured at 550 hr, it is possible that the fracturing mechanism may 


Since the specimen at the latter stress frac- 


4.0 

















Nec 


2M 
Ne Versus } 


Jo OC 


Fic. 1 From Equation [18 


have influenced the creep results at the highest stress. It is also 
always possible that specimens may have been slightly over- 
strained during loading, although great care was exercised in this 
respect. It has been shown (24) that such overstraining alters 
the shape of the creep curve. The short horizontal lines at the 
left border of Fig. 2, 


To calculate the deflection-time curves for a beam o 


indicate the first test points for each test 

the di 
mensions employed by Marin (21), values of N were determined 
from Fig. 1, corresponding to the desired bending moments 
These values were substituted into Equation [19] together with the 
values of the constants given in the foregoing, and the curvature 
Then the de- 


flection z at mid-span of a beam of length / subjected to a uni 


1/p was determined for various values of time ¢ 


form bending moment was calculated for each curvature from the 


well-known geometrical relation 
21) 


The resulting theoretical bending-creep curves are shown in 
Fig. 3, together with the experimental data reported by Marin 
In Fig. 3, the solid lines 


(21) for a grade C canvas laminate. 


show the bending creep predicted by Equation {19}, using the 
constants employed in computing the solid lines shown in Fig. 2. 
The black dots in Fig. 3 represent the creep that would have been 
predicted by using the constants previously employed to fit 
Equation [10] to the data of Fig. 2. 

The short horizontal lines at the left border of Fig. 3 indicate 
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the deflection predicted at zero time if the load could have been supported by the fact that the difference between experimental 
applied instantaneously without shock. and theoretical data at this load decreases as the time increases. 
The agreement between the theory given by the solid lines in This trend is in accord with the observations of Everett (24) and 
Fig. 3 and experimental data is reasonably good. Some of the MacCullough (16) on the effect of overstraining while loading. 
discrepancies which do exist may be explained as follows: For The experimental data for bending moments of 917 !b-in. and 
the curve at a bending moment of 624 Ib-in. the experimental data 932 Ib-in. show a difference that seems too large for the small 
indicate a constant deflection between 200 and 900 hr. Since change in bending moment. There is no way of knowing which 
curves for higher and lower moments showed a continuously in- of the two curves is more nearly correct. 
creasing deflection, it seems likely that experimental difficulties, Stresses. The stress distribution in the beam under a bending 
such as the sticking of a dial, may have been responsible for the moment of 679 lb-in. was computed from Equation [20] and is 
constant deflection. shown in Fig. 4. The maximum stresses in the beams also were 
The divergence in the early part of the test at a bending computed for the several beams for which data are reported in 
moment of 767 Ib-in. may have been caused by overstraining Fig. 3. These stresses, in order of increasing bending moments, 
during load application. This possible explanation seems to be were 4920, 5640, 6060, 6740, 7940, 8,000 psi, respectively. It was 
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Bending moment 679 in-lb.) 


observed that the two highest stresses are very near the stress in 
the tension test, Fig. 5, at which the strain increased rapidly with 
small increases in stress. This may account in part for the large 
difference between the creep of the two beams having the highest 
loads, see Fig. 3. 
RELATION TO TENSION Test oF CANVAS LAMINATE 
In a prior paper (15) an equation for the stress-strain relation 


in a tension test was derived from a creep equation of the form of 
Equation [10]. The resulting stress-strain equation was 


n 

o Eon . o \-— 

€ = € sinh 1 + ( - sinh — }!-* 
Oo €lo Go 


where € is the strain rate. 

Excellent agreement was found between the stress-strain curve 
computed from the creep data for the canvas laminate used in 
the foregoing study and the data from a tension test. Since the 
constants in the creep equation as employed in the present analysis 
differ from those used in the previous paper, the stress-strain re- 
lation has been recomputed from Equation [22] using the new 
constants. The theoretical and experimental curves are compared 
in Fig. 5. The agreement is close but not as satisfactory as for the 
previous set of constants (15). 


NONUNIFORM BENDING MOMENT 


If the bending moment M in the beam varies with distance z 
along the beam, then M may be expressed in terms of z as M = 
f(z). Hence from Equation [18] N is a function of z, N = g(z). 
If in Equation [19], g(x) is substituted for N, and 


d*z 


l dz? c 22 ‘ ° 
= ~ (for small deflections ) 
zr? 


Iz 
, E + (J 


is substituted for the curvature, the differential equation 


d*z , , 
= g(x) (€o’ + m’t") 
dx? 
is obtained which may be solved for the deflection of the beam. 
Example 1. Let g(x) = Qz where Q is a constant. This cor- 
responds to a beam having a bending moment M which varies 
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with distance z according to the equation obtained from Equation 
18] by substituting Qz for N. 
moment diagram is the same as the curve shown in Fig. 1, since 
the ordinate is proportional to the bending moment and the 
Within the range of Nc shown, Fig 


The shape of this bending- 


abscissa is proportional! to zx 
1 has approximately the shape of the bending-moment diagram 
which would be produced in a cantilever beam loaded with its 
own weight and having an upward force at the free end. Ata 
given time f, the deflection of the beam may be determined in a 
manner identical to that employed for elastic beams, From 
Equation [24] 

d*z 
~ = Qx(éo’ + m't*) = QTz 25] 


dz 


where 
T = €' + m't," 
Integrating once 
dz 


a , 
-QOr= +¢ 


If the beam is rigidly clamped at z = L, then 


dz 
= 0 
dx 


atz = L,andC = —QT7(L*/2). Integrating again 


zx* 
= QT — 


) 


But z = 0 atz = Lso C, = (QTL*)/3, hence 


z = QTz*/6 QTL*z/2 + QTL*/3 
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which is the deflection curve of the beam for small deflections. 
At z = 0 the deflection z is 


QTL 
z= 
3 


Li 
- ~ (€o’ + m't") 


When the bending moment varies with distance z, then the 
stress distribution also will vary with z, in accordance with the ex- 
pression obtained by substituting g(x) for N in Equation [20] 

y= i. sinh =~ 
g(x) o 

Example 2. Equation [18] usually cannot be solved for N as an 
explicit function of z. Thus, Equation [24] cannot usually be 
evaluated by integration. A somewhat different approach is de- 
scribed below in the following. 

Consider a cantilever beam of length L subjected to a concen- 
trated load P at the end. Let the depth be 2c, and the beam 
width b. Measuring distance z along the beam from the free end, 
the bending moment M is 

ee 


Differentiating with respect to z 
dM = Pdz 


Equation [14] may be written for the stress a, in the extreme 
fiber as 


- . a; ‘ 
Ne = sinh — = sinh S.... 
at) 


... [30] 


where S = g;/0o, and S is a function of z since N is a function of 
z. Equation [18] can be rewritten as follows by substituting 
Equation [30] and cancelling terms 


2 
M = vee [S(2 + esch? S) — coth S]. 


Substituting for M from Equation [28] and differentiating, the 
following is obtained 
2 

dz = vec (coth? S — S coth S esch? S)dS [32] 


From Equations [10] and [11], the following may be written for 
the extreme fiber 


1 & (€0’ + m't”) sinh S 


p c c 


After eliminating 1/p between Equations [23] and [33], the 
following integral can be formed in terms of S and x 


ds f (€’ + m’t) sinh S 
—- 8 ee aes 
dz c 


Substituting dz from Equation [32] into Equation [34] and inte- 
grating, an equation for the slope, dz/dz, of the beam is ob- 
tained 


dz be 
tae (€)’ + m’t") (cosh S + S esch S + C;).. [35] 
dz P 


where C; is a constant to be determined from boundary condi- 
tions. 
The deflection z of the beam may be found by multiplying 
Squation [35] by dz, substituting for dz from Equation [32] and 
forming the integral. After expanding and collecting terms, the 
expression becomes 
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Oo*b*c? 


P? 


(€)’ + m’t") ff (cot S cosh S — S* coth S esch’ S 


+ (, coth? S — C,S coth S esch? S) dS . [36] 
The indicated integration may be evaluated with the following 
result 


G*b*c3 [ S? 


S cosh S 


—— (€' + m’t")| sinh S + - - 
. ; 3 sinh? S 


ae 3 sinh? S 
(—1)? 2 (2) —1 


) 
(2p + 1)! — 


3 p= 1,2... 


C (s 1 cosh S S ) c.| 

Fe 3 ih S Seeks) *) 
where S = o;/0, o, is the stress on the extreme fiber of the beam 
at the position for which the deflection z is to be determined, B, 
are Bernoulli numbers, and C,; and C, are constants to be deter- 
mined from boundary conditions. The series appearing in 
Equation [37] converges for S? < z. 

For the cantilever beam of length L the slope is zero at z = L. 
Thus from Equation [35] 


[37] 


C, = —cosh S; — S,esch S, [38] 


where S, is the value of S at the position z = L. The value of 
S,; may be determined from Equation [31] by substituting PL 
for M and solving for S, by trial in a numerical example. 

Since the deflection of the cantilever beam is zero at z = L, 
the value of C; may be determined from Equation [37] by setting 
z = O and S equal the same value S, as in the foregoing. 

To obtain the deflection z, at location z along the beam, sub- 
stitute the bending moment Pz for M in Equation [31] and solve 
for the corresponding value of S, S, by trial. Substitute S, in 
Equation [37] together with C,; and C, and compute the deflection 
‘ 

It can be shown by application of L’Hospital’s rule to Equa- 
tion [31] that S = 0 when M = Px = 0. Thus the deflection 
Zo, of the free end of the beam may be obtained by substituting 
S = 0 in Equation [37] 


o*b*c3 


Pp? (€’ + m’t") C; 


29 = 


. [39] 


“ 


The foregoing solutions are valid only when S*? < 7 as noted pre- 
viously. 

For values of | S| greater than about 5 the hyperbolic func- 
tions may be approximated by exponential functions to obtain a 
solution. Equation [31] then becomes approximately 


be2 
ge — (28 — 1) 


Differentiating and substituting Equation [29] 


dM = Pdz = opbe*dS... [41] 


Substituting Equation [41] into Equation [34] and integrating; 
the equation for slope of the beam is obtained 

dz obec 

— = - (€9' + mi" (eS C;) 

ae oP (€o eS + Cy 
The deflection equation is obtained by substituting for dz from 
Equation [41] into Equation [42] and integrating 

o*b*c3 


Pas (€o’ + m’t* eS + CS + C2) 


where the symbols are the same as before. 


... (42) 


[43] 
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This solutioa also involves determining S as a function of x 
through Equations [28] and [40]. The foregoing expression will 
be a good approximation to Equation [37] when the value of S is 
greater than 5 throughout most of the depth of the beam and 
throughout most of the length of the beam. Inaccuracies always 
will be found in the vicinity of the neutral axis and in a region 
near zero-bending moment as at the end of the cantilever beam. 


Errect oF Limitinc VALUES oF CREEP CONSTANTS 


Examination of Equation [10] shows that as n approaches 
unity the creep curve approaches nearer to a linear curve (con- 
stant creep rate) which is the behavior expected from a purely 
viscous material. Also as o) becomes large so that o/a» is small, 
the stress function becomes nearer a linear relation. This again 
is what would be expected from viscous behavior. 

As n becomes smaller the resulting creep curve tends to rise 
sharply and then level off to an apparently constant value—which 
is not actually constant. For small values of oo, such that 
a/o» is large, the hyperbolic sine term may be replaced by an 
exponential one. 

It should be pointed out that erroneous results are obtained by 
substituting o/o» for sinh o/a» in the expressions calculated for 
bending creep, Equations [14] and [18]. This does not indicate 
an error in the equations but simply indicates that the simplify- 
ing assumption for small stresses cannot be utilized in equations 
which include a difference of two terms of like magnitude, as the 
error in making the simplification may be larger than the value 
of the difference of the two terms. 

CONCLUSIONS 

The form of creep equation employed seems adequate to de- 
scribe the tension creep of a grade-C canvas laminate. The close 
agreement between creep in bending predicted by this equation 
and actual data lends support te the possible usefulness of the 
equation. Further evidence is provided by the agreement be- 
tween the stress-strain curve derived from the same creep equa- 
tion and actual test data. 
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Fracture of Inoculated Iron 
Under Biaxial Stresses 


By I. CORNET!’ ano R. C. GRASSI,? BERKELEY, CALIF. 


Data are presented on the fracture of inoculated-iron 
thin-wall tubes, investigated under various ratios of axial 
to tangential stress, ranging from pure tension to pure 
compression. These data are consistent with published 
data on gray cast iron. It may be assumed that in cast- 
iron, plates of friable graphite in an iron matrix, act like 
solid iron with respect to compressive stresses, but 
they act as stress-concentrating cavities with respect to 
tensile stresses. This gives a stress-concentration factor, 
which is easily determined experimentally. Stress-con- 
centration factors obtained were 3.2-3.3 for gray cast iron, 
and 2.4-2.5 for inoculated cast iron. A distortion-energy 
criterion for fracture, modified by this stress-concentra- 
tion factor, is consistent with the experimental data. It 
appears that the concentration of the dispersed graphite, 
and the shape and size of this brittle phase, affect the frac- 
ture strength under combined stresses. 


PURPOSE AND SCOPE 


DM eens im of very limited ductility, besides their in- 


trinsic importance, are valuable subjects for the study of 

fracture laws. The virtual elimination of necking permits 
greater assurance in determining the state of stress at fracture; 
it also reduces strain-hardening effects. Brittle materials, such as 
cast iron, do present.problems owing to stress concentrations and 
residual stresses attributed to microcracks or the presence of a 
second phase. Also, materials which are brittle in tension may 
exhibit appreciable ductility in compression or under combined 
stresses. 

The purpose of this investigation was to supplement published 
studies (1,°2)* of the fracture of cast iron under biaxial stresses. 
New data ate reported on the fracture of a calcium-silicide-inocu- 
lated cast iron meeting specifications of ASTM Class No. 50 (3). 
The data obtained represent the:result of testing 35 tube speci- 
mens and seven solid cylindrical specimens. 


PROCEDURE 


Tube specimens were machined from cast bars 1.2 in. diam and 
22 in. long, all cast bars being from the same foundry heat. 
Three tube specimens and two solid cylinders were machined from 
each cast bar? which previously had been given a 1-hr anneal at 
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1000 F. The tube specimens were drilled, reamed with a carbide 
reamer to reproduce an internal diameter of 0.500 + 0.0005 in., 
and then rough-turned. The blank was then mounted on a 
mandrel and finish-turned to a diameter of 0.560 + 0.0005 in.; 
the specimen was then threaded. A circular radius tool was used 
for the finish cut, which produced a smooth surface with no dis- 
continuity at the radii. This tubular specimen was mounted in 
grips sealed with lead gaskets and stressed according to the de- 
sired ratio of axial to tangential stress (referred to as “stress 
ratio’) by the proper combination of internal pressure and axial 
tension or compression. Solid cylindrical specimens, 0.500 in. in 
height and 0.505 in. diam, were tested in compression only. De- 
tails of the specimens and of the grip sections are shown in Figs. | 
and 2. 

A modified two-cylinder diesel injection pump was used to 
produce the internal pressure, which was measured by a cali- 
brated bourdon-type gage accurate to +'/2 per cent. The axial 
loading of the specimen was done on a 200,000-Ib Southwark- 
Emery testing machine, using the 10,000-lb scale »with a least 
division of 10 lb 


RESULTS AND DISCUSSION 


Results for the tube tests for the inoculated iron are presented 
graphically in Fig. 3. The seven solid cylinders subjected to pure 
compression failed at an average stress of 135,000 psi, (not shown 
in Fig. 3), as compared to an average value of 122,000 psi for the 
three tube specimens. This difference in averages is reasonable, 
considering the dissimilarity of the specimens; for the gray iron 
there also was about 10 per cent difference in compressive strength 
between the tubular and solid specimens (1). In general, the 
data for the fracture of inoculated cast iron are consistent in 
pattern with the data published previously for gray cast iron, but 
at correspondingly greater stresses. 

The results obtained may be approximated by assuming that 
fracture is governed by a distortion-energy criterion, modified by 
a concentration of stress due to the notch effect. The procedure 
used, developed by John C. Fisher (4), is as follows: 

It is assumed that fracture cannot occur independently of de- 
formation (5). Now plastic flow in metals is initiated, according 
to the distortion-energy theory, when 


(S; > S2)? + (S: — S;)? + (S; —_o S,)? = 2S? [1] 


where S;, S2, S; are the principal stresses and Sy = the yield stress 
in simple tension. 

Cast iron has a heterogeneous polyphase structure. The 
graphite flakes in this structure are brittle and friable; they can 
transmit compressive stresses without failure, but are relatively 
weak in tension. As a first approximation, let it be assumed that 
the graphite flakes act as ellipsoidal cavities under tension stresses, 
but as sound, reliable material under compressive stresses, An 
ellipsoidal cavity will have a stress-concentrating effect, as 
analyzed by Heinz Neuber (6); experimentally, this stress-con- 
centration factor is simply the ratio of the fracture strength in 
pure compression to the fracture strength in pure tension. In 
the tension-tension quadrant the most severe stress state is that 
for which the largest tensile stress acts in the axial direction rela- 
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tive to the long axis of the ellipsoidal cavity, as shown in Fig. 4. 
There is a point at the periphery of the plate where the radial and 
tangential stresses both are zero, also as shown in Fig. 4. Equa- 
tion [1] therefore reduces to 


KS, = So....... TET 


where S, is the maximum tensile stress for the initiation of plastic 
flow in the cast iron subjected to biaxial tension. Here the dis- 
tortion-energy criterion coincides with the maximum-stress law. 

Consider the case of cast iron subjected to a tensile stress S;, 
and a compressive stress S;, with the intermediate stress S: ap- 
proximately zero. As for the tension-tension quadrant, the most 


FRACTURE OF INOCULATED IRON UNDER BIAXIAL STRESSES 


STRESS RATIOS 


a per Oy 
| , VA 











True Srress at Fracture ror Various Stress Ratios ror 
Cast Irons 

(The experimental data are fitted by curves calculated from Equations [1, 

2, 3]. Compression and tension test data are required to furnish the stress 

concentration factor, K, and an anchor point for the curve for the particu- 

lar cast iron 


Fie. 3 


severe stress state is that for tensile stress acting in the axial 
direction relative to a graphite plate. There is a point at the 
periphery of the plate where the tangential stress is S; and the 


radial stress is zero. At this point Equation [1] reduces to 


K*S,;? KS,S; + 8? = S [3] 


Finally, when cast iron is subjected to biaxial compression, 
Equation [1] is unchanged, for there is no stress concentration. 

From tests on tubes in pure compression and in pure tension, one 
obtains a ratio of the fracture strength in pure compression to the 
fracture strength in pure tension; this ratio is the stress-concen- 


tration factor K. For gravy iron the data of Grassi and Cornet 
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(1948) gives K = 3.2; the data of Coffin (1949) gives K = 3.3. 
For inoculated iron, Cornet and Grassi (1952), K = 2.5. Using 
these stress-concentration factors in Equations [1, 2, and 3], one 
obtains the fracture-prediction curves shown in Fig. 3. These 
curves give a conservative approximation to the data obtained 
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TO AXIAL DIRECTION 
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experimentally by subjecting tubes to combined stress. The 
radial lines of Fig. 3 show the stress ratios, i.e., the ratios of axial 
stress to tangential stress, along which the tubes were stressed 
to obtain the fracture points shown. 

Test sections of the gray cast iron and inoculated-iron tubes 
both showed graphite flakes of Type C (7). The gray cast iron 
has graphite flakes 2'/, to 2'/2 in. long at 100X magnification 


JUNE, 1955 
(graphite Flake Size 2) (7). The inoculated iron has graphite 
flakes about 1'/2 in. long at 100.X magnification (graphite Flake 
Size 3) (7). Thus the microstructure is qualitatively in accord 
with the theory of notch stresses and with the experimental re- 
sults. After enough data have been obtained, it may be possible 
to characterize K, the notch stress-concentration factor, as a func- 
tion of the concentration, shape, and size of the dispersed phase. 
This viewpoint emphasizes the importance of structure as well as 
composition in determining the strength of cast iron. 
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The Formation of a Conical Crater in 


a Thin Plastic Sheet 


By W. T. THOMSON,' LOS ANGELES, CALIF 


The deformation of a thin plastic sheet forced by a 
conical mandrel of any angle is analyzed. Dimensions 
of the conical crater formed are presented in nondimen- 
sional form for various cone angles. 


THE PROBLEM 


HEN a small hole in a thin plastic plate is enlarged by a 

mandrel of very small taper the unsymmetrical mode of 

deformation is a sharp-edged crater whose height is */, 

times that of the enlarged radius and whose thickness varies as 
the square root of the distance from the sharp edge.* 

We will consider here the problem of forcing a conical mandrel 

of angle 2a@ partially through a plastic sheet, for which the fore- 


— 
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Fig. 1 Contcat Crater Formep in Tun Piastic SHEET 


going conclusions must be obtained as a special case when @ ap- 


proaches zero. Referring to Fig. 1, the following assumptions 


are made: 
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1 The cone has penetrated a sufficient distance so that the 
crater has a sharp edge. 

2 Circumferential stress a, is the only stress of significance in 
the crater so that o, and a, can be assumed to be zero. 

3 Plastic deformation then takes place under a yield stress 
04 = a 

4 Plastic deformation takes place without a change in volume 
The assumption of uniaxial stress requires that the strains ¢, and 
€, perpendicular to og be equal. Thus an element A,ds in the 
original position changes dimensions after deformation to the 
following 


t=hA(1 


We next make use of the fourth assumption of no change in 
volume. Considering an elementary ring at s which is deformed 


into the crater 


2rsh,ds = 2mrtdz 3] 


Substituting from Equations [1] and [2] together with the rela- 
tionship s/z = r,/D, the expression for the thickness ¢ becomes 


lr, 2 
t= h, [4] 
“Vp : 


To find D, the slant depth of the crater, we note that all of the 
material within the radius r, must go into the crater. Equating 


these volumes 
D 
2r rt dz 
0 


D i. 
2rh, © er dz 
3 Vb 


Tr,*h, 


Replacing r in terms of z 
Equation [5] reduces to 


D 
a)jz + azr*dzr=1 


where 


2 
D 


D sin @ 


r 


o 


On integration, Equation [6] becomes 


piitd ay? (1 ay a 
, n = 
r a aVa l Va 


° 


which can be solved for D/r, for any given value of a. 

Fig. 2 represents a plot of D/r, versus a. The special case of 
a = Ocan be obtained directly from Equation [7], by expanding 
the logarithm in a series and taking the limit as a approaches 
zero. Fig. 3 is a plot of the thickness ¢/h, versus z/r, for a = 30 
deg. 
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The work required for the plastic deformation is frequently of 
interest. Since the stress is uniaxial and equal to og = Y, the 


work required per unit volume for deformation from s to r is 


"ds r 
VS dgay f% arnt .. [8] 
s & 
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Fic. 3 NoNpDIMENSIONAL THICKNESS OF CRATER 


and the total work done for the plastic deformation becomes 


1_ 3 (i—e? ct 
ee iad a na—a |. [9] 


where the first term represents the work done when a = Oora = 


0. 


1 
W = 2mh,Yr,? li +| 





Thermal Shock on a Circular Surface of 
Exposure of an Elastic Half Space 


By M. A. SADOWSKY,' TROY, N. Y. 


The paper presents an explicit determination of dis- 
placements and stresses in a uniform circular thermal 
shock. In a generalization to nonuniform shocks on 
surfaces of arbitrary shape, it is shown that the protru- 
sion arising at any place is proportional to the intensity 
of the shock at that place. 


GENERAL NOTION OF A THERMAL-SHOCK LAYER 


ET us consider the case in which a part of a plane surface of 
a body is exposed to a spontaneous radiation causing a 
finite amount of heat to become absorbed by the exposed 
part of the surface, Fig. 1. We assume that the duration of ex- 
posure is so short that the heat does not penetrate to any appre- 


ciable depth. Thus only an extremely thin surface layer of 


Hot L ayer 
o> 


< 
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Fic. 1 THe Layer 


highly heated material is formed. We assume further that the 
radiation impact is of uniform intensity at every point of exposure, 
meaning that the layer is heated to the same temperature at every 
point. The thermal expansion of the layer in its own plane is pre- 
vented by a reaction of the curb (shoulder) of the cold bed re- 
sisting any expansion of the hot layer along its boundary. The 
reaction is two-dimensionally hydrostatic, consisting of a normal 
pressure alone. The action of the heated layer on the elastic 
body is a uniform pressure in the plane of the surface normal to 
the boundary of the layer and applied in the expansive (outward) 
direction. This pressure, whose physical dimension is force per 
unit length, is readily found to be given by 


EaQ 


(1 — v)Acd 


modulus of elasticity in tension 
Poisson’s ratio 
coefficient of linear heat expansion 


Mem 
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= total heat absorbed by layer 

= area of layer (area exposed to radiation) 

= heat capacity (heat per unit mass per | deg 
= density of the body (mass per unit volume) 


The expansion of the layer in the direction z normal to the sur 
face goes uninhibited (c¢, = 0) and is such that the amount by 
which the layer thickens is given by 

° (1 + at) 
,=eh= 
; (1 — v)Acd 
. 

The quantity u, may be interpreted as the normal displace- 
ment of exposed surface of the layer relative to its inner (im- 
bedded) surface. We note the following 


. Eat 
2Gu. = 
(1—v)Acd 
in which G stands for the modulus of elasticity in shear 
Tue Speciat PropieM 


Let the body be the half space z 2 0. 
p < bon the plane surface z = 0 be exposed to uniform thermal 
shock of total strength Q. According to the layer hypothesis, the 
body after the shock will be under action of a uniform radial ex- 


Let the circular region 


pansive force 


Eat 
p = = (4) 
(1 v )wh'cd 7 


per unit length of the arc of the circle p = 6, z = 0. Since the re- 
sultant stress field will be rotationally symmetric about the z-axis, 
cylindrical co-ordinates p, @, z will be used. The cylindrical com- 
ponents of displacements and stress will be independent of @ 
Boussinesq stress potentials g, 3, and A will be used to con- 
struct the solution. As functions of p, ¢, z they satisfy the 


Laplace equation 
Vo = V8 =A = 0 .. [5] 


They give rise to three basic solutions of the equations of elas- 
ticity, in which the displacement vector, 67, is determined as 
follows 


First basic solution: 2G6? = grad 
Second basic solution: 2G67 = 2 curl[0, 0, 3] 


Third basic solution: 2G67 = z grad X 


— [0, 0, (3 — 4y)A} 


The triplet forms a complete system.?* 
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We will obtain the Boussinesq potentials of our problem by 
integrating the Boussinesq potentials of the Cerruti solution 
around the circle p = bon z = 0. The Cerruti solution, repre- 
senting the singularity of a concentrated force with components 


X =1, 


acting at p = z = O tangentially to the free surface z = 0 is 
generated by the Boussinesq potentials 


l1—v 2 


Sg wT rtz2z 


Rae 
we ee 


<i z 


a ec > ab 





in which r? = 2? + y? + z? = p? + 2%. Using a second Cerruti 
solution with a resultant force turned through 90 deg (Y = 1) and 
then locating the point of application at (6 cos w, 6 sin w, 0) 
with a Cerruti force X = cosw, Y = sinw, Z = 0 acting at that 
point, we obtain, by integration from w = 0 to 2m, for the 
Bouissinesq potentials of our problem: 3 = 0, and 


EaQ pf esme—t 
= — oe hey 
? T*bicd - 0 R+2z 
, - — Fad _v f ° 
T*bicd 1 —v Jo 


in which R, the irrationality of the elliptic integrals, is given by 





R= V/ 2? + p* + b? — 2bp cos w 


The result ? = 0 is obvious since rotationally symmetric solu- 
tions free from twist are formed with the use of ¢ and XQ alone. 
As for g and X, the most expedient procedure of analysis seems to 
be as follows: 

We introduce a characteristic solution, defined by the super- 


position 
Characteristic solution = First Boussinesq solution | 


with 
Qh? f 2 p C08 W —~ b dw 
of 0 R+2z 


Third Boussinesq solution with 


b? * pcos w — b 
et Re 
1—vJo R(R +2) of 





We then have: 


Solution of present problem equals 


=*icd times the characteristic solution 

The characteristic solution has dimensionless stress com- 

ponents depending on dimensionless co-ordinates p/b, z/b only. 

This makes it best suited for graphical representation. Further- 
more, with Z held constant, the coefficient 


EaQ 


w*bicd 
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does not depend on Poisson’s ratio v. In this sense we also obtain 
information on the v-dependence of stresses and displacements 
directly from the characteristic solution. 


IDENTIFICATION OF A SINGULARITY Dug To MINDLIN 


The singularity of a heat shock concentrated at the point r = 0 
on the surface could be defined, reasonably, as the limiting case of 
our present problem with b + 0. The computation leads to the 
results 


_ aA! 


ore wed r 


ee — a 
2(1 — v)red r? | 


d 


The foregoing is the precise limiting form of Equations [9]. 
The singularity expressed by Equations [13] is identical with the 
singularity established for the thermal-point shock by Mindlin in 
a Galerkin-vector form.* Mindlin did not start on the surface of 
the half space; he first obtained the singularity for a point shock 
at an interior point of the half space and then went through the 
limit process in which the point of the shock would converge 
toward a surface point. This procedure is different from ours. 
The identity of the results testifies positively as to the physical 
soundness of the limit concept of a point shock at the surface. 


EVALUATION OF CHARACTERISTIC SoLuTION [11] 


To rationalize the radical R in Equation [10] we introduce 
elliptic functions with the modulus k defined by (Fig. 2) 


b 





p 


z P(p,2) 


Fie. 2 THe Co-Orprinate System 


in which r; and r; are bipolar co-ordinates defined by 


[16] 
. [17] 


In writing functions with the modulus k we will suppress its 
mention. Thus K and £ will mean A(k) and E(K,k). The 
modulus k’ will be explicitly written whenever it should occur. 

Using the notation 


rn? = 22+ (p + b)*.... 
r2? = 27 + (p — b)?.. 


we introduce the argument u of the Jacobian elliptic functions by 


snu = sin “ 


cnu = cos ¥ 


3‘*Force at a Point in the Interior of a Semi-Infinite Solid,’’ by 
R. D. Mindlin, Physics, vol. 7, 1936, pp. 195-202. 
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from which follows the rationalization of R as 


[20) 


R =r, dn u 


The integrals in Equations [9] are reducible to complete elliptic 

integrals of the third kind II(K, a) with 
r) 

p+b 
tz 

pt+b 

p b 

pt+b 


dna 


sn a & 1/k, we have 
circular case with a 
For its treat- 


Since | 
Legendre’s 
complex value of a. 
ment, we introduce a real parame- 
ter B as follows (Fig. 3) 


a=K—iB OC BC 2K’ 


(22) Fig. 3 


VALUES oF 8 


For an equivalent set of real defining equations for 8 we may use 


r 4 
sn(B,k’) = 


re 


cn(B, k’) = , 
Te 
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dn(B,k’) = p 


ri 


The Jacobian Zeta-function involved in II(K, a) is introduced 
best in the following combination (Fig. 4) 
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4 pat & 
ce 
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3.4 VALUES OF uw 


7B 


= KZ(B.k’) + 
M B OK’ 


. [24] 


In evaluating II(K, a) attention is to be paid to the fact that a 
zero of Jacobi’s 0 function lies in the interior of the B-range 
Equation [22] at 8 = K’. The locus of 8 = K’ is the cylindrical 
surface p = b which lies in the analytically regular interior of the 
field z > 0. The discontinuity of II(K, a) at 8 = K’ conse- 
quently must be canceled by an opposite equal discontinuity 
arising from some elementary integral. This actually happens. 
We cite the pivotal relation involved here 


ea" ] z(p — b) 
p? — b?| ri(p + b) 
The term in the brackets is sectionally constant, having a discon- 


tinuity at p = b. 
The final evaluations of the integrals are 


K + yw. . [25] 


= T 
2II(K, a)— 5 I 


-THERMAL SHOCK ON A CIRCULAR SURFACE OF EXPOSURE 


{°n 
“O08 Ww b 
| p co Cp 
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{ pcosw—b zk 
dw = 
0 RR 7 2 br; 


Both integrals are potential functions analytic in the interior 


z > 0 of the half space. Their surface values (for z = 0) are dis- 
continuous at p = b 

The computation of the Boussinesq solutions in Equation [11] 
gives the following table of results for the displacements and 
stresses in the characteristic solution. The coefficients included 
in the left members have been introduced to avoid a disturbing 
accumulation of repetitious factors in the tabulation 
FIELD 


CHARACTERISTIC SOLUTION: TABULATION FOR ENTIRE 
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Up = Ty = 0... 


CHARACTERISTIC SOLUTION: SpectaAL VALUES FOR PLANE 
SuRFACE z = 0 


The part of the plane interior of the circle p = 5 will be called 
the inner disk; the remaining infinite part outside of that circle 
will be called the outer ring. 

The inner disk serves as a bed for the heated layer. The dis- 
placement u, of the bed is constant over p and equals 





This value applies to the characteristic solution. For the actual ena, . - ; 
case of thermal shock of strength Q, we have by Equation [12], 


for the inner disk Fic. 6 op ON THE Axis or SYMMFTRY p = 0 


(1 — 2v\(1 + v)aQ 
(1 — v)rb*cd 





u,(p, 0) = — ——>_——........... [39] 





o 
We now add to this u, of Equation [2] which is the additional 
displacement of the exposed surface of the layer due to the thick- 
ening of the layer caused bv its heating. The sum 


2(1 + v)aQ 
rb*%cd 








u,(p, 0) + « =— . [40] 











is then the true representative of the displacement u, in the ther- 
mal-shock problem for z = 0, 0 Sg p<b. 

The following refers to the characteristic solution alone, not 
including the layer thickening effect on u, 














ee f0 for p>» 
—— 2Gu, = —(1 — 2v)u = iain 
; u, ( ve |—(1 — 2v)r for p < b i 





The following two entries show the correction to 2Gu,, caused by 
the thickening of the heated layer as recomputed in proportion 
to the scale of the characteristic solution, and, again in the scale of 
the characteristic solution, the value of 2Gu, corrected according 
to Equation [43]. ° oh 

Inner Disk (Scale of Characteristic Solution) T ] ] 
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Correction to 2Gu, = — — .. [42] "1G.7 op ON THE. PLANE SuRFACE z = 0 


l—v 
Corrected value of 2Gu, = —27b ee [43] 


As u, = 0 on the outer ring (p > b), we see that u, is sectionally 
constant on the plane z = 0, Fig. 13. 


Discussion oF RESULTS 


Figs. 5 to 13 show the stress components on the z-axis, on the 
plane z = 0, and on the cylindrical surface p = b. The dependence 
of the stresses on Poisson’s ratio v at a constant Young’s modulus 
E is remarkably strong. The result for the displacement u, on the 
plane z = 0 is peculiar inasmuch as u, is sectionally constant. 
This result permits the use of u,(p, 0) as Green’s function in the 
general thermoshock. We generalize in two steps. 
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SADOWSKY—THERMAL SHOCK ON A CIRCULAR SURFACE OF EXPOSURE 


Fig. 9 o: ON THE CYLINDER p = b 
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Fig. 11 og ON THE CYLINDER p = b 


U, = Const 





Fic. 13 DispLACEMENT uz ON THE PLANE z = 0 


Generalization: First step. We define the intensity 7 of a ther- 
moshock as the heat absorbed per unit area of exposure. For a 
uniform thermoshock 


[44] 


for a general thermoshock of variable intensity /(z, y) 


Q= Sf SI(z, y)drdy... [45] 


We stay with a thermoshock of uniform intensity 7, but will admit 
an area of exposure of any arbitrary shape. Fig. 14 illustrates 
such an area. By filling the interior of the area with circular disks 
in contact the part of the area remaining unfilled can be reduced to 
an amount as small as we please. Fig. 14 shows the result at an 
early stage of the filling process. Considering each disk as a 
thermoshock of constant intensity / and forming the superposition 
of all thermoshocks represented, and then proceeding to the limit 
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in which all of the area is filled with circular thermoshocks, we ob- 
tain the result 


2(1 u 
_ 2 ve at points exposed 


u,(z,y,0) = 


.. [46] 
0 at points not exposed 


\ 


valid for a region of exposure of any arbitrary shape. 

Generalization: Second Step. We will now expose the surface 
shown in Fig. 14 to a general thermoshock of arbitrary variable 
intensity ] = I(z, y). Subsectioning the area by the infinitesimal 
Cartesian pattern into rectangular elements and applying Equa- 
tion [46] to each element, we obtain upon integration over the 
entire area of exposure the final result 


2(1 + via 


Ke, 
ihe cage 


u(2z,y,0) = 


JUNE, 1955 
which is valid everywhere on the surface z = 0. At points (z, y, 0) 
not exposed to thermoshock we have to set /(x, y) = 0 
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Further Work on the General Three- 


Dimensional Photoelastic Problem 


By MAX M. FROCHT! ann ROSCOE GUERNSEY, JR.? 


It is known that purely photoelastic procedures cannot 
solve the general three-dimensional stress problem. 
Photoelasticity furnishes data from which only the princi- 
pal shears can be determined, but not the principal 
stresses. A new, general, and practical method of solution 
which has been described previously (1, 2)' is reviewed 
briefly, and possible variations in procedure are discussed. 
This method combines the photoelastic data from frozen 
stress patterns with a numerical integration of one of the 
differential equations of equilibrium in Cartesian co- 
ordinates. The actual principal stresses at each point of a 
homogeneous and isotropic body of arbitrary shape sub- 
jected toa general system of loads are thereby determined. 
The method has been applied previously to a sphere sub- 
jected to diametral compressive loads of 172 lb. The 
present paper contains the results from a second sphere 
subjected to 79.6 lb which show that the degree of repro- 
ducibility of results is high. Very good agreement is also 
shown to exist with a theoretical solution of the same 
problem by Sternberg and Rosenthal (3) The paper also 
contains the solution of a short rectangular parallelepiped 
loaded through a small flat circular die. The investigation 
was conducted in the Photoelastic Laboratory of the Me- 
chanics Department of Illinois Institute of Technology. 


| is now well established that elastic stress systems can be 


INTRODUCTION 


fixed or “frozen’”’ into models made of certain diphase plas- 
tics, and that such models containing frozen stresses can be 
sliced into thin sections without disturbing the fixed stresses. 
The stress patterns from such slices yield information from which 
the difference between the secondary principal stresses lying in 
the plane normal to the direction of the light may be computed. 
The corresponding isoclinics give the directions of the secondary 
principal stresses. 

Photoelastic data furnish five independent stress relations from 
which only the principal shears can be determined. In order 
to obtain the principal stresses a sixth relation is needed. 

Jessop (4) has developed an extension of the Lamé-Maxwell 
equations to three dimensions for the determination of the prin- 
cipal stresses along stress trajectories in planes of symmetry. In 
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practice this method becomes feasible only for lines of symmetry. 

As a general procedure for the separation of principal stresses 
it has been proposed that the slices containing frozen stresses be 
annealed and mechanical measurements of deformations be made 
after annealing (5, 6). Theoretically, this would supply the 
necessary sixth relation for the determination of the complete 
state of stress at a point. Inspection of Hooke’s law shows that 
the strains vanish for an isotropic stress system when Poisson's 
ratio vy = 0.5. This means that two stress systems differing by 
an isotropic system cannot be distinguished from one another by 
Unfortunately, the 


this method when vy 
values of v for the photoelastic materials available in this country 
are approximately equal to 0.5 at the stress-freezing temperature 


and the method breaks down (1, 2, 7). 


0.5, approximately. 


Tue SHear-DirrerRENCcE Metruop 


The shear-difference method (8), which has long been used 
effectively for the determination of the separate principal stresses 
in two-dimensional cases, can be extended to the general three- 
dimensional problem. A complete discussion of this extension is 
given in references (1, 2) or (7). Here we shall limit ourselves to 
a brief treatment. Consider a model, of general shape and load- 


ing, containing a frozen-stress system. Let A-B, Fig. 1, be an 





(b) 


(a) 
Sxetcues SHowine Auxiviary Lines in THE XY anv YZ- 
PLANES FOR THE SHEAR-DIFFERENCE METHOD 


Fia, 1 


arbitrary straight line through any point i, in the interior and 
let this line be taken as the X-axis. At all points along this line 
the first partial differential equation of equilibrium, with body 
forces neglected, is 


oo, OT,. or,, 
+ + = 0 [1] 

Ox oy Oz 

from which we obtain the approximate relation 
j j 
Ar, Ar 

o:); = (G2), - —¥= Ar = Ar 2 
(02); = (02) > s are (2] 


The normal stress (c,), is generally determined from the 
boundary conditions at the starting point A and the fringe order 
at that point. This is evidently possible at all free surfaces or 
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surfaces subjected to known tractions. One way to determine the 
shear difference Ar,, and Ar,, is to employ two identically 
stressed models. From one model, Fig. i(a), a slice is taken 
parallel to the X Y-plane and shears r,, are determined along the 
lines through C and D, This is done by means of normal inci- 
dence parallel to the Z-axis and the same equations as used in 
plane problems. The shear difference (Ar,,); is then given by 


(Ar,.); = (Tre eats (T,2)p 


We next take a slice from the second model and make the sec- 
tion parallel to the XZ-plane, Fig. 1(b). The shears 7,, are then 
found along the lines through F and F and 


(Ar,.); - (T.2)r os (T.2)z 


The summations in Equation [2] can then be evaluated and 
(oz); determined. We thus have a general procedure for the 
evaluation of the normal stress c,. 

The stress components ¢, and o, now can be determined from 
the relationships 


(oy); = (a2); — (p’ — 9’); cos 29’;.. . [3a] 
and 

— q"); cos 2” ;.. [3b] 
in which (p’ — q’) and @’ are, respectively, the difference between 
the secondary principal stresses and their isoclinic parameters in 
the X Y-plane and (p” — q”) and @¢” are similar quantities in the 
XZ-plane, at normal incidence. 

The foregoing quantities can be determined from the same two 
slices which were used to find Ar,, and Ar,,, Fig. 1. 

In this way five of the six required stress components, i.e., ¢,, 
Ty; %, Tyz, and 7,,, can be found at all points of the line A-B. 
There remains one unknown stress component 7,,, which may be 
determined in one of several ways. 

Three-Model Method. For the determination of the third 
shear 7,,, a third identically stressed model may be employed. 
From this model a series of slices parallel to the YZ-plane is 
cut. From the stress patterns and isoclinics of these last slices 
at normal incidence the final stress component t,, can be deter- 
mined, Fig. 2 shows schematically the slicing plan and the di- 
rection of the light for the three-model method. 


(o,); = (o2); ae (p” 


| 






































o 




















4 


Z 


Fic. 2 Sxetcnes SHowrne Pian or Siictnc aNp D1REecTIONS OF 
Lieut in Toree-Mopet Metuop 


Two-Model Method. The use of a third model may be avoided 
if oblique incidence is employed. As just outlined, five of the 
six stress components can be determined from two orthogonal 
slices taken from two identically stressed models and viewed at 
normal incidence. Now, let the XY-slice, for example, be rotated 
about the Y-axis. It can be shown that 


+ Foy no, sin 2bo, F 7,, cos 6, 


sin 6, [4] 


Ty: = 


where Fg, is the fringe value for the actual light path, 9, is the 
isoclinic parameter, and @, is the angle of rotation. The choice 
of signs depends on the direction of rotation (1, 2, 7). 
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One-Model Method. It is also possible to obtain all the neces- 
sary data from a single model. Thus let it be desired to obtain 
the stress distribution along line A-B, Fig. 3. A slice containing 
A-B and parallel to the XY-plane is first cut, Fig. 3(a). From 
observations at normal incidence the necessary data in that plane 
are obtained. From this slice a sub-slice is then cut so that it 
contains line A-B, Fig. 3(b). The necessary data in the XZ-plane 

















(c) 


SxetcHes SHowInG PLAN or SLIcING AND DIRECTIONS OF 
Lieut In One-Mopet Metaop 
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are then obtained from normal incidence on the sub-slice shown. 
Because the slice, in general, will be thin the auxiliary lines in the 
XZ-plane cannot be spaced very far apart. Hence, in order to 
obtain accuracy, it may be necessary to employ the photometric 
devices which are now being developed (9, 10). 

With the data thus obtained five of the six stress components 
may be computed. The sixth component may be found in one of 
two ways. Oblique incidence observations may be made on the 
main slice or on the sub-slice and the shear 7,, computed. Alterna- 
tively, the sub-slice may be sliced further into a series of small 
cubes, Fig. 3(c), and each cube observed at normal incidence with 
the light parallel to the X-axis. 

When only one plane of symmetry exists the necessary orthogo- 
nal slices can be obtained from one model for all lines except 
those in the plane of symmetry itself. 

Extension to Plastic State. It should be noted that the method 
described in this paper is not limited to a linear stress-optic law. 
It is equally valid for a nonlinear stress-optic law. This follows 
from the fact that the only equations, in addition to the stress- 
optic law, are the equations of equilibrium which are independent 
of stress-strain relations. Hence the method is applicable to the 
plastic state of the model as well as the elastic. However, it 
should be noted that the plastic stresses in the model are not 
directly transferable to the prototype (1, 2, 7). 

Effect of Poisson’s Ratio. It should be noted further that in 
transferring the results from three-dimensional photoelastic 
analyses to the prototype the effect of Poisson’s ratio has to be 
considered. It is fortunate, as shown by theoretical solutions 
obtained to date, that the effect of Poisson’s ratio on the numeri- 
cally greatest stresses is small (11, 12). 


APPLICATION TO A SPHERE 


The method outlined has been applied previously to the de- 
termination of the stress distribution in a sphere subjected to 
diametral compressive loads of 172 lb (2) and (7). Fig. 4 shows 
the six lines along which the stresses were determined. The 
direct determination of all six stress components along line C-C 
provides a demonstration of the complete generality of the shear- 
difference method. 

The results obtained by the shear-difference method have been 
checked in six independent ways (2, 7) which will not be repeated 
here in detail. Briefly, the results were found to satisfy equi- 
librium, to be independent of the path of integration, to agree with 
the values obtained from other procedures (oblique incidence, 
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CoMPARISON OF Stress DistrisutTions ALONG A DIAMETER 
PLANES oF Two SpHeres UnNpeR DIFFERENT 
LOADS 


Fie. 5 
IN THE EQUATORIAI 


Lamé-Maxwell equations, and stress transformations), and to 
agree with the theoretical values for contact stresses given by the 
Hertz theory. 
the reliability and accuracy of the shear-difference method. 
Reproducibility of Results. The relatively heavy load of 172 
lb used on the first sphere produced considerable deformation 
mainly in the immediate vicinity of the loads. Therefore the 
The stress distribu- 


In this paper further work is presented bearing on 


problem was repeated with a load of 79.6 lb. 
tions obtained on the equatorial planes are substantially the same 
for the two spheres, Fig. 5, and they indicate the extent to which 
the results can be reproduced. 

The differences in the stress distributions on line B-B, Fig. 6, 
can be explained by the failure of Saint Venant’s principle to 
be effective on that line which is too close to the load. 

Comparison With Results From Theory of Elasticity. 
lem of the elastic sphere subjected to diametral loads applied at 


The prob- 
the end points of a diameter recently has been solved mathe- 
matically by Sternberg and Rosenthal (3). Their results for 
line A-A, Fig. 4, for vy = 0.48 are shown by the solid line in Fig. 7. 
The dotted line indicates the results obtained photoelastically by 


the shear-difference method. The two solutions agree very well 
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Resuits ALone a DIAMETER IN THE EQUATORIAL PLAN! 


In particular, at the center of the 
2.62 


except at the free surface. 
sphere the theoretical solution yields the value d, = 
while the experimental value is ¢, = —2.59. At the free surface 
the theoretical values are ¢, = 0.49 and &, = —0.3, whereas the 
photoelastically determined values are , = 0.8 (the average for 
the two spheres, Fig. 5) and 6, = 0. The difference between the 
theoretical and photoelastic results on the surface is thus seen to 
be a plane isotropic tension of the magnitude of ¢, = o, = 0.3 
approximately. 

Measurements with strain gages (13) showed surface stresses 
The 


small discrepancies between the photoelastic and the theoretical 


of the magnitude predicted by Sternberg and Rosenthal. 


results can be explained by assuming that the thermal cycle used 
in the freezing process by itself produces a system of self-balanc- 


ing stresses with tensions on the free surface. Such a state of 


stress would give rise to isotropic surface tensions which, when 
added to the theoretical values, 
obtained photoelastically. 
Inspection of Fig. 7 provides evidence for this hypothesis. 
Since both curves give stresses which satisfy the laws of equi- 
librium their differences also satisfy the laws of statics. 


would tend to give the values 


The eX- 
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perimental results thus differ from the theoretical results by a 
self-balancing system in which the surface stresses are tensile. 
This would seem to indicate that Fosterite, of which the models 
were made, shows evidence of an extraneous or residual system of 
stresses, which, in the main, is most probably due tu the thermal 
cycle employed in the freezing process. 


APPLICATION TO A PARALLELEPIPED 


As a second illustration of the shear-difference method the 
stress distribution has been determined in a parallelepiped 1.5 in. 
square in cross section and 3.5 in. high. A load of 95.3 lb was 
applied to the top surface through a small flat brass die '/2 in. 
diam, and the entire base of the model was supported by a large 
rigid plate. The two-model technique previously described was 
employed, and slices were removed in the manner shown in Fig. 8. 


P p 
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Fic. 8 Siictne PLan—Square Strut 
From the first model two longitudinal slices were cut, one slice 
containing a plane of symmetry and the second parallel to it. 
From the second model four transverse slices parallel to the base 
were cut at various positions along the vertical axis as shown. 

Scope of Investigation The complete stress distribution was 
obtained along the nine lines A-A, B-B, and so on, shown in Fig. 9. 
The lines F-F, G-G, and H-H are completely general lines; i.e., 
ail six stress components must be determined without the 
simplifications furnished by symmetry. Fig. 10 shows the stress 
pattern of slice 1 and Fig. 11 that of slice 3. The results obtained 
for a few of these lines are given in Figs. 12 through 15. 

It should be noted that slice 5 was found to be in pure vertical 
compression. Therefore the stresses at point O, could be used as 
a starting point for the determination of the stresses along the 
line A-A, On all other lines the starting points were on the free 
surface and the initial values were zero. 

Checks of Stresses. The results obtained from the experimental 
work were subjected to the following checks: (a) static checks, 
(6) cross-checks, i.e., comparison of results at a point obtained 
from different paths of integration, (c) independent calculation of 
principal stress differences by oblique incidence, (d) comparison 
of the contact stresses with the theoretical values from Sadowsky 
(14). 

Static Checks. Approximate static checks can be obtained on 
the planes of the transverse slices 3, 4, and 5. With the stresses 
o, determined along lines lying in these planes, and taking 
advantage of the symmetry present, a reasonably accurate pic- 


JUNE, 1955 





























2 





TitrrerrerT, | oe Se 


r 





me me me ew ee we es el 


c 





= 
e-4¢=— = 











aa Shae 











~——-—-—- ee =e HH 

















Z 
Fic. 9 Lines INVESTIGATED—SQUARE STRUT 

ture of the distribution of stress over each plane can be constructed. 
From the volume under the surface thus defined the total 
load on the plane is determined. The load acting on slice 3 was 
found to be 93 Ib, on slice 4, 90 lb, and on slice 5, 100 lb. These 
are, respectively, 2.2 per cent low, 5.5 per cent low, and 5.5 per 
cent high compared with the actual load of 95.3 lb. 

Cross-Checks. Cross-checks serve to indicate whether the results 
obtained at a point from different paths of integration agree. 
Hence they are a measure of the self-consistency of the results. 
The checks are indicated on the curves showing the results and 


are summarized in Table 1. 


COMPARATIVE VALUES OF STRESSES FROM 


TABLE 1 
DIFFERENT PATHS 


Point Path 
Or DO0; 32 —1.00 
EO: -0.30 —0.98 
2 é 
6 


Os: DO:20; 2.08 
2.14 


7 
COs; 6 
Os DOO, .72 

BOs —4.22 —6.30 


2 —6 . 80 


Oblique Incidence. The method of oblique incidence can be 
used to determine the differences between the three principal 
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stresses for points in the plane of symmetry. This method has 
been applied to the lines A-A, B-B, and C-C, and with the ex- 
ception of some parts of line B-B the results are in close agreement 
with values obtained from the shear-difference method. Table 2 
gives a few of the comparative values. 

The differences along the middle region of line B-B are due in 
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Fig. 14(6) Swear Stress on Line F-F—SQuare Strut 


the main to the rather sharp stress gradients which tend to reduce 
the accuracy, especially for the oblique-incidence method. 


TABLE 2 COMPARISON OF PRINCIPAL STRESS DIFFERENCES 


Oblique ine Shear diff 
nz — ny nz — My 
0.00 0.00 
1.92 1.90 
2.78 2.75 
0 0.00 


Line A-A 


Line C-C 


7 
.33 
2.80 
85 


Contact Stresses. The stress on the contact surface directly 
under the center of the die may be compared with the value 
given by Sadowsky (14) for the stress under a rigid die pressing 
on a semi-infinite solid. According to Sadowsky, the stress at 
this point is 0.5 P/A,, where P is the applied load and A, is the 
contact area. For the load and area of this problem a stress of 
243 psi results. Experimentally, by integration along line A-A 
to the contact surface, the stress at the center of the contact area 
was found to be 241 psi. 


CONCLUSION 


The foregoing discussion shows that the complete state of stress 
can be determined in a general three-dimensional problem by 
means of the shear-difference method. Moreover, the results ob- 
tained indicate possibilities of a high degree of consistency and 
aceuracy. Work is now in progress on the development of im- 
proved methods and techniques, the object being to develop a 
reliable one-model procedure for the complete solution of the 
general photoelastic problem. 
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Determination of Thermal Stresses 
in Three-Ply Laminates 


By A. J. DURELLI' ano C. H. TSAO? 


The knowledge of the distribution of stresses produced 
in three-ply laminates when the temperature changes is 
very important in the design of airplane windshields. 
This paper gives the result of a photoelastic investigation 
on the thermal stresses produced in a three-ply laminate 
consisting of glass, polyvinyl butyral, glass, when the 
temperature drops slowly from 70 to —20 F. The maxi- 
mum stress has been found to be about six and one-half 
times the average longitudinal stress at the mid-section of 
Failure characteristics of the laminates check 
well with these findings. No new methods have been de- 
veloped in the paper; however, the presently available 
techniques had to be applied carefully to determine 
maximum tensile stresses of about 1300 psi on the inter- 
face, at a distance of about 0.007 in. from the edge, at low 
temperature. 


the glass. 


INTRODUCTION 


HREE-ply laminates are often used for windshields in air- 
craft. The middle layer is made of a material which differs 
When these lami- 


from that of the top and the bottom. 
nates experience changes in temperature, the middle layer tends 


to expand or shrink to an amount different from the exterior 
layers. Stresses therefore are set up which are often large enough 
to break the bonds between the layers or to produce cracks in the 
layers themselves. These cracks often occur on the interfaces 
near the edges of the laminate. 

Some contributions can be found in the literature on somewhat 
similar problems. The determination of the stresses in cemented 
lap joints was studied by Goland and Reissner.* These authors 
reviewed previous publications on the stresses in welded joints 
and developed solutions for the two extreme cases of relatively in- 
flexible and relatively very flexible cement layers. In their 
theoretical analysis these authors assumed that the stresses in 
the cement layer are constant in the direction of the thickness of 
the layer. 

The distribution of stresses at the end of an adhesive layer of 
semicircular shape was studied photoelastically by Mylonas.‘ 

The shear distribution on the joints of three plies of wood, of the 


1 Supervisor, Stress Analysis Section, Armour Research Foundation, 
Chicago, Ill. Assoc. Mem. ASME, 

? Assistant Professor, University of Southern California, Los An- 
geles, Calif. 
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ner, JOURNAL oF APPLIED Mecuanics, Trans. ASME, vol. 66, 1944, 
pp. A-17—A-27. 

‘On the Stress Distribution in Glued Joints,’’ by C. Mylonas, 
Paper 12, Proceedings of the Seventh International Congress of Ap- 
plied Mechanics, London, England, vol. 4, September, 1949. 
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same thickness, was studied experimentally by C. B. Norris and 
L. A. Ringelstetter.6 The load was applied, producing compres- 
sion in the outer and inner plies and shear at the joints. 

B. J. Aleck® studied the distribution of thermal stresses on the 
clamped face of a rectangular beam clamped along one side. In 
his work, Aleck uses the principle of least work. The two-dimen- 
sional solution obtained by this author, for Poisson’s ratio 0.25, is 
only approximate. However, it seems to be a good approximation 
to the solution of the problem of the stresses produced in the out- 
side plies of a laminate by the difference in the coefficients of ther- 
mal expansion of the outside and inside plies. The maximum 
stress found occurs at the corner junction of the free and clamped 
boundaries, is perpendicular to the clamped edge, and equal to 
10.2 times the uniform stress in the beam, far away from the end. 
The maximum shear on the clamped edge is equal to 2.7 times the 
uniform stress and takes place at a distance from the corner of 
about 0.06 of the heigut of the plate. 

To obtain an over-all picture of the stress distribution as well 
as to verify Aleck’s results of the peak stress, two-dimensional 
photoelasticity was employed in this investigation. The Pois- 
son’s ratio of the plastic used varies with temperature from 0.3 to 
0.45. 


EXPERIMENTAL TECHNIQUE 


The three-ply laminate used in this investigation was made of 
two identical layers of annealed glass bonded together by a layer 
of polyvinyl-butyral plastic. Its dimensions are shown in Fig. 1. 


Fic. 1 Turee-Piy Lamrnatep Giass PHorore.tastic MopE. 
The laminate was placed in a cold chamber provided with lucite 
windows of double panes through which polarized light could pass 
without appreciable interference. This was obtained by keeping 
the size of the windows small and by allowing them to shrink 
freely. The chamber was so arranged that cooled air controlled 
by a thermostat could be circulated through it to maintain a con- 
stant low temperature. Thermal stresses were induced by lower- 
ing slowly the temperature of the laminate from room tempera- 
ture (70 to —20 F). 

Standard two-dimensional photoelastic techniques were used to 
determine the isoclinics and isochromatics except that the image 
was projected on a ground-glass screen which enlarged it 7'/2 


5**Shear Stress Distribution Along Glued Line Between Skin and 
Cap-Strip of an Aircraft Wing,”’ by C. B. Norris and L. A. Ringel- 
stetter, NACA TN 2152, July, 1950. 

‘Thermal Stresses in a Rectangular Plate Clamped Along an 
Edge,”’ by B. J. Aleck, Journat or Appiiep Mecuanics, Trans. 
ASME, vol. 7!, 1949, pp. 118~—122. 
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times. This was necessary in order to separate the crowded iso- 
clinics and isochromaties in the region of the peak stress. With the 
aid of grid lines drawn in ink on the specimen, both isoclinics and 


Guass-PoLyvinyt Butyrat-Giass LAMINATE APTER FAILING 
aT —40 F 


wo crac s can ye seen a 1 eriace, 1ea eage 
I k t n at interf near ed ) 


Fia. 2 


19] 
isochromatics were sketched directly on the ground glass. Tardy’s 
method of compensation was used for the determination of iso- 
chromatics. 
RESULTS 
The at room temperature was found to b« 
negligible 


lowered to 


residual stress 
When the temperature of the first two specimens was 

40 F, tiny cracks appeared in the glass near the two 
edges as shown in Fig. 2. The temperature of the third specimen 
20 F. 
clinics and isochromatics were determined for that temperature 
These 


The stress trajectories obtained graphically from the isoclinics 


was lowered only to No cracks appeared and the iso- 


are shown in Fig. 3 and Fig. 4, respectively 


are shown in Fig. 5. By integration along these lines, the principal 


stresses were obtained. The isobars are shown in dimensionless 
form in Fig. 6 and the stress distribution along the glass-plastic 
interface is shown in Fig. 7. For the geometry used in the test 
the peak stress takes place on the interface at a distance of about 


0.007 in. from the edge and its value is about 1300 tensile psi 











1.6 





Fia. 3 


ISOCcLINICS AT 


1.6 2.0 2.4 


x/b 


2.2 


20 F 


(Figures shown are in degrees measured in counterclockwise direction 














Fia, 4 


Figures shown are in fringes 


[sOCHROMATICS AT 


2.4 2.6 2.8 3.0 


20 F 


One fringe corresponds to 1560 psi shear 








nae 




















0.8 1.0 1.2 





Fig. 5 


ISOSTATICS AT - 


20 F 





JOURNAL OF APPLIED MECHANICS 












































i 0.1 


Fic. 6 Isospars, in Recion or Stress ConcENTRATION, aT —20 F 


(Solid lines are isobars of algebraically larger principal stress 21. Dotted lines 

are isobars of algebraically smaller principal stress oz. Figures denote ratios 

of these principal stresses to om, the average longitudinal compressive stress in 

the glass at the mid-section. Positive ratios denote tension and negative 
ratios denote compression.) 
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NorMAL AND SHEAR-Stress DistrisuTion ALonc GLAss- 
Puiastic INTERFACE aT —20 F 
Positive stress ratios denote either tension or type of shear shown in sketch.) 


Fie. 7 


DIscussION 


With a drop in temperature, the plastic tends to shrink more 
than the glass in both the longitudinal and the transverse directions. 


JUNE, 1955 


The stress distribution is therefore three-dimensional in character; 
and tne results obtained above by two-dimensional photoelasticity 
represent only a first approximation, since it becomes obvious that 
near the corners where the largest stresses take place, the direc- 
tion of the principal stresses changes along the path of light. 

Fig. 6 shows that there is a peak stress which is 3.45 times the 
average longitudinal stress in the glass at the mid-section. This 
peak stress occurs along a line on the glass-plastic interface 
parallel to and at a distance of 0.01 A from the two transversal 
edges, h being the height of either glass lamina. A similar peak 
stress also can be expected to occur along a line on the interface 
parallel to and at a distance of probably about 0.01 A from the 
front or back faces. The highest stress will occur therefore at the 
points of intersection of these lines of peak stress. This highest 
stress will be approximately 6'/, times the average longitudi- 
nal stress in the glass at the mid-section. Its inclination to the 
vertical will be approximately 8 deg. This becomes evident from 
an enlargement of the bottom-left corner of Fig. 3. The location 
and direction of the cracks resulting from the temperature dro), 
Fig. 2, check with the foregoing photoelastic findings. 

The values of stress concentrations obtained photoelastically 
differ from Aleck’s values in two respects: (1) The value of the 
peak stress takes place at the corner instead of being at a distance 
of 0.01 from the corner. (2) The value of the peak stress found 
by Aleck is more than twice the value obtained photoelastically 

The graphical integration of equilibrium equation along iso- 
statics is a tedious and not very accurate method of separating 
the principal stresses. It was considered the only practical 
method in this case, however, because the tests in the low-tem- 
perature chamber made the use of lateral extensometers very 
difficult, and the lack of knowledge of the principal stresses on all 
the boundaries excluded the use of methods based on the solution 
of Laplace’s equation. Based on their previous experience with 
graphical-integration determinations the authors believe that the 
accuracy of their values of high stresses is probably about +10 
per cent. 

The ultimate strength of the annealed glass used in the tests is 
about 5500 psi in an undimensional state of stress. At —20 F the 
photoelastically determined stresses are about o, = +2600 psi, 
o; = —200 psi, and o; = —200 psi. At —40 F the laminate 
failed. To compare approximately the failure values of the glass 
to the stress obtained in the analysis the following modulus of 
elasticity of the plastic should be used: Above 40 F the modulus 
of the polyvinyl butyral is negligible. From 40 to —20 F the 
average value is 172,000 psi. From —20 to —40 F this value is 
243,000 psi. The thermal stress at —40 F should be the stress at 

~20 F increased by 


243,000 psi X 20 F 


- : —— g = (0.4730 
172,000 psi X 60 F 


Therefore the stresses at the moment of failure (—40 F) are 
approximately 
-295 psi 


o, = 3840 psi; 7. = —295 psi; o; = - 
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Stress-Concentration Factors in Shafts 
With Transverse Holes as Found by 
the Electroplating Method 


By H. OKUBO! anp S. SATO? 


In this paper the torsion of shafts with transverse holes 
has been investigated experimentally. Usual methods for 
stress measurements, such as the method of brittle coat- 
ings and the use of sensitive extensometers, are not applied 
effectively to the present problem because the maximum 
stress occurs in the bore and does not occur on the outer 
surface of the shaft. The stress may be measured by the 
stress-freezing and slicing method but we cannot expect 
too much from this method for the accurate determination 
of the stress when the diameter of the hole is comparatively 
small. In treating the problem theoretically, considerable 
mathematical difficulties are encountered on account of 
its axially nonsymmetrical nature. The electroplating 
method recently developed by one of the authors (1),* how- 
ever, has been proved to be useful in this case, so the maxi- 
mum stresses in shafts are measured by this method and 
the stress-concentration factors are found for various 
diameters of the hole. 


INTRODUCTION 


S IS shown in a previous paper, when a specimen plated 
with copper which contains some impurities is subjected 
to reversals of a suitable load, the surface of the specimen 

changes in color owing to the flecks produced by fatigue. The 
variation in the appearance of flecks, which is due to the change 
of load, is very sensitive at a proper load, so an accurate deter- 
mination of the surface stress is feasible by observing the flecks 
produced. The value of the cyclic load below which these flecks do 
not appear is characteristic of the plating metal and the im- 
purities contained in the plating solution, if the specimens are 
plated under the same conditions. 

To have the same surface conditions, the surfaces of specimens 
and bores are polished carefully with fine-mesh emery paper be- 
fore plating, and the conditions for deposition are kept constant 
Specimens are prepared by treat- 
They then re- 
ceive a preliminary deposit of copper from a cyanide-copper vat. 


The con 


throughout the investigation. 
ments in dilute sulphuric acid and caustic alkali. 


litions for deposition used are as follows: 


1 Professor Mechanics, Nagoya University, Nagoya, 
Japan. 
? Former!) 
Sendai, Japa: 
’ Numbers in parentheses refer to the Bibliography at the end of the 
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CuSO,:-5H,0 250 grams 
HSO, 

ZnSO,-7H,O 

H,O 

3 amp per sq decimeter 
18 C 


Solution 
SU grams 
0.1 gram 
1 liter 
Current density: 

Temperature: 
The thickness of plating is always taken to be 0.01 mm, but it has 
been ascertained that the thickness of plating does not perceptibly 
affect the results. 


PRELIMINARY TEST 


A preliminary test was made to determine the proper value of 
cyclic stress within which flecks are not produced by fatigue 
Test pieces used are of 0.89 per cent carbon steel, with dimensions 
The use of slightly tapered rods is favorable 


as shown in Fig. 1 


a 


5 











Fie. 1 Dimensions or Test Prece tn MILLIMETERS 


for this test, since the status of flecks corresponding to a certain 
range of stress is found by a test. As stated in a previous paper (1 

the limiting value of stress, within which flecks are not produced 
by fatigue, is termed “proper stress’’ and is denoted by r,. The 
distance S from one end to the point corresponding to the proper 
stress, Fig. 1, is measured by micrometer, observing carefully the 
surface of a test piece. Assuming that the stress distribution 
along the radius follows a linear law, the proper stress is calcu 

lated immediately from the usual torsion formula since the torque 
acting on the rod and its diameter at Sis known. The results ob 
tained are given in Table 1, the number of repetitions of the cyeli: 
VALUE OF PROPER STRESS 


TABLE 1 DETERMINATION OI 


No. of 


test piece 


Torque, Ss Tp Mean value of +r 
kg-m mm mm? kg/mm? 
4-3 .48 12.0 7.90 
+3.44 11.8 +7. 85 +7. 88 
+4.26 19.4 7. 86 
+3.48 11.9 7.92 


load being taken as 5 X 10° From the table we ta 


proper stress, the value 


Tt, = 


+7.88 kg per sq mm 


A considerable discrepancy in magnitude is found between the 
The 


presumed causes for this discrepancy are that conditions for depo- 


proper stress herein recorded and that previously obtained 


sition are not exactly the same and that copper-sulphate and 
sulphuric-acid solutions used in two different experiments are not 
strictly of the same quality, since materials in the market are 
used without any preliminary treatment for purification. How- 
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ever, the quality of the plating solution is kept constant through- 
out one experiment since the solution used in that experiment is 
prepared especially for it. The principal cause of the discrepancy 
probably is the fact that sclutions are not the same for different 
experiments since it has been ascertained fully that the former has 
little effect on results. 

Fig. 2 (lower) is a test piece partially changed in color owing 
to the flecks produced by fatigue, and Fig. 3 is a microphotograph 
of flecks. Their status around the vertical line shows the typical 
one for the proper stress. Fig. 4 shows a test piece of normal 
type, generally used in fatigue tests, so that the radius of fillet is 
taken large enough for usual tests. However, by the electroplat- 
ing method, the slight stress concentration at the fillet is apparent 
as is shown in the figure. 


Fic. 2 Test Prece PartiaLty CHANGED In CoLoR—LOWER 





Fic. 3 Typrcat Status or Fiecxs at Proper Stress; X35 


Fig. 4 Test Prece Usep 1n Usuat Fatiave Tests 


In a shaft with a transverse hole, the locations where the stress 
concentrates are not presumed precisely from usual knowledge of 
elasticity. To locate these locations, a test was made for a speci- 
men shown in Fig. 5. This illustration shows color changes in 
certain places caused by cyclic stress. It shows that on the outer 
surface of the specimen, the stress concentrates at four points, 
marked by m in Fig. 6, in the neighborhood of the hole edge. In 
the bore, however, the stress concentrates at eight points, marked 
by n in the same figure, at a small distance below the edge of the 
hole. When the ratio of d/D is comparatively small, the stress 
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Fie.5 Test Prece Witrn Transverse Hoie, CHANGED IN COLOR IN 
Piaces WHERE THE Stress CoNCENTRATES 
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at the latter is larger than that at the 
former, so fatigue cracks always start 
from the latter. Fig. 7 shows the frac- 
tured surface of the specimen. It shows a 
clear aspect for the stress concentration 
and also for the crack started from the 
point n. 


ADDITIONAL TEests CONDUCTED 


Having determined the places where 
the stress concentrates, further tests were 
carried out to obtain stress-concentration 
factors for shafts with transverse holes of 
various diameters. 
20 mm diam with a transverse hole in 
each, the diameters of which are 2.1, 3.6, 
and 5.1 mm, respectively. 


Test pieces used are 


The torques which produce proper 
stress at m and n are measured by ob- 
serving the surfaces of specimens and 
bores with a microscope. The status of 
flecks at m or n, corresponding to the 
proper stress, is assumed to be in such condition that faint flecks 


Fig. 7 FRAcTURED 

Surrace oF SPEci- 

MEN WiTH TRANS- 
vERSE HoLe 


appear in some of the cognate points (m or n) but never appear in 
them for a slightly smaller stress. The torques which produce the 
proper stress at m and n are denoted by 7’,, and 7’,, respectively, 
and are shown in Table 2. For an accurate determination of 7’, 
satisfactory observations in the bore are required. For this pur- 
pose, in some instances test pieces are planed through the axis of 
a hole, according to the requirement in observation. 

The stress-concentration factor usually is given by the ratio of 
the maximum stresses in two shafts of the same diameter, with and 
without a hole, which are subjected to equal torques. Tiis is 
equal to the inverse ratio of torques which produce the same 
maximum stress in either shaft. The torque which produces the 
proper stress on the surface of the shaft, 20 mm diam and without 
a hole, is (r/2)r,, kg-m. Thus we have 


where K is the stress-concentration factor. The values of K in 
the bore (n) and at the hole edge (m), calculated from the fore- 
going relation, are shown in Table 3, together with S,, and S,, the 
roughly found locations of m and n. As is shown in the table, S,, 
and S,, decrease with the decrease of d/D, and the ratio T’',,/T', is 
likely to approach almost 1.5 when the diameter of hole becomes 
infinitely small. This shows that the normal stress at n is 3 times 
the shearing stress at m, if we take the shearing stress for the 
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TABLE 2 


DETERMINATION OF TORQUE TO PRODUCE FLECKS IN SHAFTS WITH 


TRANSVERSE HOLES 


of hole, Torque, 
mm k m 
Some points 
Some points 
No points 
No points 
No points 
No points 


Diam 


+6 


HHHH HE 


He 


Some points 
No points 
No points 
No points 
No points 
No points 
No points 
No points 
No points 


HHHHH HH 


Some points 
No points 
No points 
No points 
No points 
No points 
No points 
No points 


TABLE 3 LOCATION 


FAC" 


Sn, 
mm 
t~0O 


Sm, 
d/D mm 
0.105 0 
0.180 1.1 
255 1.6 


Diam of hole, 
mm 
2.1 
3.6 


5.1 0 0.8~1 


criterion of producing flecks (see Appendix). This result for in- 
finitely small holes agrees with the theoretical one previously 
derived by Neuber (2). In the range of the diameter of hole 
treated here, the stress at n is always larger than that at m, but the 
stress at m also becomes effective when d/D is large enough, since 
the ratio 7',,/7'.,, decreases with increase of d/D. 

The stress-concentration factors in the bore have been derived 
by Seely and Dolan by means of the plaster-model method (3). 
From Table 3 the values of K both in the bore and at the hole 
edge are plotted in Fig. 8, together with their results represented 
by a dotted line. The latter shows average values for 5 ~ 8 tests, 
and the deviation of each value from the mean is about 10 per cent 
for every size of hole. As is shown in the figure, their data for 
small holes are much smaller in comparison with those obtained 
here as well as the theoretically presumed values (4). Recent in- 
vestigations by means of strain gages have been made for similar 
cases by Thum and Seeger, respectively (5). The results derived 
by them are considerably larger in comparison with those ob- 
The authors doubt, however, if the stress-concentra- 
not derived in the ratio of the maximum direct 
If this difference for the 


tained here. 
tion factors are 
stress to the nominal shearing stress. 
derivation of K be taken into account, their data are much 
smaller in comparison with those derived here. Their results 
show that, in a certain range of small d/D, K decreases with the 
increase of d; namely, the greatest strength for a shaft is obtained 


by making the diameter of a hole to a suitable size. 
CONCLUSION 


The same conclusion would be derived from other experimental 
results obtained previously by various writers for shafts with 
transverse holes submitted to bending or torsion (6). Such a 
conclusion, however, is quite contrary to usual practice which 
tends to make the shaft with the smallest possible size of hole the 
strongest one. The authors rather incline to conclude that usual 
methods for stress measurements such as the freezing method and 
the use of strain gages are not suitable for an accurate measure- 
ment of the stress concentration in shafts with small transverse 


holes. 


———-Flecks produced at- 


5 1.3 
0.5~0.8 1.2 
l 


Tr 
kg-m 


Tm, 
n kg-m 
All points 
All points 
All points 
Some points 
Some points 
No points 


+5.87 


All points 
All points 
All points 
All points 
All points 
Some points 
Some points 
Some points 
No points 


All points 
All points 
All points 
All points 
All points 
Some points 
No points 
No points 


OF MAXIMUM STRESS AND VALUE OF STRESS-CONCENTRATION 
P TORS 


In bore (n) At hole edge (m 
3 17 1.63 
2 2.28 1.86 
5 2.42 2.11 


Tm ‘Tn 
l 1 


Y r y T T 


_ Max stress in bore cn) 








18 


2a 


Max stress a ole edge (m) 


16 


+ 


Exper imental 


Theoretical 
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Appendix 


In the previous discussion, shearing stress was used for the 
criterion of producing flecks without any experimental evidence. 
However, the suitability of choosing shearing stress for the 
criterion was affirmed later by K. Takai, a graduate student at the 
Nagoya University. The tests were made quite independently of 
this investigation. The proper stress was determined both in 
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torsion and in bending, using the pla‘ing solution prepared for 
that particular test. The proper stress for the latter was obtained 
by means of rotary bending tests. 

The process of determining the proper stress, however, is quite 
similar to that employed here. The results are as follows: 


In torsion, the averaged value for two tests ist, = +8.0 kg per 
sq mm. In bending, the direct stress averaged for three tests is 
o, = +15.4 kg per sq mm, and the shearing stress corresponding 
to the direct stress ist, = '/20, = +7.7 kg persqmm. The 
proper stresses in shear, measured in two different types of load- 
ing, are in rather good agreement. This shows that shearing stress 
is used, in general, for the criterion of producing flecks without a 
perceptible error. The substantial effect of direct stress in pro- 
ducing flecks is 8.0/15.4 times that of shearing stress, which is 
slightly larger than that assumed previously. Consequently, if 
the maximum direct stress in the bore be 4 times the nominal 
shearing stress, the stress-concentration factor observed by the 
present method will be 4 X 8.0/15.4 = 2.08, and theoretically the 
curve of K, in the bore, must pass the point d = 0, K = 2.08, as is 
indicated by the dashed curve in Fig. 8. The curve of K, at the 
hole edge, may be extended to the theoretical value 4/3 at d = 0, 
as is shown in the same figure. 





Laminar-Diffusion Boundary Layer 
A Review 


By KURT BERMAN,' SCHENECTADY, N. Y. 


Diffusion theory has not assumed as yet the degree of 
organizational elegance accorded to fluid-flow and heat- 
transfer theories. In this paper mass-transport phenom- 
ena and their nondimensional correlation are summarized. 
In order that the similarities between energy, momentum, 
and mass-transport phenomena may be exhibited, the dis- 
cussion of diffusion is preceded by brief summaries of dy- 
namic and temperature boundary-layer theories. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


a vector quantity 

coefficient in Equation [12a] 

specific heat at constant pressure 

coefficient of ordinary diffusion 
D;, = thermal-diffusion coefficient 


div | 


: 0A, , OA, | 
vector operation = + + 


Or oY 
¥ 


; / 
V2 V vru 


subscript indicates properties evaluated at aver- 


vA\ 
f 


age condition of boundary layer 
VT : oT oT oT 
 . vector operation = + + 
grad 7 f Ox oy oz 
local heat-transfer coefficient 
subscript identifying a definite component 7 
subscript identifying a definite component j 
subscript identifies gas i diffusing through gas 
component j 
Colburn function (Equation [44a] ) 
Colburn mass-transfer function (Equation [446] ) 
thermal conductivity 
(m;), rate of diffusion of component i in z-direction, 
i.e. (m1), = Up 
M molecular weight of gas species 


: hx 
Nusselt number = 


vpc ? 
k 


ur 
Reynolds number = 


Prandtl number = 


v 


v 
Schmidt number = - 
12 
1 Guided Missiles Department, General Electric Company. 
Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of THe American Socrery oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 21, 1954. Paper No. 54—A-29. 


Bx 
Die 
conditions in 


Taylor number = 


subscript indicates undisturbed 
free stream 

static pressure (subscript | or 2 indicates that it 
represents partial pressure of indicated gas 
component ) 


static pressure of mixture, i.e., Pp, = pi 


convection velocity of gas molecules 

heat-transfer rate per unit area of plane perpen- 
dicular to y-axis 

distance between molecules 

universal gas constant 

subscript indicates conditions at surface of ob- 
ject 

absolute temperature 

time 

velocity component along z-direction 

velocity component along y-direction 

velocity component along z-direction 

distance along 2x-co-ordinate axis; when used 
as subscript, indicates conditions along z-direc- 
tion 

any external specific force acting in x-direction 

distance along y-co-ordinate axis; when used 

as subscript, indicates conditions along y- 

direction 


y | Uo 
AY 9 VI 
distance along z-co-ordinate axis 
pressure diffusivity (Equation [12b] ) 
weight diffusivity (Equation [17]) 
reduced mass 

T—T, 

Ts T 


kinematic viscosity of gas 


(Equation [18}) 


density of gas 
potential function (Equation [4] ) 
o? 0? 0? 
Laplacian operator = + + 
Oz? oy? Oz? 


Pp —_ 
Po — DP, 
mass-transfer coefficient (Equation [33] ) 
effective film thickness of boundary layer 
subscript identifies gas component | 
2 subscript identifies gas component 2 
12 subscript identifies gas 1 diffusing through gas 2 
21 subscript identifies gas 2 diffusing through gas | 
O:i( Nre, Ner) 
Po Nre, Nac) 


indicates a function of Nre and Np; 
indicates a function of Nre and Ne 


INTRODUCTION 


As a fluid flows past an immersed body at a high Reynolds 
number, Nre, the variation of the velocity from zero at the sur- 
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face of the object to the free-stream velocity occurs within a very 
thin layer, usually called the dynamic boundary layer. In similar 
fashion, the change of the temperature and constituent concen- 
tration fields, which are formed if a temperature and/or diffusion 
gradient exists between the surface of the body and the free 
stream, also are concentrated within small layers, usually called 
the temperature and diffusion boundary layers, respectively. 
None of these layers or films need be, nor generally is, of equal 
thickness. However, they are mutually interrelated. Only by 
making simplifying assumptions, which are too well known to be 
repeated here, can the phenomena be treated independently of 
each other. It is on this basis that they will be discussed. 


Dynamic Bounpary LAYER? 


The characteristics of all three boundary layers are influenced 
by the existing flow conditions. The flow parallel to an immersed 
flat plate has been studied extensively and it has been concluded 
that the boundary layer tends to be laminar as long as the Reyn- 
olds number, formed by using the free-stream velocity and the 
distance from the leading edge as the characteristic length, is less 
than 84,000 (see reference 6). For values of Nre between 84,000 
and 500,000, the flow can be either laminar or turbulent, while 
for Nre greater than 500,000, it is almost always turbulent.’ It 
has been found that this criterion of the nature of the boundary- 
layer flow is valid not only if the free stream is laminar but also 
holds true approximately if it is turbulent. Of course, it hardly 
can be expected in the latter case that there exists a smooth and 
instantaneous transition from the laminar flow in the boundary 
layer to the turbulent flow in the main stream. 


TURBULENT FIELD 


/ 


U=Uo 


| 
LAMINAR BOUNDARY LAYER 
LAYER ~ TURBULENT FLOW — - 


SImPLiFIED ILLUSTRATION OF BouNpbDaARY-LAYER FLow 
ALONG A Fiat PLATE 


Fig. 1 shows a schematic diagram of the boundary-layer flow 
conditions along a flat plate. Several constant-velocity lines have 
been sketched in. The dotted line indicates the extent of the 
laminar flow. It can be seen that even in the turbulent-flow 
region there is a very thin secondary laminar layer. 

Prandtl was the first to derive the boundary-layer equations. 
For steady, incompressible, two-dimensional flow, they are 


ee = 0 (continuit i 
= oy continuity equation ) 


* Good discussions can be found in references (1, 2, 3, 4, 5). Num- 
bers in parentheses refer to the Bibliography at the end of the paper. 
* Recent data indicate that the transition might occur at much 
higher Reynolds numbers under favorable conditions (see reference 


7). 
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55 ee B.. 4 (boundary layer). . 


yw); 
oy? p Ox [2a] 


op = 0 (flow equation) 

oy 
In these equations the co-ordinate system is chosen in such a 
manner that the z-axis lies along the surface of the body and the 
y-axis is perpendicular to it, with the stagnation point chosen as 
the origin of z. Both the kinematic viscosity v and the density 
p of the fluid are assumed constant. 

The boundary conditions for Equations [1] and [2] are 


at y =0 u=v=0) 


y= 2&2 U = UH ) 


where up is the tangential velocity at the outer limit of the 
boundary layer. This quantity is usually evaluated by either 
measuring the pressure distribution along the surface of the body 
and calculating uo from the Bernoulli equation or by assuming it 
equal to the tangential surface velocity obtained from an “ideal 
fluid”’ solution. 

Blasius (8) solved the system of Equations [J, Z, 3] for the case 
of a flat plate where (Op)/(Ozr) = 0 and up is constant. being equal 
to the free-stream velocity. He introduced the new variables 


where 


This reduces the partial differential Equations [1], [2] to the or- 
dinary differential equation 


d*f 
dz’ 
with boundary conditions 


at 


and at 


co - 
’ 
dz’ 


TEMPERATURE BounpaARY LAYER‘ 


The energy equation, considering only heat conduction and con- 
yY eq ) 


, 27 ( or. ar ee 
= = pc, | u - v — -ae vee Lé] 
oy? Pe, Ox oy 


vection, is 


Pohlhausen (14), using Blasius’ velocity distribution, solved the 
problem of the temperature field in the vicinity of a heated flat 
plate placed parallel to the flow field, Introducing the trans- 
formation variable [4] and the function 

T, 


Ks!) == [8] 
(z’) T> T, [8] 


in Equation [7], the ordinary differential equation 


4 Good discussion of the topic can be found in references (9, 10, 11, 
12, 13). 
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dé 
dz’ 


d?6 


dz"? 


+ N Pr f 


is obtained. 
This equation, together with Equation [5] and boundary 


conditions 


at 


dz’ 
determines the thermal boundary layer along a flat plate. The 
actual solution obtained by Pohlhausen is 


Nyru s) = 0.332NR. Np,’ 4 [11] 


It is interesting to notice, in comparing Equations [9] and [5], 
that if Np, = 1, the dynamic and thermal boundary layers are of 
If, for instance, Npr is larger than 1, the thermal 
In the next 


equal thickness. 
boundary layer is thinner than the dynamic layer. 
section, where diffusion theory is discussed, another equation, 
similar to Equations [9] and [5], will be derived for the diffusion 
boundary layer, and again it will be seen that only if a dimension- 
less number, namely, the Schmidt number, equals 1, are the 
boundary layers of equal thickness. 
DIFFUSION DirFusION BOUNDARY 
Layer? 


THEORY or GASEOUS AND 


In 1866 Maxwell derived the diffusion coefficient for a binary 
mixture by treating gas molecules as points which repel one 
another with a force which falls off as the inverse fifth power of 
the distance between them. The fifth power was chosen since it 
presented the least mathematical difficulties. It was not until 
1916 that Chapman (15) and Enskog (16) succeeded in treating 
the more general case of point molecules which repel each other 
according to the law Ar~*, where A is the ‘‘reduced’’ mass, r is the 
distance between molecules, and s is an arbitrary integer, and 
were able to predict the phenomenon of thermal diffusion, i.e., 
the condition that a temperature gradient in a mixture of two 
gases causes a gradient of the concentration of the two constitu- 
euts. 

The phenomenon is of limited interest in ordinary engineering 
problems and will not be considered any further except to men- 
tion that its effect can be included by adding to the left-hand 
side of the following equation a term D, grad In T where Dy is a 
thermal-diffusion coefficient (17). A phenomenon of ‘“‘pressure 
diffusion’ also has been predicted theoretically but it has never 
been observed experimentally. 

The basic equation of ordinary diffusion, i.e., neglecting thermal 


5A good discussion of diffusion theory, according to the kinetic 
in chapter 8 of “Introduction to the Kinetic 
by J. H. Jeans, Cambridge University Press, 1940. 
For applied diffusion theory, see ‘Absorption and Extraction,’’ by 
T. K. Sherwood and R. L. Pigford, McGraw-Hill Book Co., Inc., 
New York, N. Y., 1937, and “‘Heat Transfer Notes,” by L. M. K. 
Boelter, et al., University of California Press, chapter 16, 1946. For 
a rate-process consideration of diffusion, ‘‘The Theory of Rate Proc- 
esses,”” by S. Glasstone, K. J. Laidler, and Henry Eyring, chapter 10, 
McGraw-Hill Book Company, Inc., New York, N. Y., 1941. An in- 
teresting article is ‘“‘On the Elementary Explanation of Diffusion 
Phenomena in Gases,”’ by W. H. Furry, American Journal of Physics, 
vol. 16, 1948, pp. 63-78. 


theory, is found 
Theory of Gases,”’ 
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and pressure diffusion, of a binary gas mixture, as derived from 
kinetic theory, is* 


— 


(Gi —— Qa 


—_ 


Pipe 
MM, 


Ui2pP; 
— grad p, = 


[12] 
(RT)? nid 


Subscripts 1 and 2 designate respective gases; -—> designates a 
vector quantity. 

An intuitive approach is presented by Maxwell (18) who says 
in his classic paper on diffusion: 

“If we apply the ordinary language about fluids to a single gas 
of the mixture, we may distinguish the forces which act on an 
element of volume as follows: 


“(1) Any external forces, such as gravity or electricity (X). 

“(2) The difference of the pressure of the particular gas on 
opposite sides of the element of volume. (The pressure due to 
other gases is to be considered of no account.) 

“(3) The resistance arising from the percolation of the gas 
through the other gases which are moving with different veloci- 
ties. The resistance, due to encounters with the molecules of 
any other gas, is proportional to the velocity of the first gas 
relative to the second, to the product of their densities, and to 
the coefficient C;; which depends on the nature of the gases and 
on the temperature. The equation of motion of one gas of a 


mixture is, therefore, of the form 


du, 


dp, . 
y 
Pr dt 


— Xipi + Cipipo(m 


dz 


+ Cispipal um u r. = ()”’ 12a] 


It is apparent that Equation [12] is a special case of Equation 
[12a] since the acceleration of the molecules 1 and any external 
forces have been neglected. 
It is evident from an inspection of the two equations that 
(RT)? 
MiMDup, 


In order to simplify the appearance of this and succeeding ex- 
pressions, the quantity 
M\M Dp, 
(RT)? 
will be designated by the symbol a» and will be called ‘‘the pres- 
sure diffusivity.”” Thus 


M VMDye l 
ate 1-H eddiep pa - [125] 
12 


y (RT)? 
The z-component of Equation [12] is 


Op; 
Or 


Pipe 
= (um 


MM, 


Uiep: 
(RT)? 


[13] 


Rearranging terms in Equation [13] and letting (1), and 
(thy) represent, respectively, the rate of diffusion per unit area 
in the z-direction of gases 1 and 2, i.e. 

(iite)e = UsPe [14] 


( rity .~ = 


Uipl, 
one obtains 


. DioP M.M, Op: Pi 
(%). = - = + 
R71 2 Pe Or 


Opi 


{ ite )s 
Pe 


Qe 


P2 


T S (tie)s 
Ox Pe 


6 See reference (15), equation [7], p. 144. The notation has been 
altered to conform to the present author’s nomenclature, 
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Similar equations can, of course, be written for the y and 2-direc- 
tion. 
In the special case of equal molal diffusion of gases 1 and 2 in 


Uipi U2P2 . ® " 
( ) = (= ), Equation [13] re- 


opposite directions, i.e. 
duces to 
Diz Op 


R T or 
M, 


(m). = — rage) 


(Incidentally, the ideal-gas law will be assumed throughout this 
discussion.) It is indeed unfortunate that frequently Equation 
[16] is exhibited in the literature as the basic diffusion equa- 
tion, which unequivocally it is not. 

The D,. in the various expressions is the so-called ‘‘normal dif- 
fusion coefficient’”’ calculated in textbooks of kinetic theory of 
gases; the reason for the preference of Dy: over Q2 is, of course, 
that equal molal diffusion usually is the only case considered. 

Oceasionally it is convenient to choose a weight diffusivity 
a’, which is defined by the equation 


, 


ra) 
(m)z = — a’ e + & (me). 


Ox Pe 


[17] 


The relation between the three different diffusivities is 


M:2M ip, pM, F 
ae = V2 = —— Aw 


(RT)? RT 
and their dimensions are 


length? 


time 


mass 
area time 
length? 


time 
Corresponding to Equation [15], an equation for the mass 

(m.), diffusing through gas | can be written 
A» Ops p 


(Me )+ =” + * (ri), 
Pi OF pi 


.. [19] 


If the total pressure is constant and equal to the sum of the partial 
pressures, so that 


dp, = dp» — “ae [20] 


it is easily seen, by simply rearranging the terms in Equation [19] 
and comparing them with Equation [15], that 


Qe = An, 2 | ee Sa 


Notice, however, that @’: is not equal to a’, under these con- 
ditions. 

Consider a cubical volume (dx dy dz) located in the gas mixture 
and write a conservation-of-mass relation for the gas species | 
‘rossing its surface area. The net gain of gas 1 across the faces 
eq ials the mass increase inside the cube, or mathematically 
Op; 


(m)y + : (m,) [22 
m m,), = "A 22 
si Oz 


oO re) 
(mM) + 
oy ot 


or 
where the subscripts indicate the axis perpendicular to the faces 
across which the mass passes. Substituting Equation [15] and 
corresponding relations for the y and 2-directions in Equation 
[22] and remembering that 
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(itz), = Pelle 

Pwe 
(M2), = Pos 


(Mz)y 


it becomes evident that 


co) « Qi: OP; 4 sem | 4 re) 
Or Pp, Ox Pr oy 


+ 2 ( _ Ae Op: 
Oz pz Oz 


Rearranging terms, Equation [23] becomes 


“2 (= Opi 4 re) (= am) +4 0 [ ap 
Or \ pe. Or Oy \ pz oy Oz \ pe 
re) oO 

E (Poe) + (p22) + Se 
Pz Ox pz OY Pz Oz 


Oo pi Oo pi O pi 
+ | pow + Pv. — + Pre = 
| : OX Pz . - Oz Pp» 


ae dy p» 
Looking at the second square bracket on the left, it can be seen 
that it equals p;/p, times the left side of Equation [22] if subscript 
1 is replaced by 2. Hence the bracket equals 


Pi Ope 
Pp: ot 


Making use of the identity 
2 p 

p Bs Op, Pi Ope 

~ Ot ol P2 Ot 


[25 


and introducing it in Equation [24], the following result is ob- 
tained 


| ra) (* oP 1 re) Aj 2p) re) (% 2p) 
- - + 
Or \ pz Or Oy \ ps oY Oz \ pz Oz 
re) , ° re) 
a ee Pia + we | = 0 
Oz pe 


ol " Ox Pe 
The quantity inside the second square bracket can be written as 


up) 
dt \ p» 


where the subscript 2 indicates that the velocities in this expan- 
the gas through which | is 


Oo Pp; 


2 [26] 
OY Pe» 


sion are those of carrier gas 2, i.e., 
diffusing. The final expression is, therefore 
d p, 


Ais 
grad p,; + pe = () 
Pp» dt ps 


div {26a 


or in symbolic notation 


Qe dp 
V Vp T 
Pe 


T Pz = 0 
p det pe 


In the special case of equal molal diffusion, it can be seen, by 
substituting Equation [16] in [22] that 


re) Dre Opi 14 o9 Dy Op, 4 ra) Die Op; = Opi (27) 
or R r or oy R r oy oz R r TORT pita 


M, M, M, 


which becomes for isothermal conditions 
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Opi 
VDuV'p: = a 
Equation [26] can be simplified for the special case when p2 > pu, 
making it a good approximation to consider p, constant. In 
addition, a. will be assumed independent of position. 
Incidentally, it might be well to point out in this connection 
that, according to kinetic theory (19), Di. varies as (T''**/p,), 
where s = !/; for elastic spheres and s = 1 for Maxwellian mole- 
cules. According to Equation [18] it would seem, therefore, that 
Q@. is practically invariant with respect to temperature and total 
pressure. 
Inserting the approximations, mentioned previously, for iso- 
thermal conditions 
RT 


= Mi ps V"p, 


dp, 
dot 


where VY? is the Laplacian operator 
or 


dp, 


= Vie 
dot 


In order to be consistent with the assumption p; < pz, p,/p2 is 
usually set equal to 1. The resulting equation 


dp, dp, 
= DV? or 
dot nV pr dot 


[29] 


= DeV*p: 


is another example of a specialized expression which has assumed 
in many articles the status of a fundamental diffusion relation. 

The similarity between Equations [29] and [7] forms the basis 
of the similarity approach which has found such widespread use 
in the field of diffusion. If 


where p, is the concentration at a surface and pp is the concentra- 
tion of gas | in the free stream, then analogous to Equation [9], 
one obtains the diffusion boundary-layer equation 


dr 


dr 
+ N x f = 


dz"? 


, 


where 


(Schmidt number) 
= 


It can be seen that only if Nw = Np: = 1 will the three boundary 
layers be of equal thickness. 

It is well known from both experimental forced-convection heat- 
transfer results and theoretical analyses, as evidenced by Equa- 
tion [11], 
can be correlated by an equation of the form 


that low-velocity, foreced-convection heat-transfer data 


Nwu = oi( Nre, Vpr) 


where @; indicates a function. 
The heat transfer from a medium to a surface can be repre- 


oT 
dy = k 


(Subscript s refers to conditions at the surface) or 


sented by the equation 
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(32b] 


q% = h( To T,) 


where subscript 0 indicates conditions of the free stream, g, repre- 
sents the rate of heat transfer per unit area, and y 1s the co- 
ordinate perpendicular to the body surface 


Similar to Equation [325], it is possible to write an expression 


(mm = B(p, p, 33a] 


i/z 


T 
M, 


where 6 is defined, analogous to h, as the mass-transfer coefficient 
with dimensions (length/time In general, 8 is not independent 
of the partial pressure difference. Two special cases will now be 


considered: 
1 For steady-state equal-molal diffusion, it can be seen, by 
16) 


respective partial pressures p, 


integrating Equation between the limits z = 0 and z= 6 and 


and pp» of gas 1, that 


wy 
7 
M, 


For this particular case, 8 is not a function of the partial pressure 
difference. 
2 As another the diffusion of gas 1 


illustration, consider 


through a stagnant layer of gas 2. Then one can write from 


Equations [15] and [19] 


Op; 
or 


Ay OP» 


ip 
Pi or 


dps, it is possible to separate variables and 


Assuming dp, = 
integrate 


dp, 
Pi 


M, 


where 
p, = total pressure = p, + p2 = const 

6 effective film thickness 

Po partial pressure of gas | at the plane a 6 

P, 


partial pressure of gas 1 at the plane z = 0, which is 


permeable to gas 1 only 
For steady-state conditions, m is independent 
assumed constant, Equation [35a] becomes 
RT ay P: 


(mm), = n 


M.5 pp, 
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This can be written in the alternate form 


In Pi — Pe 


, & Di2 7 Pz 
ih = — ponies (po — P,) 
Po 


Ry h—P. Pi 
— 7 


| 
| 
| 


R 
M, } 


a (po — Px) | 
| 


Here the partial pressure dependence of the mass-transfer co- 
efficient is clearly exhibited. In the case of small partial pressures 
of the diffusing gas, so that po/p, and p,/p,< 1, the logarithm in 
Expression [37] can be expanded in an algebraic series 


_P 
Ph mm 1 (2) (7:)"] ‘ 
) Pe 2L\p Pi 


Retaining only the first term of the power series, it can be seen 
that under this condition the mass transfer of gas 1 through a 
stagnant gas layer equals approximately 

in = — Fs (po — P,) = .. (po — p,)....- [39] 
R Te = 
M, M, 


where the mass-transfer coefficient is substantially independent of 
the partial pressure difference. 
Under this condition, it is possible to write, analogous to Equa- 
tion [31], a functional relationship 
Bx 
— 2 Nre, Ns) 
Dis 2 ey 


If 8 is not independent of the pressure, a dimensionless pressure 
, ‘ wr 
relationship would have to appear in @:. The quantity B “ 
12 
will be called the Taylor number and will be designated by Nts. 
Nusselt (20) assumed a function ¢, in Equation [31] of the 
form 


di = bi(Nre)™( Ne-)". i 
and, similarly for ¢@2, he wrote 
gd: = bof Nre)™*( Nae)". . 


Equations [30] and [9] are identical in form. If, therefore, the 
heat and mass transfer occur across the same geometrical bound- 
ary surfaces and have the same boundary conditions, then it is 
necessary that 


bh =~ bh = b, m=m=m m=n=n....[4l1c] 


where b, m, and n can be determined from either heat-transfer or 
diffusion experiments. 

At first glance it might appear that the boundary conditions 
can never be identical since in a diffusion field, if the surface acts 
like a permeable membrane toward the diffusing gas, the normal 
component of the velocity must be finite at the surface. However, 
as has been pointed out in the derivation of Equation [39], only 
the velocities of the carrier gas appear in the equation, and they 
are zero at the surface. Schuh (21) calculate! the velocity and 
concentration fields, assuming a nonvanishing boundary-surface 
velocity. Since he used Equation [29] for the evaluation of the 
concentration field, these results must be viewed with some 
measure of doubt. 
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The exactness of the analogy, as expressed by Equation [4lc], 
can be strictly valid only if the flow fields associated with the 
temperature and diffusion fields are identical. This condition, 
however, can never be exactly true since in the case of the latter 
field, the flow profile is perturbed by the mass transfer. In spite 
of this nonconformity of similarity conditions, if the concentration 
p, of the diffusing gas is small, as has been assumed in the deriva- 
tion of Equation [29], the analogy condition yields very satisfac- 
tory results. 

Returning now to the “dimensionless number’”’ relations, it is 
found that if Equation [31] is divided by Equation [40], and the 
conditions expressed in Equations [4la], [41], and [41c] are in- 
troduced, then 


kD (me 4 Dich (ae g r 
=(—) « —-» me ...... hall 
Bk Ns Bk k 


Since Equation [29] has been derived under the assumption 
of isothermal conditions and small partial pressures of the diffus- 
ing gas, it is apparent that the theory developed so far is only valid 
within such restricted boundaries. In the general case of simul- 
taneous convective heat transfer and diffusion at low velocities, 
dimensionless relationships of the form 


Nwu = Nxu{ Nine, Noo, Nve} 


Nr = Nra{ Nae, Nae, Nor, ¥[p,, po, Pil} [43b] 


(yw indicates a function) will probably have to be used. 

Based on the analogy existing between heat, mass, and momen- 
tum transfer processes for a given system, Colburn and Chilton 
(22) have presented a useful correlation. For heat and momen- 
tum transfer systems 
i = Re Ner'/* = (Ner),*/*. [44a] 

NreNrr PotloCpo ; 
where jn is the Colburn function, which can be correlated as a 
unique function of the Reynolds number in a form analogous to 
that of the correlation of the friction factor of the Fanning equa- 
tion for pressure drop in fluid flow. Similarly to Equation [44a], 
it was suggested to correlate mass-transfer phenomena by an 
analogous equation 
, Nt , 3 Spy , 2 
fig me corer Dita - (Nese), /* 
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[445] 


where py, = mean partial pressure of the nondiffusing gas. 

Over wide ranges of Reynolds numbers, it has been determined 
that j, = jz. This reduces to the relation given by Equation 
[42]. 

SUMMARY 


Based on the foregoing discussion, the relationships relevant to 
the diffusion boundary layer can be summarized as follows: 

For the diffusion of a gaseous, binary mixture, the mass 
transport per unit area in the z-direction of constituents 1 and 2, 
respectively, can be computed by means of the equations 
Qie Op. 
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Only in the special case of equal moial diffusion, i.e. (up;/M:) 
= —(usp2/M,.) do these equations reduce to the simple expres- 
sions 
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These equations can be considered analogous to the heat-transfer 


equation 
oT 
oy 


dy = 


The differential equations and boundary conditions describing 
the dynamic and temperature boundary layers can be reduced to 
a similar form. If the Prandtl number is 1, the two boundary 
layers for a given system have equal thickness. The general 
equations and boundary conditions for the diffusion boundary 
layer, however, cannot be reduced to such an analogous form. 
Only if the equations are specialized, i.e., it is assumed that (a 
isothermal, equal molal diffusion exists, (6) the density p; of the 
diffusing gas is much smaller than the density p. of the transport 
gas, so that the partial pressure of gas 2 is almost equal to the 
pressure of the mixture, can the diffusion equations and boundary 
conditions be put in a form similar to those for the dynamic and 
thermal boundary layer. Then, and only then, can these analo- 
gous relations between the thermal and diffusion boundary layer 
be written as follows: 
Thermal Diffusion 
Differential equation 
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Application of Saint Venant’s Principle 
in Dynamical Problems 


By B. A. BOLEY,' NEW YORK, N. Y. 


The propagation of stresses in bars under time-depend- 
ent self-equilibrating end loads is discussed by means of 
a simple model. It is found that high stresses are re- 
stricted to a short region near the end of the bar if the 
loads are applied comparatively slowly, but extend to 
longer portions if the loads are rapidly applied. 


HE principle of Saint Venant (1, 2)? is useful in the solution 

of steady-state problems of elasticity, since it permits, for 

example, the replacement of a complicated system oi surface 
tractions by a mathematically simpler statically equivalent system 
of loads. The error thus introduced is therefore that resulting 
from a self-equilibrating loading, and, according to Saint Venant’s 
principle, will be small at large distances from the applied loads. 
Such a principle, of course, could be similarly employed in the 
solution of dynamical problems. The extension of the principle to 
cases of transient disturbances therefore would be valuable, and 
it is the purpose of this paper to examine briefly whether this ex- 
tension is possible, and, if so, to what extent. 

The meaning and proper formulation of the principle have been 
greatly clarified, for static loadings, in some recent investigations 
(3, 4); these have shown that the customary (1, 2) statements of 
the principle, though they may hold for bodies of certain special 
shapes (such as thin plates or long cylinders) cannot be applied 
with complete generality. It is not the intention of this note to 
extend that type of analysis but rather to examine the validity of 
the principle in simple cases of time-dependent loadings. To this 
end a simple idealized structure is first studied; generalizations 
to some other types of bodies are briefly indicated later. 


Srupy or IDEALIZED STRUCTURE 


Consider then the structure of Fig. 1, which is made up of three 
semi-infinite bars connected by “‘shear springs”’ of stiffness hig per 
unit of length. With the symmetry of the structure and the 
sign convention as indicated in that figure, the governing equa- 
tions are 


ou 07u 
EA, ort + ks(v —u) = pA ~ a ---{1] 


,, ow o*v 
EA, 2? + 2ks(u v) = pAz wD [2] 


where A, and A, are the areas of the bars indicated in the sub- 
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NuMerIcAL ExaMpLes 


script, p is the density, and £ is Young’s modulus for the bar 
material. 
If only self-equilibrating loads are considered, the relation 


v= —2u(A;/Az) ° —v [3] 


must hold; then Equations [1] and [2] reduce to 


du du sks (Aa + 2A, 
a? — — — — “ey eee 
oz? ot? p A,A:2 


~ l/s, ~ . . 
where a = (E/p)/*. Consider the special case 


eh a ae [5a] 


and let 


kg = Gb h; z= x/(3h); t =al (3h). . [5b] 
where G is the shear modulus, and let dots and primes indicate 
derivatives with respect to ¢, and 2, respectively. Then Equation 
[4] becomes 


u” —u’ — (27G/E)u = 0. 


Under steady-state conditions, the solution of this equation 

gives the stresses ¢; and a» in bars 1 and 2, respectively, as 

a, = —(0;/2) = [E/(3h)]u’ = oe 2 V27G/B [7] 
These stresses are plotted as the short-dash line of Fig. 2 for a 
value (27G/E) = 10.4; it is clear that high stresses (of the order 
of magnitude of the applied stress ¢)) occur only within short dis- 
tance (of order of magnitude 3h) in the immediate vicinity of the 
applied load, and that therefore Saint Venant’s principle holds 
in the conventional sense. 

Consider now the case in which 0» = oo(¢,); then it follows from 
the hyperbolic nature of Equation [6] that the stresses will 
propagate along the structure (with a constant velocity a) and 
that their magnitude at the wave front (zx, = ¢,) is given by 


a, = —(o2/2) = a0) (8) 


Thus every point in the bar will in its turn be subjected to a 
stress of the order of magnitude of the initial applied stress oo(0). 
Specifically, the displacements and the stresses corresponding to a 
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prescribed variation of applied stress are, respectively, given by in Fig. 2 for the cases in which the wave has traveled down the 
(5) bar distances equal to 1, 4, 8 times the height (3h) of the structure 
iz as re Ss » CASE = These e Curves & a t 
(3h/E) ji Jd2)okr)dr (as well as for the cas t; ©). These three curves show that 
0 high stresses are again restricted t a short portion of the bar; but 
B/(Bh))ul = oot; ») whereas in the static case this portion occurred solely in the im- 
a mediate neighborhood of the applied load, it is now split in two 
— (27G/E)zx, f, Ji(z)oo7r)(1/z)dr .. [9b] parts. The second of these travels with the wave front (becoming 
shorter with increasing time) and thus eventually subjects all 
points of the bar to a stress equal to a. Thus the conventional 
2 = V(27G/E)[( — 7)? —z,%] it [9c] Principle of Saint Venant certainly does not hold in this case. 
The situation is somewhat different if the load is gradually ap- 
and where J, indicates the Bessel function of the first kind, of plied, so that o(0) = 0 
order n. Both the stresses and the displacements vanish when 
4<n ot) = Jol, /ty when 0 < t < lo 
The stresses caused by a suddenly applied stress o> are plotted when t; > ty 


when t; > 2,, where 


Let, for example 


[10] 
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where ¢ is a constant. Equation [9b] may then be written as 


o —lo i; —2 27G x hmm T 
i ee Ae -———— J\(z) - dr 
00 2 Oo to E lo 0 Zz 


when i — 2 < lo 


27G 1 to h—z 1 
. 1 — = XN J J(z) 4 dr — Ji(z) art 
do E It 0 F4 m 4 


when 4; — 2% > to 


A plot of the stresses corresponding to 4) = '/2 and various val- 
ues of ¢, is presented in Fig. 3. It indicates that the stresses de- 
crease with distance from the loaded end, though not of course 
as rapidly as in the static case (4 = ©). The maximum stress 
which each point in the structure experiences is given by the en- 
velope of the curves of Fig. 3. Several of these envelopes are 
shown in Fig. 4; they can be used to estimate how slowly the 
load must be applied before the conventional static Saint Venant’s 
principle (t = ©) becomes a sufficiently good approximation. It 
is worth noting that sizable stresses of the sign opposite to a 
appear in the curves of Figs. 2 and 3. 


GENERAL REMARKS 


These results need some modification in order to hold for time- 
dependent loads applied to a more general type of structure. 
Take, for example, the case of a semi-infinite bar under a self- 
equilibrating system of loads applied at its end; it can be shown 
(6) that here three wave fronts will arise, traveling with velocities 
a, aVG/E, 0.9194a°/ G/E (for vy = 0.25), corresponding, re- 
spectively, to longitudinal, shear, and surface waves. Thus, if the 
loads are applied suddenly, each point in the bar will experience 
a stress equal to at least one third the maximum applied stress. 
If the loads are applied gradually, a set of curves similar to those 
of Fig. 4 can be constructed for each of the three wave fronts. 
The curves of that figure can be used for purposes of rough esti- 
mates of stress magnitudes. 

Some of the results presented here were first described in 
reference (7) which also included a discussion of the behavior of 
the model of Fig. 1 when the outer bars are allowed to move in the 
y-direction. The motion of these bars is then governed by the 
Timoshenko theory of bending (8) and is restrained by additional 
springs inserted between bars 1 and bar 2. Two wave fronts will 
arise in this case, corresponding to longitudinal and shear waves; 
thus, if the loads are suddenly applied, each point in the structure 
will experience a stress equal to at least one half the maximum 
applied stress in the same bar. For gradually varying loads, a 
discussion analogous to the one given in the foregoing will apply. 

In conclusion, it may be remarked that the conventional usage 
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of the static Saint Venant principle is not too greatly in error for 
slowly applied loads (¢ >> 0.5 in Fig. 4) such as are probably en- 
countered in many applications of conventional engineering prac- 
tice. 
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Frictional Vibrations 


By DAVID SINCLAIR,’ MANVILLE, N. J. 


Frictional vibrations, such as stick-slip motion and 
automobile-brake squeal, which occur when two solid 
bodies are rubbed together, are analyzed mathematically 
and observed experimentally. The conditions studied are 
slow uniform motion and relatively rapid simple harmonic 
motion of brake lining over a cast-iron base. The equations 
of motion show and the observations confirm that fric- 
tional vibrations are caused primarily by an inverse varia- 
tion of coefficient of friction with sliding velocity, but their 
form and occurrence are greatly dependent upon the dy- 
namical constants of the mechanical system. With a con- 
stant coefficient of friction, the vibration initiated when- 
ever sliding begins is rapidly damped out, not by the fric- 
tion but by the “natural”? damping of all mechanical sys- 
tems. The coefficient of friction of most brake linings and 
other organic materials was essentially invariant with 
velocity, except that the static coefficient was usually 
greater than the sliding coefficient. Most such materials 
usually showed a small decrease in coefficient with in- 
creasing temperature. The persistent vibrations resulting 
from the excess static friction were reduced or eliminated 
by treating the rubbing surfaces with polar organic com- 
pounds which produced a rising friction characteristic. 


INTRODUCTION 


HEN two solid bodies are rubbed together, intermit- 
tent motion of some type frequently occurs which 
may, in general, be called “frictional vibrations.’’ The 
playing of a violin (1),? the squeal of an automobile brake, or 
the creaking of a door hinge are familiar examples of frictional 
vibrations. Frictional vibrations frequently have been investi- 
gated in connection with the study of metallic friction (2, 3, 4). 
This paper is concerned chiefly with automobile-brake squeal, 
the frictional vibrations that occur when a brake lining is 
rubbed against metal, usually cast iron. 
The general equation of motion of a rubbing solid is 
mé + Ri + kx = F(z) + P(t). | 
Here, m is the mass of the moving body, R the natural’ damp- 
ing constant (usually small), k the force constant or stiffness of 
the support of the body, F(z) the friction force, constant or vary- 
ing with velocity, and P(t) an externally applied force, usually 
varying with time. z stands for dz/dt, and # for d*x/dt*. It is 
shown experimentally that the motion represented by Equa- 
tion [1] is only in part determined by the friction but is also de- 
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pendent upon the mechanical constants of the system and the 
type of applied force. 

In general, it was found that frictional vibrations are caused by 
an inverse variation of coefficient of friction with velocity (1 
usually a higher static than sliding coefficient. In practice 
significant exceptions to this situation occur. It will be shown 
that a constant coefficient of friction (known as Coulomb friction 
produces no damping of the vibrations initiated whenever sliding 
begins. If the motion is uniform, such vibrations are transient 
because of natural damping, but if the motion is intermittent or 
periodic the vibrations are continually re-excited. 

If the coefficient of friction varies inversely with velocity, or 
especially if the static coefficient is greater than the sliding co- 
efficient, the vibrations tend to increase in amplitude and may 
become persistent even in uniform motion. This situation occurs 
frequently with brake linings where the excess static friction 
overcomes the effect of natural damping, causing brake squeal 

On the other hand, when the friction is artificially altered to 
have a rising characteristic the frictional vibrations may be 
damped completely in either uniform or periodic motion. This 
effect was studied in detail with the idea that it might provide a 
method for the elimination of automobile-brake squeal. 


EQUATIONS or MOTION 

These statements may be illustrated by the following examples 
which represent the experimental conditions used 

A block of brake lining of mass m, loaded with a weight W 
(which does not participate in the motion, see below) is pulled 
along a fixed cast-iron base J, by a spring of stiffness k, whose 
free end moves with a constant velocity v, in the positive direc- 
tion of z, as illustrated in Fig. 1. 
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The block will begin to slide when the spring force, kz,, just ex- 
ceeds the oppositely directed static friction force, /¥y) = {(W + mg), 
where f is the coefficient of friction, and z, is the extension of the 
spring from its neutral position. After motion begins, suppose 
the sliding friction F < Fo. Neglecting natural damping, the 
equation of motion during sliding is then 

mé = kx, —F [2 
(The sign of the friction force, F, is negative since the velocity 
was always positive in these experiments. ) 

The spring force 

-ka + kot 
assuming that motion begins (x = 0) att = 0 
Combining Equations [2] and [3] gives 


mé + kr = (Fy — F) + kul 
the solution of which is 
x = —A sin (wt + d) + (Fo 
w( I 


KU 


A= Vi F, F)?/k? + v?/w?, tan d = 


A . 
where w = UV k/m, the natural angular frequency. 
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From Equation [5] it is seen that the amplitude of vibration in- 
creases with increasing difference between the static and sliding 
friction and with increasing applied velocity. In general, the 
velocity of the block increases from zero to a maximum, v + wA, 
when wt = 7 — @, and back to zero when wt = 2(r —@). After 
this, Equation [5] no longer applies and the block remains at rest 
until the spring force increases to Fy, when the motion is repeated. 

If the static and sliding friction are equal (Coulomb friction), 
the velocity increases from zero to 2v and back during one com- 
plete period, 27/w, so that the block comes to rest only instan- 
taneously. In this case, the sinusoidal component of the motion is 
the same as a free vibration without friction, except that it takes 
place about the extended position of the spring which just 
balances the constant friction force. The energy dissipated in 
friction is supplied by the driver, but the vibration is un- 
affected. 

If v is very small compared to w, the phase angle @ ~ 2/2 so 
that the block comes to rest when wt ~ 7, after which Equation 
[5] no longer applies. In this case the motion consists of a 
series of sudden slips through a distance, r ~ 2(/) — F)/k be- 
tween periods of stick, resulting in the familiar stick-slip motion. 
When the block comes to rest, the spring force is approximately 
2F — Fo, which is negative if F < 4/29. The motion will be re- 
peated when the spring force again equals Fo, or after a stick of 
duration, 2(F')5 — F)/kv. 

It is important to note that the velocity will not reverse even 
when Ff < F», provided the static-friction value is recovered in- 
stantly when the block comes to rest. Sampson (4) and associates 
observed that appreciable time was required for the recovery of 
the static friction of metals. In their case F ~ '/;/ and the mo- 
tion did reverse. Rabinowicz (5) also found that appreciable dis- 
placement occurs after motion begins before the static friction 
falls to the sliding value. 

This type of motion is observed only approximately since 
natural damping is always present. If a natural damping term, 
Rz, be included in Equation [4] the general solution is somewhat 
involved and space does not permit its presentation. Some 
properties of the motion can be found by considering the limiting 
cases which follow: 

If the static and sliding friction are nearly equal, which is fre- 
quently true for brake linings, the block theoretically will never 
come to rest but will oscillate with exponentially decreasing am- 
plitude. In practice, the oscillation will usually be quickly damped 
and the block will thereafter move with constant velocity, v. 
This condition is frequently observed with brake linings when »v is 
not too small. 

When » is very small, the block will come to rest when wt ~ 7, 
resulting in stick-slip motion. This condition is illustrated in 
Figs. 12 and 13. 

At high velocities, approximately sinusoidal vibrations can 
occur as in automobile-brake squeal. A sinusoidal vibration of 
this type was observed in the laboratory when the spring was 
driven in simple harmonic motion. 

The experiments with brake linings showed that as the applied 
velocity was increased the motion changed from stick-slip to uni- 
form sliding depending on the friction characteristic and the mass 
and stiffness of the system. In most cases, stick-slip motion 
was not observed until the applied velocity was reduced to a 
few thousandths of an inch per second, when the slip was a few 
thousandths of an inch. 

To observe the friction characteristics in detail and to produce 
persistent frictional vibrations, a mechanical vibrator was used to 
drive the spring and attached brake block in simple harmonic 
motion. In Fig. 2 the motion of the block is assumed to begin at 
angle @,, measured from the beginning of the stroke at the left, at 
time! =0. The friction force F is assumed constant throughout 
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the motion and natural damping is neglected. If % is the angle 


at which the spring is in its neutral position 
F = kr (cos 0 — cos 6)... 4 
The spring force at any time during motion of the block is 
kz, = kr cos 0 — kr cos (wot + 0,) — kr... .... [7] 


where z, is the extension of the spring from its neutral position, r 
the eccentric (short compared to the connecting rod), and wo the 
angular frequency of the vibrator. 

Combining Equations [2], [6], and [7] gives 


mé + kx = kr cos 0, — kr cos (wot + 0:)..... . (8) 
The complete solution of Equation [8] is 
x = A cos (wt + @) — B cos (wot + 6) + r cos A... [9] 
A = [wo?r/(w? — wu»?)] V1 + (w? /wo? — 1) sin? 6, 
B = w'r/(w? — w,’), tan @ = (w/w) tan A,, w = Vk ‘m 


In the experiments to be described, the quantity actually ob- 
served was the spring extension 


z, = —A cos (wt + @) + C cos (wot + 6) + F/k.. [10] 


C = wor /(w* — wo?) 


Fig. 2 Scuematic DiaGRAM OF MECHANICAL VIBRATOR 
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Fig. 3 shows a plot of Equation [10] for one half cycle of the 
vibrator. Convenient values for the constants were chosen to 
coincide approximately with the experimental conditions. The 
curve shows the neutral point %, the two starting points 6, and 4,, 
and the two stopping points 6, and 6,, which occurred under these 
conditions. During the periods of rest from 4. to 6; and from & to 
6,, Equation [10] no longer applies and the curve is given by the 
motion of the vibrator, r[1 — cos (wot + 9,)]. [The general form 
of Fig. 3 is similar to each half of Fig. 6(a), an oscillogram of one 
eycle of the vibrator. | 

As will be shown, the experimental curves were used to calcu- 
late the coefficient of friction. In many cases the form of the ex- 
perimental curves differed appreciably from that of Fig. 3 and the 
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calculations gave the coefficient of friction as a function of 
velocity. 
IXPERIMENTAL MetTHop 


Fig. 4 is a photograph of the mechanical vibrator. The con- 
necting rod C, 6 in. long, eccentrically mounted on the flywheel 
shaft at a radius of '/s in. (1/, in. in later experiments), drives the 
piston P, in simple harmonic motion. The piston drives a leaf 
spring 8, which slides a loaded block of brake lining B, along a 
stationary base I, made of cast iron of the type used in brake 


drums. The brake block is loaded by means of a weight (not 


Fig. 4 MecHANICAL VIBRATOR 


C, connecting rod P piston; 8 
B, brake block; I, cast-iron base: Y 


leaf spring WM 
yoke 


piano wire supporting 


weight 4, loading plate.) 


shown) suspended from the ends of a piano wire W, which passes 
over the brake block and down through two holes in the base 
\ small plate of aluminum A, placed between the wire and 
brake block, distributes the load and prevents cutting of the brake 
block. The wire is long enough that motion of the load, usually 
30 Ib, is so small that it does not affect the vibration appreciably 
attached to the 
The 


vibrating system then consists of the mass m of brake block and 


The leaf spring is mounted on a very stiff yoke Y, 
piston, so that the system has only one degree of freedom. 


the weight of the spring (6), and the 
With this system the vibrator 


fastenings, including ' 
spring of stiffness k = 1000 lb/in. 
was run at 30 cycles per sec (cps). 
The brake block, '/, in. thick, '/: in 
motion), and 4/, in. wide, is screwed to a bolt extending from 
the center of the spring through a '/).-in. hole in the block. The 
center of this hole is located */3_ in. from the rubbing surface to 
minimize rocking. After suitably locating the aluminum plate 
the brake block moved back and forth without rocking or twist- 
ing. Before running in, noticeable twisting about a vertical axis 
sometimes occurred because of a variation in coefficient of fric- 


long (in the direction of 


tion across the width of the block. 
The vibration was observed by means of resistance-wire strain 
Four 


gages cemented to the spring at points of maximum flexure. 
SR-4 strain gages (Type C-7, res. 495 ohms, gage factor 3.25), 
two on each side of the spring, were connected in the form of a 


Wheatstone-bridge circuit. A d-c potential of 15 to 20 volts was 
connected across one diagonal of the bridge and a cathode-ray 
oscilloscope across the other. The sensitivity of this extensometer 
was 15.8 lb per in. vertical deflection on the oscilloscope. 

The photographs of the oscilloscope trace show a horizontal row 
of points, located approximately on the line of zero spring de- 
flection, which were obtained from a commutator (not shown in 
Fig. 4) that short-circuited the oscilloscope every 30 deg. The 
points marked 0 deg and 180 deg, Fig 6(a), correspond to the 
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end points of the stroke. These points, used to determine the 
phase of the vibration, were particularly necessary since the sweep 
velocity was not constant but decreased noticeably from left to 
right. 

The friction force F, at a given point, was calculated from a 
number of oscillograms with the aid of Equation [2]. The spring 
force, kz,, is proportional to the oscilloscope deflection and was 
measured on photographic enlargements. The block acceleration 
# = w)*r cos 6 #,. The first term is the acceleration of the 
vibrator. The second term # = KV*d*Y /dX*, where dY /dX 
is the slope of the curve at a given point, V = dX /dt, the sweep 
velocity on the enlargement, and K is the ratio of unit extension 
measured on the enlargement 
The first 
term is the velocity of the vibrator, and #, = KVdY/dX 


of the spring to unit deflection Y, 
The corresponding block velocity ¢ = wor sin @ - 
The leaf-spring extensometer clearly shows the form of the 

vibrations which are persistent in the presence of Coulomb fric- 

tion but transient in forced vibration without friction. To 

simplify the calculations and provide higher sliding velocities, a 

more rigid extensometer was constructed from a thin-walled 

aluminum tube. The stiffness of this device was about 60,000 

lb /in. in the longitudinal direction, and the vibrations were longi- 

tudinal at a natural frequency of about 4500 eps. Fig. 5 shows 
attached at one end to the piston P, and at 


is the 


the extensometer E, 
the other end to the brake block B, through the rod R; L 
loading plate, of aluminum, steel, or lead, used to vary the vibrat- 
ing mass as well as to distribute the load hung from the piano 
wire W. 

Four SR-4, Type C-7 strain gages G were cemented around the 
tube and connected as before in the form of a Wheatstone-bridge 


AtumtInum-Tuse EXTENSOMETER AND Brake Brock 
fastening rod; B, brake 


water-cooled 


Fic. 5 
(P, piston; 
block; L, loading plate; 


strain gages; R 
cast-iron base 


E, extensometer; G, 
W, piano wire; I, 


circuit. Maximum sensitivity was obtained by cementing two of 
the gages longitudinally, i.e., parallel to the axis of the tube, and 
two transversely around the circumference of the tube. With 30 
volts across the bridge the sensitivity was 25.5 lb per in. vertical 
deflection on the oscilloscope. With this extensometer the vibra- 
tor eccentric could be increased to '/, in. and the vibrator could be 
run at frequencies up to 57.5 eps, providing rubbing velocities up 
to 7'/s fps. 

In the oscillograms obtained with this extensometer the fric- 
tional vibrations are small enough that the average value of the 
vertical deflection #, can be obtained with reasonable accuracy. 
0, so that 
In some of these oscillograms commuta- 


These values lie near a point of inflection where Z, 
F = k&, — mavo*r cos 6. 
tor points were obtained at 0 deg and 180 deg by unbalancing the 
bridge a known constant amount, which served to calibrate the 
sensitivity in addition to locating the angle @. 

The effect of temperature on the coefficient of friction and the 
frictional vibrations was observed by using a hollow base which 
could be cooled by tap water or aliowed to heat by friction 


which often was sufficient to heat the base to 500 F. Tempera- 
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tures were measured with a thermocouple inserted in a small hole 
in the side of the base just below the rubbing surface. The ob- 
served temperature was somewhat less than that of the rubbing 
surfaces but provided a lower limit. By this means the effect of 
temperature and velocity could be observed independently. 

Observations of stick-slip motion were made by gearing down 
the vibrator to provide low sliding velocities. Over a short dis- 
tance at any part of the stroke the velocity is practically constant. 
Stick-slip motion of large amplitude usually occurred near the 
ends of the stroke but disappeared toward the center of the 
stroke. Stick-slip motion was observed either with a strain re- 
corder or by high-speed strip-film photography of the transient 
oscilloscope trace produced during slip. 


RESULTS 


Before reproducible measurements could be made it was neces- 
sary to run in the brake block for several minutes to remove sur- 
face films. In the study of the friction of metals (7) extreme 
cleanliness is required for reproducible results. It is particularly 
important to prevent the formation of films of grease or organic 
materials. When friction is measured in the atmosphere, films of 
oxide (7) and moisture (8) are always present to some extent. In 
fact, the existence of the phenomenon of frictiun depends on the 
presence of some such films. When really clean (outgassed) 
metals (9, 10) are tested in a vacuum the microscopic areas of 
real contact adhere so firmly that the original surfaces are vir- 
tually destroyed and sliding becomes difficult if not impossible. 

Cleanliness is equally important in the study of composite fric- 
tion materials, even though they consist of a somewhat hetero- 
geneous mixture of rubber and/or resin binders, carbon, sulphur, 
asbestos fiber, catalysts, metal particles, mineral fillers, and so on. 
Slight films of grease (such as fingerprints), oxide, or moisture were 
observed to alter the coefficient of friction. The cast-iron base 
was cleaned by abrasion on fine emery paper or polishing with 
rouge and water. The brake-block surface was prepared by 
grinding with a low-speed emery wheel. When the vibrator was 
first started the friction was usually less than after running for 
several minutes. The running-in process was aided by wetting the 
rubbing surfaces with distilled water which served to wash away 
the wear particles and expose the freshly cleaned surface. 

Fig. 6(a) shows the oscillogram observed with the leaf-spring 
extensometer and a resin-and-rubber-bonded block after running 
in until dry. The natural frequency of this system was 348 cps. 
The exposure for this photograph was !/,9 sec so that three traces 
are shown superposed. The temperature near the rubbing sur- 
faces, not measured in this test, was probably about 200 F. 

Fig. 7(a) shows the coefficient of friction as ordinates and the 
block velocities at the corresponding points as abscissas calcu- 
lated from Fig. 6(a) by the method just described. The coefficient 
of friction is independent of block velocity within the limits of 
experimental error. A possible increase in friction at zero velocity 
is not shown but measurement at low vibrator speeds (see below) 
showed that it usually was small. 

Fig. 6(b) shows the motion occurring when the same block was 
damp but not wet with water. The vibration amplitude is about 
the same as before but the average deflection from the zero line 
is somewhat greater. Fig. 7(b) shows that the coefficient of fric- 
tion has increased from 0.45 to 0.55 in average. 

Fig. 6(c) shows the motion immediately after wetting the same 
block with water. The vibration amplitude increases rapidly 
during the stroke. Fig. 7(c) shows the coefficient of friction 
versus block velocity. The water, probably a water film between 
the brake block and base, has lowered the friction greatly and 
produced a falling friction characteristic. A similar result was ob- 
tained with lubricating oil; the coefficient of friction dropped to 
about 0.1, but the frictional vibrations increased. 
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It is worth noting that even with the violent vibration shown 
in Fig. 6(c) the velocity of the block is nowhere reversed. At the 
point of maximum slope (point p, at about 118 deg) the two terms 
in the velocity equation are equal and give the point at zero 
velocity in Fig. 7(c). 

These results, with minor variations, are typical of all friction 
materials tested. The 20 per cent or so increase in friction of a 
damp over a dry block illustrates the phenomenon known as 
“water sensitivity.’’ The 60 per cent average decrease in friction 
when the block is wet [which causes at least 80 per cent (11) loss of 
effectiveness in a self-actuating brake] illustrates the almost com- 
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Fig. 6 OsctLLoGRAMS OF FRICTIONAL VIBRATIONS PRopUCED BY 
RUBBER-AND-Restn-BonpED Brake Btiock ror  DIFrreRENtT 
Moisture ConpDiITIONs 


(Natural frequency, 348 cps. Vibrator or sweep frequency, 30 cps. a, Dry, 
observed frequency, 348 cps; b, damp, observed frequency, 348 cps; c, wet, 
observed frequency, 311 cps.) 
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plete loss of brakes when soaked with rain. Furthermore, the in- 
creased frictional vibration shows why wet brakes may be more 
noisy than dry brakes even though much less effective. 

The wet block illustrates the general effect of a negative 
damping constant (1) in producing self-excited vibrations in 
which the amplitude increases with time. The vibration fre- 
quency in Fig. 6(c) is 311 eps, considerably less than the natural 
frequency of 348 eps observed in Figs. 6(a) and 6(b). This is 
another well-known effect of negative damping (1). 

The opposite effect of positive damping was observed by “‘lu- 
bricating’’ the brake block with a small amount of soap or fatty 
acid. In many cases the frictional vibrations were almost com- 
pletely damped, even though the average coefficient of friction 


was not reduced. Fig. 8(a) shows the vibrations of a dry, rubber- 
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(Natural frequency, 560 eps. Sweep frequency, 30 cps. a, Dry block; 


b, same block lubricated with soap and glycerine.) 
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Fic. 9 


bonded block at a natural frequency of about 560 cps; Fig. 8(6), 
the result of lubrication with Ivory soap plus a little glycerine. 
Fig. 9 shows the coefficient of friction versus block velocity cal- 
culated from Fig. 8. It is evident that the vibration has been 
damped by a coefficient of friction which increased with velocity. 

The aluminum-tube extensometer gave essentially similar re- 
sults although it did not show the form of the frictional vibra- 
tions. A large number of friction materials was measured, as well 
as a few types of wood and some plastics such as nylon and 


bakelite. The results showed that for clean, dry materials the 
coefficient of friction was nearly constant for velocities up to 7! 
fps, except that the static friction was often somewhat greater. 
An increase in temperature to about 500 F usually lowered the 
coefficient of friction slightly and decreased the frictional vibra- 
tions by decreasing the static friction relative to the sliding 
friction 

Fig. 10(a) shows the vibration observed with the aluminum- 
tube extensometer using a third type of dry brake block at a 
temperature of 140 F and a vibrator frequency of 57'/: cps. The 
frictional vibrations have a much lower amplitude than those ob- 
served with the leaf spring and they are damped out during each 
stroke. The calculated coefficient of friction was constant at 
0.45. 

Fig. 10(b) shows the effect of allowing the block to heat to 450 F 
The frictional vibrations are slightly reduced and the coefficient of 
friction decreased to 0.40. This illustrates the phenomenon known 
as “‘fade,’’ a loss in friction caused by high temperature occurring 
when brakes are applied at high velocity 
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OSCILLOGRAMS SHOWING REDUCTION OF COEFFICIENT OF 
Friction at High TEMPERATURE 

Natural frequency, 4500 cps. 

140 F; 


Fie. 10 


Sweep frequency, 57! Dry block at 


b, dry block at 450 F.) 


2cps. a 


Fig. 11(a) shows the violent frictional vibrations sometimes ob- 
served with a dry brake block when the coefficient of friction 
varies inversely with velocity. The vibrator frequency was 57'/2 
»~ps, and the eccentric '/,in. The coefficient of friction decreased 
gradually from 0.5 at rest to 0.43 at 4 fps and remained at 0.43 up 
to 7'/¢ fps. 

Fig. 11(b) shows the effect of lubricating the same block with 
lithium stearate. Here the vibrator eccentric was ! 
excessive local heating and abrasion of the rubbing surfaces 


sin. to avoid 
The 
measured temperature was 340 F, about the maximum allowable 
for vibration elimination. Further heating or abrasion greatly 
reduced the damping effect of soap and fatty acid. 
when too hot, these substances behaved more like true lubricants 
Such materials 


Furthermore, 


and greatly reduced the coefficient of friction 
proved to be of no practical value for the elimination of brake 
squeal in automotive brakes where high temperatures, severe 
abrasion, and surface contamination are unavoidable. 

More detailed observation of the friction at low velocity was 
made by running the vibrator at very low speeds, using the leaf- 
spring extensometer. Fig. 12 shows the stick-slip motion of brake 
blocks as reproduced on the circular chart of a Baldwin-Southwark 
strain recorder. 
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Fie. 11 Oscittograms or Higs-Frequency FricrionaL VisRa- 

TIONS SHow1NG DampiInG BY SurFAcE TREATMENT 

(Natural frequency, 4500 cps. Sweep frequency 57'/: cps. a, Dry block, 

0.25 in. vibrator eccentric; 6, same block lubricated with lithium stearate, 
0.125 in. eccentric.) 


Fig. 12(a) shows one stroke of the vibrator run at about 1 rpm 
with a low friction block. The maximum sliding velocity at the 
center of the stroke is about 2 X 10~* fps. Stick-slip motion be- 


comes pronounced near the ends of the stroke where the sliding 
velocity is about 4 X 10~* fps, but dies out at higher speeds. The 
height of the peak at the beginning of the stroke (the left end) is 
a measure of the difference between the static and sliding friction 
F, — F, which in this block is large. The sliding coefficient is 
0.25 and the static coefficient 0.37. 

Fig. 12(b) shows the motion of a high-friction block under the 
same test conditions. For this block both the static and sliding 
coefficient are equal to 0.5 as nearly as can be measured, and no 
true stick-slip motion occurs until near the end of the stroke. 
This result is in general agreement with the predictions of the 
theory for equal static and sliding coefficients and low velocity. 
The oscillations are quickly damped out by natural damping and 
the block then moves with the velocity of the driver. Through- 
out most of the stroke the motion is irregular, due probably to 
variations in the real contact area over the rough surface of the 
block. It has been shown (12, 13) that the real area of contact is 
less than one per cent of the apparent area. Even the smoothest 
surfaces are rough compared to molecular dimensions; hence con- 
tact occurs only at microscopic bigh spots and continually shifts 
from one set of high spots to another as sliding proceeds. Such 
variations would be pronounced over the inhomogeneous surface 
of a brake block. 

Fig. 12(c) shows the stick-slip motion obtained by running the 
same block, as in Fig. 12(), at about '/,. rpm, giving a maximum 
sliding speed of about 2 X 10~‘ fps. The portion of the chart 
shown is near the beginning of the stroke where the velocity is 
about 3 X 10-*fps. The time between slips is about 2sec. The 
duration of the slip itself cannot be determined because the chart 
shows ‘the much longer response time of the recorder. 

The duration of the slip was measured with an Edgerton strip- 
film camera at about 15 fps film speed. Fig. 13 shows the slip 
observed with the same high friction block under the same test 
conditions as in Fig. 12(c). The duration of the slip is 6 x 10~‘ 
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Fig. 12 CuHart Recorps or Sticx-Sirp Morion 


(a, Low-friction block at 0.1 fps maximum applied velocity; 6, high-friction 
block—same velocity as a; c, high-friction block at 2 XK 10~* fps maximum 
applied velocity.) 


sec, and the distance of slip is 0.001 in. The time of slip is in 
agreement with the theory for very low velocity, according te 
which the slip time t ~ #/w. In this test the natural frequency 
was about 600 cps, from which r/w = 8 X 10~‘ sec, in rough agree- 
ment with the observed duration of the slip. The fact that stick- 
slip motion occurred at 10~‘ fps shows that Fy > F, although 
from Fig. 12(b) it appears that at 10~* fps, Fo = F. The effect of 
time in allowing the static friction to increase, which was not 
considered in the derivation, may account for the increase in the 
slip amplitude as the velocity becomes very small. 

Fig. 13 shows what at first appeared to be a series of much 
shorter sticks and slips, but the effect was actually caused by 
longitudinal vibration of the cast-iron base. The high-frequency 
base vibration (about 7000 cps) is initiated at the instant of 
breakaway and carries the block backward at the beginning of the 
slip. The base vibration continues during the slip and persists 
far into the stick period. 

Base vibration frequently occurred while running the vibrator 
at the higher speeds. The frequency of the base vibration, 
measured by amplifying the sweep length, was sometimes as high 
as 16,000 cps. This type of vibration commonly occurred with 
high friction blocks, particularly when the static coefficient was 
appreciably higher than the sliding coefficient. It frequently 
could be eliminated or minimized by careful adjustment of the 
position of the load on the brake block. 
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Fig. 13 


Strip-film photograph at 15 fps film speed 


D1scUSSION 


The observations show the great variety of frictional vibrations 
possible from the interaction of the frictional and mechanical 
These results were obtained without 
It is 
apparent that whether friction is caused by adhesion (2) at the 


properties of rubbing solids. 
reference to the cause of the phenomenon of friction itself. 


real areas of contac 
irregularities (14, 1 
pendent upon the relative velocity, natural frequency, and damp- 


or by lifting over the microscopic surface 


t 
t 
5) 


, the macroscopic effects are greatly de- 


ing of the rubbing bodies. 

It has been suggested (16) and disputed (17) that stick-slip 
motion in metals is the cause of higher static than sliding friction 
because the high-velocity slip melts the microscopic areas of con- 
tact forming welds at each stick. However, this mechanism can- 
not explain the observed stick-slip in brake linings where welding 
is impossible, particularly at low velocities. These observations 
show that stick-slip motion is the result of a higher static than 
sliding friction sufficient to overcome natural damping. If 
natural damping were absent, stick-slip motion would occur even 
with constant friction because of the dynamics of an elastic sys- 
tem. 

The present work provides no explanation of why the static fric- 
tion is greater than the sliding friction or why the sliding friction 
sometimes decreases with velocity and sometimes is constant. 
As indicated in the foregoing (4), there is evidence that time is re- 
quired for the static friction to develop. A similar explanation 
might account for the inverse variation with velocity; the surface 
adhesions decrease and/or the surfaces tend to ride higher on their 
irregularities because of the short contact time at high velocity. 
In the case of brake lining at high velocity, the rubbing surfaces 
are greatly altered by abrasion and high temperature which could 
readily account for observed decrease in friction with 
velocity 

Whatever the cause of the excess static friction coefficient, it is 
sufficient to account for frictional vibrations, particularly squeal 
in automobile brakes where the loads are great. When the load 
is large, even a small decrease in the friction coefficient produces 
For example, at a total 


any 


a large decrease in the friction force. 
normal load on the lining of 1000 Ib (50 psi on a lining 10 in. long 
X 2 in. wide) a 10 per cent decrease in friction coefficient from 0.5 
to 0.45 would cause a decrease in friction force of 50 lb. This is an 
unbalanced force which accelerates the relative motion whenever 


OScILLOGRAM OF Stick-Sirp Morton anp Base VIBRATION 


Applied v t 1074 fps 


locity abou 


sliding begins, in particular, after every period of stick during 


vibration. Once a vibration is initiated, this intermittent force is 
applied once each vibration cycle and in the right direction to 


maintain the vibration 
\ ONCLUSIONS 


The results obtained may be summarized as follows 


l Frictional vibrations, such as automobile-brake squeal, are 


caused by an inverse variation of coefficient of friction with 


sliding velocity, usually a higher static than sliding coefficient. 
2 The type 


fluenced by the 


4 vibration and its occurrence are greatly in- 
dynamical properties of the mechanical system 
involved 

3 Constant or Coulomb friction produces no damping of the 
vibrations initiated whenever sliding begins 

4 Frictional vibrations may be eliminated or reduced by treat- 
ing the rubbing surfaces to produce a coefficient of friction that 
varies directly with velocity. Although this method was effective 
in the laboratory, it was ineffective in eliminating brake squeal 
because of abrasion and high temperature which destroyed the 
surface treatment of brake linings. 

5 The coefficient of friction of most. brake linings and other 
organic materials in the clean, dry condition is essentially con 
stant over all sliding velocities up to 7/2 fps At zero velocity the 
static coefficient is usually somewhat greater than the sliding co- 
efficient. 

6 The phenomenon known as fade, a decrease in friction ob- 
served at high velocity, is caused by the high temperatures de 
veloped at high velocity rather than by the high velocity itself 


ACKNOWLEDGMENT 


It is a pleasure to acknowledge the assistance of Dr. Paul 


Greebler in the mathematical analysis and of Mr. E. G. Apgar (no 
longer in this laboratory) and Mr. Walter Gulick in performing 


the experiments 
BIBLIOGRAPHY 


1 “Mechanical Vibrations,’”’ by J. P. den Hartog, McGraw-Hill 
Book Company, Inc., New York, N. Y., third edition, 1947 

2 “The Friction and Lubrication of Solids,’’ by F. P. Bowden 
and D. Tabor, Oxford University Press, New York, N. Y., 1950, 
chapter 5. 

S Phenomena and the 


Studies in Lubrication. Friction 





214 


Stick-Slip Process,’’ by F. Morgan, M. Muskat, and D. W. Reed, 
Journal of Applied Physics, vol. 12, 1941, pp. 743-752. 

4 “XII. Studies in Lubrication. Friction Behavior During the 
Slip Portion of the Stick-Slip Process,’’ by J. B. Sampson, F. Morgan, 
D. W. Reed, and M. Muskat, Journal of Applied Physics, vol. 14, 
1943, pp. 689-700. 

5 ‘The Nature of the Static and Kinetic Coefficients of Fric- 
tion,’’ by Ernest Rabinowicz, Journal of Applied Physics, vol. 22, 
1951, pp. 13873-1379. 

6 ‘Mechanical Springs,’ by A. M. Wahl, Penton Publishing 
Company, Cleveland, Ohio, 1944, p. 233. 

7 Reference (2), chapter 4. 

8 ‘Surface Deformation and Friction of Metals at Light Loads,” 
by J. R. Whitehead, Proceedings of the Royal Society, London, 
England, series A, vol, 201, 1950, pp. 109-124. 

9 Reference (2), chapter 7. 

10 “Electric Contacts,” by R. Holm, Hugo-Gebers voérlag, Stock- 
holm, Sweden, 1946. 


JOURNAL OF APPLIED MECHANICS 


JUNE, 1955 


11 ‘‘Self-Actuating Brakes,”’ by David Sinclair, unpublished re- 
port. 

12 ‘The Area of Contact Between Stationary and Between Mov- 
ing Surfaces,”” by F. P. Bowden and D. Tabor, Proceedings of the 
Royal Society, vol. 169, pp. 391--413; also, Reference 2, chapter 1. 

13 “Graphite Lubrication,”’ by R. H. Savage, Journal of Applied 
Physics, vol. 19, 1948, pp. 1-10. 

14 ‘Surface Roughness and Sliding Friction,” by J. J. Bikerman, 
Reviews of Modern Physics, vol. 16, 1944, pp. 53-68. 

15 “On the Magnitude of the Mechanical Component of Solid 
Friction,” by C. D. Strang and C. R. Lewis, Journal of Applied Phys- 
ics, vol. 20, 1949, pp. 1164-1167. 

16 ‘‘The Nature of Sliding and the Analysis of Friction,’’ by F. P. 
Bowden and L. Leben, Proceedings of the Royal Society, vol. 169, 
1939, pp. 371-390. 

17 “Static Coefficient of Friction and Area of Contact,”’ by R. C. 
Parker and D. Hatch, Proceedings of the Physical Society of London, 
England, series B, vol. 63, 1950, pp. 185-197. 





A Kinematic Notation for Lower-Pair 
Mechanisms Based on Matrices 


By J. DENAVIT? anv R. S. HARTENBERG,* EVANSTON, ILL. 


A symbolic notation devised by Reuleaux to describe 
mechanisms did not recognize the necessary number of 
variables needed for complete description. A reconsidera- 
tion of the problem leads to a symbolie notation which 
permits the complete description of the kinematic proper- 
ties of all lower-pair mechanisms by means of equations. 
The symbolic notation also yields a method for studying 
lower-pair mechanisms by means of matrix algebra; 
two examples of application to space mechanisms are 
given. 


INTRODUCTION 


N approach to the problem of rationalizing kinematics into 

a science by means of a symbolic language was proposed 

by Reuleaux (2, 3)* in 1875. It was his hope that a sym- 

bolic language would permit a complete description of the kine- 
matic properties of a mechanism, and that this would be addition- 
ally useful not only for the analysis of existing mechanisms but 
also for the synthesis of new mechanisms. Unfortunately, the 
symbolism that he devised did not include all variables needed for 
a complete description of a mechanism, and this limited its useful- 
However, Reuleaux did give several concepts that appear 
to be fundamental. When exploited, these concepts lead to a 
manipulative symbolic notation. This notation gives the data 
necessary for deriving the relative displacements in any lower- 
pair mechanism. This description is in the form of a symbolic 
equation, the terms of which are shown to be equivalent to 
It is from these matrices that the manipulative 


ness. 


matrices. 
properties derive. 

The mechanisms to be discussed here are formed from a suc- 
cession of rigid parts coupled end to end to form a single closed 
chain. When the motion of each part is constrained or guided in 
unique fashion the purpose of the mechanism is to transform one 
motion into another, as the transformation of the linear motion 
of a piston engine into a continuous circular motion. The con- 
nections permitting relative motion are made by means of con- 
tact between adjacent boundary surfaces of the parts. The de- 
signing of mechanisms consists of finding the proper combination 
of parts so proportioned that the given input motion yields a de- 


sired output motion. 


! The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research (1).* 

? Graduate Student, The Technological Institute, Northwestern 
University. 

3 Associate Professor of Engineering Mechanics, The Technological 
Institute, Northwestern University. Mem. ASME. 

4 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Tae American Soctgety oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, December 14, 1953. Paper No. 54—A-34. 


Since the connections are made by the contact of adjacent 
boundary surfaces, two surfaces will be involved in any connec- 
tion. 
adjacent part. 
pair, i.e., pairs of contact surfaces, each surface being called one 


One surface lies on one part, and one surface lies on the 
Taken together, these two surfaces are called a 
element of the pair. If the mutual contact is made by two mating 
surfaces, sliding with respect to each other, they then constitute 
a lower pair. If the mutual contact is confined to a line (as in 
rollers, cams, or gear teeth) or to a point (as in ball bearings), this 
then constitutes a higher pair. 

Because of their apparent relative simplicity, lower pairs have 
been studied first. The only possible lower pairs are the follow- 
ing: 

1 The spheric pair, as a ball-and-socket joint 
rotation about each of three rectangular axes. 


It allows a 
2 The plane pair. It allows two translations along the axes 
defining the plane and a rotation about an axis perpendicular to 
the plane. 

3 The right circular cylinder pair, or cylindric pair. It allows 
a rotation about the cylinder axis and a translation along the 
axis. 

4 Thescrew pair. It gives rise to a helical movement in terms 
of the fixed axial advance per revolution, or lead 
are defined as 


5 The revolute pair. Both contact surfaces 


surfaces of revolution, generated by any profile. It allows a rota- 

tion about its axis. 

Both centact surfaces are 
It allows 


6 The prismatic pair or prism pair. 
cylinders other than the right circular. a translation 
parallel to a generatrix. 


Reuleaux noted that the revolute pair and the prismatic pair 
represent limiting cases of the screw pair: When the lead of the 
screw pair becomes zero, a revolute pair results; when the lead 
becomes infinite, a prismatic pair results. It also may be re- 
marked that each of the three pairs is completely defined with re- 
spect to a system of co-ordinates by its axis; in the case of a 
prismatic pair the axis is an arbitrary line parallel to a generatrix 
It will be convenient to use and exploit the symbol S, to represent 
a screw pair of lead L. In addition, it will be convenient to indi- 
cate the variable u needed to define the unique possible motion, 
thus S,;(u) where u is either the angle of rotation or the equivalent 
advance. The symbol for a revolute (pair) may be written So(u 
but it will simplify the notation to designate the revolute by R(u 
Similarly, the symbol for a prism (prismatic pair) may be written 
S.(u), but to write P(u) will be simpler. No symbols are needed 
for the spheric pair, the right circular cylinder pair, or the plane 
pair, for each of these is formed from and described by the appro- 
priate revolute and/or prism pairs needed to give the motion 

Unfortunately, there is no accepted standard nomenclature for 
kinematics. The names may seem stilted but there is an associa 
tion between the name and the symbol of the pair by considering 
the nature of the contact. This is more or less true for English, 
French, and German, as Grodzinski (4) points out. 

The two elements of a pair are distinguished by two additional 
symbols: S,;* means the element given by the surface of the 


screw, or the full body; and S;~ means the element that is the 
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nut, or hollow body. The positive and negative signs are used 
for the element designations of other pairs as well. 


DEVELOPMENT OF THE SYMBOLIC NOTATION 


The position of a serew-pair element in a machine part is deter- 
mined by the position of its axis. The position of the axis may be 
described in a number of ways, and the apparent number of 
parameters needed depends on the manner of the description. 
Thus the line L of Fig. 1 passing through the point P(z, y, z) 
needs the angles 8 and to complete the description, and it would 
seem that five parameters constitute the necessary and sufficient 
number. However, the line also could be defined by the equations 
x = Az + Band y = Cz + D, and here four coefficients suffice. 


,z 








Fig. 1 PARAMETERS 2, y, 2, 8, AND y Dertntne Line L 
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PARAMETERS @, a, 6, AND 8 DerintnG Line L, on AXIS OF A 
Screw or Revo.vure Pair 


Fie, 2 


Turning to Fig. 2, the description is based on the use of the 
unique common perpendicular HO’ of length a between Oz and 
the line L. The angle @ lies between Oz and the common perpen- 
dicular, s is the distance from O to H, and a the angle between Oz 
and L. 

Again there are four parameters, and that they are sufficient to 
define a unique line in the z, y, 2-co-ordinate system may be 
demonstrated by supposing the angle @ given, Fig. 2. The line 
Ou is then drawn in the zy-plane, and the distance a laid off from 
O defines the point h. A perpendicular at h of length s defines O’. 
The plane perpendicular to Oh and containing O’ is unique, and in 
this plane only one straight line L will have an angle a with hO’. 
The line Z or the axis of a screw pair is therefore completely de- 
termined by a, a, 6, and s. The axis of a revolute pair also is de- 
termined completely by the same four parameters. 

Since the axis of a prism pair is an arbitrary line parallel to a 
generatrix, it may be chosen as going through the origin (a = 0, 
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s = 0) as shown in Fig. 3. The direction of the axis is then Ceter- 
mined completely by @ and a. 

A description of a mechanism will involve a description of the 
relative positions of the successive-pair axes, and this may be done 
by use of the unique common perpendicular between successive 


pair axes. The manner of describing the relative positions of suc- 
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PARAMETERS a AND @ Derine Line L or Axis or a Prism 


Pair (a = 0,8 = 0) 


Fie. 3 


Fie. 4 Parts or a Spacek Mecuanism, SHow1ne Parameters Re- 
LATING Axes or THREE Parrs 


cessive-pair axes is given by Fig. 4 which depicts two machine parts 
from a space mechanism. The two parts are connected by the 
complete revolute pair PR; with the revolute elements Ry 
R,.~ showing where connections are made to the rest of the 
mechanism. The axes 2, 2:, and z, define the space positions of 
the revolutes chosen for the illustration but they equally well 
would define the locations of screw or prism pairs. The axis x; is 
chosen as an extension of the common perpendicular of length ao 
between z and z,. The axis y; is chosen to give a right-handed 
rectangular system. Similarly, x2 is the extension of the common 
perpendicular of length a, between z, and z with y: completing a 
right-handed system. The position of the pair element R2~ is 
thus defined completely with respect to the pair R, by the four 
parameters a), a, 4,, and 8. 

A compact way of writing the defining relations between the 
pair elements of a machine part is to assemble all the data in a 
block, as shown in Fig. 5. This represents part 2 of Fig. 4. Part 1 


and 
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cannot be described since the parameters 4) and s» are dependent 
on part 0 which precedes part 1. 

As an example of how a complete plane mechanism composed of 
only revolute and prism pairs may be described, consider the 
slider crank of Fig. 6. The four machine parts are identified for 
convenience as 1, 2, 3, and 4; they are connected as shown by the 
pairs P,, R:, R;, and Ry. Each of the parts will be completely de- 
scribed if the geometry of its ends, i.e., its pair elements, is given 
The description of the parts leads to a description of the complete 


mechanism 
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The location of the prism P, is described by the direction of its 
axis 2,; the revolutes Re, R;, and R, are described by the location 
of their axes 22, z;, and z, In the symbolic description of the 
mechanism, the angles between successive z-axes is given by a@ 
For the present mechanism the angle between 2, and z is 90 deg 
the angle between z, and 2; is zero, or @ = 0; 


and the angle 


or a, = 90 deg; 
the angle between z; and z is also zero, or a; = 0; 
between 2, and z; is 90 deg or ay = 90 deg. 

These angles @ are not sufficient for a complete description; 
To find 


the missing parameters it will be necessary to show the z-axes. 


obviously certain lengths and other angles are necessary 


The axis x; is defined in the machine part 1 along the common per- 
pendicular between 2 and z,; 22 is defined in the part 2 along the 
common perpendicular between z, and z:; x; in part 3 is along 
the common perpendicular between z, and 2;; and 2, in part 4 is 
along the common perpendicular between z; and z. The y-axes 
are not shown, since no angles are measured from them, but 
they are considered present to form right-handed systems. 

In a symbolic description of the mechanism the perpendicular 
For 
the present mechanism, the distance between z, and z is zero, or 

4 = 0; between z; and z, the distance is a,; between z2 and z; the 


The se 


distances between z-axes will be designated by the latter a. 


distance is a,; and between z; and z the distance is a; 
distances are illustrated in Fig. 7. 

The angles between z-axes are designated by @ 
mechanism the angle between x; and 2, is 6, = 180 deg, the angles 
; and &, re- 


For the present 


and zs, x; and 24, and zx, and z; are 62, 
These last three angles are the pair variables of the 
their values change with the motion of the mecha- 


between 2x, 
spectively. 
revolutes; 
nism. 

The perpendicular distances between z-axes are designated by 
s, Fig. 7. The perpendicular distance between x, and 2 is 8, 
which is also the pair variable of the prism; the distances between 
8 = 0, 8; = 0, % = 0. 


xz, and x3, x; and 24, 2, and z; are all zero, i.e., 
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Fia. 


A representation of this mechanism is given by assembling all 
these data in blocks, one block to each part, as shown in Fig. 8 
Each box represents a machine part; in each block are indicated 
its pair elements, the parameters defining the machine part itself, 
and the relations of the part to the preceding machine part 
Since the chain of blocks so obtained forms a closed loop, it is seen 
that the description of the chain may be started at any pair ele- 
ment and may proceed in either direction 

This way of representing a mechanism is cumbersome. A more 
concise but equally definitive description in the form of an equa- 
tion would have a manipulative property, particularly if a mathe 
matical interpretation could be shown. Such an equation can be 
developed from the considerations outlined later. A rigorous 
justification for the arguments is given under Matrix Interpreta 
tion of the Symbolic Equation. 

With the aid of Fig. 4 the relations between successive co- 
ordinate systems were seen to be dependent on the values of the 
intervening a, a, 8, ands. Such a relation is a linear transforma 
tion between the two systems involved, and each linear transfor- 
mation may be represented by a matrix M; the elements of the 
matrix are functions of a, a, 8, and s, and each matrix represents 
the machine part between co-ordinate systems 

On the mechanism of Fig. 6 there are four co-ordinate systems, 
and hence four linear transformations (taken in succession) would 
give a return to the original co-ordinate system. The successive 
linear transformations from one co-ordinate system to another 
may be effected by multiplying the corresponding matrices. The 
product of all matrices is the unit matrix when there is a return 
to the original system. This is the case for a closed chain or 
mechanism, and for the example of the slider crank the matrix 


equation would be 


This equation contains the solution to the displacement relations 
of the mechanism. 

The analogy between this equation and Fig. 8 lies in the fact 
that the matrices of Equation [1] depend on the parameters a, a, 


6, and s, appearing between ‘‘verticals’’ in Fig. 8. This, together 


* In this equation, and all matrix equations to follow, the symbol 1 
stands for the unit matrix. 
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with the fact that a positive and negative-pair element constitute 
a pair, and that it would be informative to indicate the pair 
variables, suggests writing the symbolic representation of the 
closed mechanism as a symbolic equation 


(a1 a jas) 0 | 
Pa(si) |p| Ra(Os) |p| Ra(Os) |p| RCS.) |p 


a 0| | 0 


= 1 


It will be recognized that this system of symbols can de- 
scribe any mechanism comprised of lower pairs. The general 
form of a symbolic equation describing a closed mechanism may 
be written as 


| | ! 
a, a2 a; 


| 
| 
Sia(ua) |p| - - « Salts) |g] « - - Sta(ten) 9” 


| 
a, | 
| 


P a ‘ 
S1,(u1) ‘6, _—s 1. . [2] 


81 82 \8; 8» 


For a screw S;,(L; ~ 0 or ~) both parameters 6; and s; vary, 
being related by the lead as 


46; _ As; 
2r L; 


Here A@; and AS; are the variations, and consequently either 9; 
or s; may be taken as the pair variable u;. 

For a revolute (L; = 0) the parameter 6; is the pair variable u,; 
the other parameters, a;, a,;, and s; do not change with movement. 

For a prism (LZ; = ©) the parameter s; is the pair variable u,; 
the other parameters a;, a;, and @; do not change with move- 
ment. 

The right circular cylinder pair is equivalent to a coaxial revo- 
lute and prism and is written 


| (a2 
0) | Qe 
R,(4,) 6.) P82) 0 
0 |82 
The plane pair is equivalent to a combination of a revolute and 
two prisms at right angles to each other and the revolute axis and 
is written 
10 0 | as | 
'90 90) a3 
| P(s | Ps(8s)| 
6, | o( 82) 90 Xo)6,| 


0 | 82 183 | 


R(4, 


The spheric pair is equivalent to a combination of three revo- 
lutes whose axes are mutually perpendicular at a common point 
of intersection and is written 


0 | 0 | as 


90 90) as 
R,(6;) 6 R62) g, | a) 0, 


0 | 10 | 83 | 


The symbolic notation presented in the foregoing has been de- 
veloped from the kinematic chain-and-pair-element concepts of 
Reuleaux by establishing the complete and sufficient mathe- 
matical description of the relations between pairs. The matrix 
interpretation of the data between “verticals’’ endows the new 
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symbolism with an analytical power that only a mathematical 
procedure possesses. 

The literature of kinematics seems to show no similar approach. 
Dimentberg (6, 7), who has worked in the same general area of 
lower-pair space mechanisms, has developed a method for study- 
ing displacements based on Clifford’s dual numbers (taken from 
the realm of pure algebra). The abstracts do not mention the 
development of a systematic, manipulative notation generalized 
to all lower-pair mechanisms. 


COMPARISON OF THE NEw SyMBOLIsM WiTH THatT or REULEAUX 


It has been remarked that the symbolism of Reuleaux was in- 
complete by reason of not including all needed parameters and 
hence had limited usefulness. By way of comparing Reuleaux’s 
symbolism with that presented here, the universal joint will be 
taken as an example, since Reuleaux (Kennedy)* discusses it at 
some length as follows: 

“We may take for a second illustration a universal joint, or 
Hooke’s joint, of which Fig. 181 (Fig. 9 of text) gives the schematic 








Fie. 9 Revuteavux’s Fig. 181, THE UNIVERSAL JoINnT 
(Pairs and axes have been identified in terms of the symbolic notation.) 


representation. The chain which constitutes this joint has four 
links, which are marked on the figure with the letters a, b, c, and d. 
The link a is paired with b by the turning-pair 2. Normal to this 
turning-pair is another, 3, which has its open cylinder in the fork 
of d and its full cylinder in the sloping arm of the piece c; the link 
b must therefore be written C*... 1 ...C~. It must be noted 
that the lower and upper arms of the fork form together one piece 
only and must be reckoned as such; the same is true of the two 
ends of the arm c, which kinematically forms a single element 
only. The piece c consists of two solid cylinders 3 and 4, having 
their axes crossing at right angles, and it must therefore be 
written C+...1...C+. The third link, the fork and thespindle d, 
is similar to 6 and will be written in the same way. The fourth link 
a, lastly, consists of two open cylinders, 1 and 2, oblique to each 
other, and so must be written C~... Z ...C~; itis a fixed link, 
as its form in the figure shows. The complete formula, therefore 
(to which we have added the letters and numbers that were 
used in the foregoing to distinguish the links and pairs), runs 
thus 


ee s5< be nas 
3 4 


c 


“There is one geometrical property of the chain which is not 
shown by our formula, namely, that the axes of the pairs 1, 2, 3, 
and 4 have a common point of intersection. But unless the chain 
possessed this property it would not be possible, on our supposi- 


® Reference (2), pp. 260-261. 
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tion that all its pairs are closed.?’ No special indication of this 
property is therefore commonly necessary. Our formula shows, 
however, that the three links b, c, and d are again identical. This 
circumstance is very notable, and we shall later on have to deal 
with it in another form; the common construction of the joint so 
entirely conceals it as to make it almost unrecognizable.” 

Reuleaux (Kennedy)* remarks that ‘‘the formula or symbolic 
description may in many cases be greatly shortened.’’ The 
shortened form he calls the contracted formula’ says: 

“The chain forming the universal joint, Fig. 181, —to take 
allows itself to be written (C;+ C 2 ) in words, C 
(End of comment on uni- 


another example 
normal three C oblique”’; 
versal joint. ) 

To describe the universal joint in terms of the new symbolic 
notation it will be necessary to establish the identities of the four 
pairs (all revolutes) in terms of the new symbols, as shown in Fig. 
9. The 2-axes are the axes of the revolutes, and it will be con- 
venient to start numbering at one end of the frame and then pro- 
ceed to the other end of the frame. Since all axes intersect, the 
distances a are all zero. The angle of the shafts is given by the 
angle a, which by definition is the angle between the z; and 2,- 
axes. The other angles @ are all 90 deg. Each shaft (or revo- 
lute) rotation is specified by a value of 8, which is also the pair 
The four values of s become zero because of mutual 
axis intersection. Assembling these parameters in the manner 
of Equation [2] gives the symbolic equation of the universal 


variable. 


joint as 
0 0 | 0 0 
, 90 a ow 
Ry 6,) "; Re 6.) A Rx 4, ) Ry 4) 
1 2 


; ‘4 


0 0 0 0 


) 


This symbolic equation shows all parameters needed to describe 
completely the universal joint in a geometric manner. 

It is to be noted, Reuleaux commented, that the geometrical 
property of mutual axis intersection was not given in his formula, 
and that he could write no formula for a mechanism unless he 
knew beforehand that it Consequently, Reuleaux’s 
symbolism cannot be used to establish the relative displacements 


moved. 
of the parts of a mechanism. The new symbolism obviates these 
shortcomings by indicating all parameters from whose relations 
the possibility of motion may be deduced 
THE SyMBOLIC EQUATION 


Matrix INTERPRETATION OF 


The application of matrix algebra to the description of a 
mechanism has been outlined in the example of the slider crank. 
To justify that use of matrices, and to analyze the displacements 
occurring in a closed mechanism, each matrix must be related to 
its values of a, a, 6, and s. In the following, the elements of the 
matrix corresponding to each machine part will be established. 

Consider two co-ordinate systems 24:2; and 2eyez, Fig. 10. A 
point M is given by its co-ordinates 2, y2, 2, with respect to 
Z2¥222; the problem is to determine the co-ordinates 2, y:, 2: of M 
with respect to 24/121. The vector relation 


— ——- 


= 0,0. + O.M 


O,M 


gives by projection on the axes the following system of equations 

7To avoid confusion, it must be noted that the word ‘‘closed”’ 
meant two things to Reuleaux, (a) that the last machine part is in 
contact with the first, i.e., the chain of machine parts constitutes a 
completed loop, and (b) that the mechanism actually possesses mova- 
bility. See Reuleaux (Kennedy) (2) pp. 46-49. The authors use 
closed in only the first sense. 

8 Reference (2), p. 263 

® [hid., p. 264 


Ze COS (Ze, 


Z = (Xo) + 22 COS (Le, Z1) + Ye COS (He, 2) 4+ 
COS (Ze, Yi) 


Wi = (yo + Ze cos (22, yi) + Y2 COS (Ye2, Yi) + 2e 


2 = (Zo) + Ze COS (22, 21) t Ye Cos (y2, 21) + 22 COS (22, 2) 


These equations are nonhomogeneous with respect to the variables 
2, Y2, 22. 


~ 


> ~ (Yo); oe 


TRANSFORMATION OF RecTANGULAR CARTESIAN Co- 


ORDINATES 


If, however, the equations are put into homogeneous form, they 
then may be represented by a square matrix. The introduction of 
a new set of variables defined by 


X, = nA, Y; = wiit,, Z, = 2H, 
Xe = reHe, Y, = yells, Z2 = 2oH, 


ana 


with H, = Hz 


will produce the homogeneous system 
H, = H, 
Xi = (zo), He 


Y; = (yo) He 
Zi = (20)s H, 


which can be 


0 
Zi) cos(ye, 2 
"n COS( Yo, Y/1 


Pa, 21) COB Ye, 21 


was developed for the general case of rectangu- 
When applied to the 


and >) 


Equation [5] 
lar Cartesian co-ordinates shown in Fig. 10 
rectangular systems related by the parameters a, a, 6, 
shown in Fig. 4, the matrix representing part 2 takes the following 
form 

1 0 0 0 


a, cos #, cos 6, —sin 6 cos a, sin 6, sin a 
a, sin #, sin 6, cos 6 cos a, 


8) 0 


M, . [6] 
cos @, sin a, tin 


sin a) COs Qt 


The inverse of this matrix, also useful for computation, is 


l 0 0 0 
a; cos @, sin 6, 0 


8 Sin ay sin 4, cos a; cos @, cos a, sin a 


—s; COS a; sin 6, sina, cos 4 sin a, COs ay 
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EXAMPLES 


To demonstrate the nature of the matrix manipulations in- 
volved in establishing the functional relations of the displacement 
of different parts, two examples of space mechanisms will be pre- 
sented. The first example, that of the screw chain, is included for 
demonstration of a simple example. The second example, that of 
the universal joint, is more complex; the geometric relations of 
the parts are difficult to draw (as is usual in the case of space 
mechanisms) because of the three dimensions that are involved. 
The reasoning of the matrix method needs the support of only a 
sketch to define the directions of the axes of the revolutes, after 
which the solution proceeds in formal mathematical manner with- 
out the need for scale drawings. 

(a) The Screw Chain. A screw chain is composed of three 
screws so connected that they have a common axis, as shown in 
Fig. 11. The three leads are different and the hand of the threads 
is arbitrary. With a common axis all three 2-axes are collinear, 
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Fie. 11 Screw CHain, GENERAL Case 

which means that a; = 0, a. = 0, and a; = 0 as well as a, = 0, 
a, = 0, and a; = 0. Assembling 
these data in the fashion of Equation [2], the symbolic equation 
describing the screw chain" becomes 


Each screw has its own @ and s. 


0 0 0 


' vle Ol ia 0 
Si,() A, S pol 2) 6 Sz3( 4s) 6, ss l 


81 82 83 


There are three parts, each of which may be represented by a 
matrix. The matrix equation of the screw chain is then (cf. Equa- 
tion [1]) 

M, x M; x M, = 


Since each matrix is of the form of Equation [6], the expanded 
matrix equation of the serew chain is given by 


l 0 0 l 0 0 

0 cos 0, sin 6, 0 cos 6, sin 0, 

0 sin ® cos 6 “™ /0 sin & cos A, 

i's 0 0 8 0 0 

l 0 0 

0 cos 4; sin 6, 
0 sin®@; cos 4; 
83 0 0 


x 


The result of this multiplication is given in the following and 
the unit matrix is expressed in terms of its elements 


l 0 0 
0 ct »8( 6, ++ 6, + 0, ) sin( 6, + 6, + 6; ) 
0 sin( 6, + 0. + é, ) coal 6, + 6. + 6; ) 


8 + & + 83 0 0 


0 
l 
0 


In Reuleaux's notation this screw chain is given as S’; (reference 2, 
p. 546). The prime sign denotes a common axis. 
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Identifying the elements of che two matrices leads to the displace- 
ment relations 


6, < 6, + 6; = 0 and 8) + Se + & = 0 


When L,, Le, and L; are different from zero and infinity, then 
either 6 or s could be the pair variable u. Choosing 6 to represent 
the pair variable 


3; = L, 


whence 
L,6, T Lbs + LO; = (0 


Taking 6, as the independent variable (input), the functional 
relations become 
Ly L; Ly 


re pILE * aeatlins L; 1. 


If s; were taken as the independent variable, then the func- 


tional relations are given by 


Similar relations are shown by Beyer."! 

The foregoing relations apply when the three leads are different 
from zero and infinity; either 6 or s may then be taken as the pair 
variable. However, if the lead of one screw becomes zero, giving 
a revolute, then @ is the pair variable; and if the lead of one screw 
becomes infinitely great to form a prism, then s is the pair 
variable. 























Continuous RoTaTion 
or Vice VERSA 


Screw CuHain TRANSFORMING 
Into Continuous TRANSLATION 


Fie. 12 


A special case of practical interest is shown in Fig. 12: it repre- 
sents the essence of the cross-feed of a lathe, or the feeds of a 
milling machine table, andsoon. Here L, = 0, L2 = Oor ~, and 


L; = ». The functional relations are then 


Ly 
Ls 
Le 


6, = - 6, = 6, 


By A 
l 2 
Ls 


(b) The Universal Joint. The symbolic equation has been 
given already as 


1! Reference (5). p 46. 
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0 0 '0 0 


1 90 90 90 
6, Ri 6. ) 6. R3( 6; ) . RA A, ) 6, 


0 0 0 


R,(0;) . [3] 


In matrix form it is 


M, oe M, x 


or with the elements formed from the parameters 


l 0 0 0 
cos 6 sin 6, cos a sin 6, sin a; 
sin 8 cos 6, sina, cos 6, 
0 sin; @ COS Qt; 


sin Q; 


0 0 0 l 0 0 
cos @, O sin 6, 0 cos @ sin 6; 
sin @, ) cos 6. ‘0 sin @ cos 6; 

0 l 0 0 0 


l 0 0 l 

0 cos 6, sin6@, 0 

0. sin 6, cos 6, 0 

0 0 0 0 
The appearance of this last equation, in particular M2, suggests 
that the conventional matrix multiplication would be quite tedious, 
and that this labor would be reduced by the use of the inverse 


matrix, viz. 
M:'! <* Mt X MsyXM,XM, #1] 


Since M,~' « M, = 1 the equation becomes 


M; * M, x M, = M, ! 


' expressed in terms of 
The matrix 


The general form of the inverse matrix VM, 
a, @%, &, and s; has been given as Equation [7] 
multiplication. now reduced to three operations, i.e., M@; X M, X 
M,, is set equal to the inverse matrix M,~'. This is shown as 


follows 


1 0 0 
cos 6, cos 6; cos 6 + sin 9. sin 6, cos 6 sin 4; 
sin 6, cos 6; cos 6, — cos 2 sin 4, sin 6. sin 0; 
|0 —sin 6; cos 4, cos 6; 
l 0 0 0 
0 cos 6, sin 6, 0 
0 —sin 6; cos a 
0 —sin 6; sin a, 


cos 6, cos ay 
cos 6; sin a cos ay 


Identification of the elements of the two matrices leads to the set 


of nine equations 
sin 8; sin ™, 


cos 6; 


COS Qy 
cos 6; sin ay; 
sin 6; cos & = sin 6, sin a 
sin 0, sin 6; = cos 6, cos a 
cos 6, sin 6; = sin 6, 
cos 6, cos 6; cos 6, + sin 0. sin & = cos 

cos 6. cos 6; sin 0 + sin 0, cos @, = 0 

sin 9. cos 0; cos 4, cos 6, sin 6 = —sin 6, cos ay 
sin 6. cos 8; sin 6, 


cos 6, cos 6, = — sin ay 


Taking @, as the independent variable of the input shaft, the re- 
lations for the other three pair variables are found to be 


symbolic notation furnishes 
procedure since the operations are based on matrix algebra 


demonstrated (8). 


Sin Q 


COs Qt) 
- cos 6; = sin a cos @,, tan @ 


tan 6, = 
tan A, 


These relations satisfy all nine equations. 


The relation for tan 9, is identical with that given by Bever 


SUMMARY 
This paper presents the development of a symbolic notation 
This 
a powerful and reliable analytical 


rhe 


that is able to describe completely lower-pair mechanisms 


use of the notation also puts lower-pair problems of kinematics 


into a form ready for electrical computation methods, as has been 
The matrix manipulation involved in estab- 
lishing the functional relations of the displacements of different 


parts of space mechanisms is shown by examples 
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Acceleration in Mechanisms 


By R. T. HINKLE,' C. IP,? anv J. S. FRAME,* E. LANSING, MICH. 


An equation is derived for finding the instantaneous 
radii of curvature for the paths of relative motion de- 
scribed by the coincidental points of contact of direct- 
contact mechanisms, and a graphical method for solving 
the equation for these radii is developed. A proof of the 
validity of the equivalent linkage for direct-contact 
mechanisms is presented. 


Rapu or CurRVATURE OF THE PatH oF RELATIVE MOorTIOoN 


N Fig. 2 link 2 drives link 4 by direct contact with P2 and P, 

] as points of contact at this instant. Both links have arbi- 
trary curves. C and D are centers of curvature of link 2 and 

link 4, respectively, at the point of contact. It is required to find 








Fia. 1 


Ry and Re, the radii of curvature of the paths of relative motion. 
In finding Ry link 4 is the reference frame and hence considered 
stationary. In finding Ry link 2 is considered stationary. Es- 
sentially, these two cases give two mechanisms obtainable from 
the mechanism in Fig. 2 by inversion. Since the two cases are 
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similar we will work with the inverted mechanism in Fig. 1. The 
curves in contact are now shown as circles. This will be explained 
later. 

At time ¢ = 0, let the instantaneous contact point O be the 
origin of co-ordinates (z, y) in the fixed link and of co-ordinates 
(&, 7) in the moving member chosen so that z and £axes are tan- 
gent to the respective curves. The center of curvature C, of the 
fixed link at the contact point (O, O) is (O, r). The curvature is k. 
Let the curvature at the point P, which is at (0, 0) when ¢ = 0, on 
the moving curve be « so that its center of curvature D is (O, p) 
measured positive toward the fixed member. Here k = 1/r, 

1/p. Let the contact point 7 at time ¢ have co-ordinates 
[x(s), y(s)] and [&(c), n(o)] in the two co-ordinate systems, re- 
ferred to arc lengths (OT) = sand (PT) = a. Then since 


ix \* ly \* i 
(“«) + (#) = landz = 0, — 


we have‘ 


1 when ¢ = 0, 


and for similar reasoning as shown in the Appendix 


3 a 
o — Kt — 3h +.... 
0: i 2 
a 
Az + 


Let P have co-ordinates (X, Y) in the fixed system. The curva- 
ture K = 1/R of the curve, traced by P and determined by Y as 


Cs 
wy 


4See Appendix to this paper. 
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a function of X, is sought. The position vectors in exponential 


form are 
xz + ty, + in 


and{ =& 


Then 


— veté 


where 6(¢) is the angular rotation of the moving link. Differentia- 


? 


tion of Equation [3] with respect to time yields 
Z =i- fe" — ifbe” re 


(ds)/(dt) is the speed of P relative to O, and 7 is the 
Further differentiation 


where V = 
phase angle of the velocity vector. 
vields 

Fe? — 2iFbe® + 5% 


2 


— itde® = e'? (V + iVr) = e'” (i + iV? 


where 


16 


2i fbe"* a C6%e" — itbe 


zi— fer - itbe'? 


Evaluating for t = 0 at which time 6 


V 
= = 1mag| 


= O and ¢ = 0 we have 


# = gand £ = g att = Osince all of the velocities are then tangent 
to the curves. 

From Equation [7] and the second derivations of y and 7 in 
Equations [1] and [2] with s > 0, ¢ + 0, when t — 0, we have the 
curvature 

Kit oe 


R (& - 


2G bo 
a)? oA 


The condition of tangency at T' gives 


dz df\ . 
(*) e (#) me 


Differentiating Equation [9] with respect to time by taking the 
derivatives, first with respect to the arc length and then with re- 
spect to time, of Equations [1] and [2], we have at ¢ = 0, s = 0, 


. [9] 


og =0 

iki) = ixdy + iby . [10] 
whence 

&, = kay — Ko 


Clearly then the curvature of the path of P relative to the fixed 
curve depends only on the two curvatures k and x and some first 
derivatives of are length. 

Theorem I. For the purpose of finding the acceleration of a 
moving contact point, the two arbitrary curves in contact can be re- 
placed by two circles having centers, respectively, at the centers of 
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curvature of the arbitrary curves al the point of contact. From Equa- 
tion [8] we have 


Qkayg, + 2a, 


Hence 
(11) 
where 
angular velocity of moving link 


velocity of P 


= (PH) where H is Ow the instantaneous center of rela- 
It is the intersection of the common 


Let h 
tive velocity of links 2 and 4, 
normal with the line of pivoted centers 
the instantaneous center and the fact that one link 


From the definition of 
say, link 2) is 
stationary 


Vp = Wo Pt Jo) = wah 


Expressing Equation [11] in terms of the radii, we have 
Theorem II. 


can be found by the relationship 


(t-2)( 


The radius of curvature of the path of relative motion 


Solving Equation [11] for K we have 
K =k 

Now if K = 1/Rye and if Ry (= 1/K’) the radius of curvature of 

the other relative path is sought, K’ can be obtained from the 

foregoing expression by interchanging the fixed and the moving 


Thus 


links, i.e., by interchanging k and x. 


kx + 2kxu 


K’ = 
K } 


Adding the two equations we have 


K + K’ = 


Specifically in this case 
9 
h 


Theorem III. The distance h between the contact point and the 


instantaneous center has a value equal to the harmonic mean of the 
two radii of curvature of the relative paths, R and R’ 


GRAPHICAL SOLUTION OF Equation [13 


The radii Ry» and Ry are to be found. 
P be the contact position of the points P, and P, 


Let 
the 


First determine R, 
Let C be 
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center of curvature of the reference (fixed) link 2, and D the center 
of curvature of the moving link 4. Let H be the point where the 
common normal DPC cuts the line of centers AB. Then 


(PH) = h, (PC) =r, and (PD) = p 


Note that p is a negative quantity here by our sign convention. 

The Construction. Draw any two lines L, and L, through H (we 
use the line of centers AB as L, for convenience). Join an arbi- 
trary point Q on L, to C and D, respectively. Let QC meet Z, in 
E, and let QD meet L, in F. Let PF meet L, in S and let ES meet 
CD in Ge. Then Ge is the required center of curvature. Or 
(PGa) - Re. 

The Theory. The essential feature is the construction of a 
quadrangle QEFS having H as one diagonal point and having 
three of its remaining four sides (or diagonals) passing through 
C, D,and P. The fourth then goes through Ge. Rewriting Equa- 
tion [13] in the form 


(0=) (23) = (=) CS) 10 


We see that the cross ratio of the four points (CP, DH), with co- 
ordinates r, 0, p, h, is equal to the cross ratio of the four four points 
(CP, HG) with co-ordinates r, 0, h, R. Gg is located by project- 
ing C, P, D, H from Q onto PF, followed by a projection from E 
onto CD. D moves via F to H, and H moves via S to Ge, whereas 
P is fixed and C returns to C on QE. 

The Converse Problem. If link 4 is the reference (fixed) link 
and Ry» is sought it is easily seen that the construction will be the 
same except for the dotted lines. Let PE meet L, in S’ and let FS’ 
meet CD in Gy. Then (PGu) = Ru. 


EXAMPLES 


An interesting example is the shaper mechanism 
The center of curvature Ry = © is obvious since 
the path of relative motion in 
this case is a straight line. 
Both Ry» and Re can be ob- 
tained by the graphical con- 
struction, or even more simply 
found from Equation [11], 
thus: 
(a) Link 4 as the reference 
link. Here r = o, and p 
= 0; ie, k =Oand« = oo; 
u = 1/h = 1/(PH) is finite. 
From Equation [11], first 
let K — o, and then let x — 
co, we have 


Example 1. 
shown in Fig. 3. 


ey 
K = =Q or 
K 


Ru = oe) 


(b) Link 2 as the reference 
link. Herer = 0, and p = 
©; Le, k = ©, and« =0, Expanding Equation [11] we have 


Fia. 3 


k*? = (K + x)k + Kx = k? — 2ku + wv? 
Simplifying and dividing both sides by —k we have 


1 h 
= = - rhe c= @ = 
Ra K he en (k ,»K = 0) 


The fact that Ru = © results in Ry = h/2, agrees with Equation 
[15]. 
Here, (PGa) = (PH)/2 locates the other center readily. 
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Example 2—Disk Cam With Flat Rocking Follower (Fig. 4) 
This problem does not lend itself easily to other methods of 
analysis. It will be worked here as a numerical example. The 
following given angular velocity and angular acceleration apply 
to the problem 


we = 1 rad/sec, a; = 1.5 rad/sec?, and AB = 4.48 in. 


The angular acceleration a, of the rocking follower is sought. 

The velocity polygon is shown in Fig. 4(5). By measurement 
Vp, = 0.81 ips, Vp, = 1.64 ips. 

The acceleration polygon is shown in Fig. 4(c). The primary 
solution using the radius of curvature of the path that P. traces on 
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2 will be considered first. The vectors are calculated and laid off 
in the following order 
eAp, = w2°(AP) = 1.83 in/sec? 
Ap, = a(AP) = 1.5 X 1.83 = 2.74 in/sec’® 
V*p, (0.81)? 


a - = 0.358 in/sec? 
AP 


A 
wn 1.83 


Ap,p, = ,4p,p, +> cor Ap,p, ~ > App, 
V*pypo (1.64)? 


Re 5.5! 


rApp, = = 0.485 in/sec? 


cor Ap,p, = 2Vp,p, @ = 2 X 1.64 XK 1 = 3.28 in/sec? 


_—— > 


n2P,P, T > cor Ap,p, = 5.4/4 In/sec’ 


The directions of ,Ap, and ,Ap,p, are known. These are laid 
off and the intersection p’, is obtained. By measurement 


‘ 1p, 3.35 in/sec? 


Ap, 3.34 
au = =; = | rad/sec?* 
(BP) 3.34 
The vectors for the secondary or inverse solution are shown 


with dotted lines. 


1 p.p, = nO PsP, T> cor A p,p, 7 tAp,p, 


(1.64)? 


V2 pp 
ee oe = 4.56 in/sec? 


Rx 
Veg 0.81 
=2 X 1.64 X 
BP 3.34 


cor Ap,p, = 2V p,p, = 0.79 in/sec? 


These two vectors are in opposite directions, hence 


nOP2P, > cor Ap,p, = 4.56 0.79 = 3.77 in/sec? 


which agrees with the primary solution. 
EQUIVALENT LINKAGES 


Acceleration analy sis of most direct contact mechanisms can 
be made using equivalent linkages. A simple example having two 
circular contact members of radii R; and 7m is shown in Fig. 5. 
The equivalent four-bar linkage, A-B-C-D, can be used in making 
the acceleration analysis of the original mechanism. C and D are 
the centers of curvature of members 2 and 4. The-angular- 
velocity-ratio theorem is included in most textbooks on kine- 
matics; it states, ‘the angular velocities of driver and follower 
are inversely as the segments cut on the line of centers by the line 
of transmission.’’ In direct-contact mechanisms the line of trans- 
mission and the common normal at the point of contact coincide 
The common normal at the point of contact always passes through 
the centers of curvature of the two contacting members. For the 
phase shown solid in Fig. 5, the common normal cuts the line of 
centers, AB, at M. The angular-velocity ratio of driver and 
follower is 

We BM 


w AM 


In the linkage A-B-C-D the line of transmission lies along link 
CD. The lines of transmission for the two mechanisms coincide 
The angular-velocity ratio of links AC and BD is the same as for 
2 and 4 

The direct-contact mechanism is shown with broken lines in 
The angular-velocity ratio of 2 and 4 is 
Ge BM’ 


w, AM’ 


another phase. 


The lengths DC and D’C’ are equal. The link D’C’ coincides with 
the line of transmission for the direct-contact mechanism. The 
angular-velocity ratio of AC’ and BD’ is again the same as for 2 
and 4 
and BD will equal the ratios of 2 and 4 for corresponding phases 


For any series of displacements the velocity ratios of AC 


Therefore the equivalent linkage can be used in making accelera- 
When the angular velocity and acceleration of BD 
are made equal to that of 4, then the angular velocity and 
celeration of AC will be equal to that of 2, 

\ portion of the profile FG of link 4 is of radius R.. When a 
point on the profile between F and G is in contact with link 2 a 
The length of the links are AC, 
For the phase in which point F of member 4 
Both are 
This represents a discontinuity in the 


tion analyses, 


ac- 


new equivalent linkage results. 
BE, and Rz + r. 
contacts member 2, both linkages result. correct and 
both should be analyzed. 
acceleration ratio of links 2 and 4 because of the finite change in 
radius from R, to R, 

If the radius of curvature of the profile of one or of both mem- 


bers changes continuously then the equivalent linkage cl 


anges 
continuously and must be determined for each phase. In the 
proof for the construction of the radius of curvature of the path 
that a coincident point traces on the other member it was shown 
that the acceleration depends only on the instantaneous radii of 
Hence C and D 


on the equivalent linkage are the centers of curvature of the two 


curvature of the profiles of the contact point. 


members at the point of contact 
Theorem IV. 


direct-contact mechanism is the same as that of the two crank arms 


The angular acceleration ratio of the two links in a 
of the four-bar mechanism, whose crank arms are formed by 
to the 


point of contact, of the two direct-contact mechanism 


otning 
the centers of rotation respective centers of ‘urvature, at the 


} 


Appendix 


ftihea 


Co-ordinates x and y expre ssed as power serv ) 
Let z and y be expressed by the Maclaurins’ series 


with the coefficients a;, az,.... and bh, by, .... yet to be deter- 
mined 


Differentiating the series we have 


ar 


ds 
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dy s? s3 ay a s? 
qe tbe ths the + qe the ths +..-- 
Since the axis is chosen tangential to the curve at the origin But the curvature of the curve at the origin is 
ana ge! a =1 and dy | =b, =0 ba | oe ae 
ds 0 1 | = 


as \o 


——<—— | oo (i.b—0.0) = b 
ds ds? ds_ ds® | “it , : 


Tabulating the coefficients we have 


q 
it) = 1 + (2ayaz)s + (a2? + aids + by*)s* 
as 


1 
+ (= + a0; + bbs) s3 + : 


whence 
a; 1 
2a =9 so a =0 where / is a quantity of higher order than the 
a; + bo? = 0 a3; = —b,? physical meaning is not important here. 
Hence the power series are 
+ bobs 0 as —3beb; 


> curvature k. Its 
a4 


s3 s4 
=s—k?~ — 3kl >. 

Differentiating the series once again we have 3! 4! 

d*z s? 


28 = ra Oe 
rE Get dite! Bal 





The Effect of a Surrounding Fluid on 
Pressure Waves in a Fluid-Filled 
Elastic Tube 


By M. C. JUNGER,? CAMBRIDGE, MASS. 


The analysis of the transmission of pressure waves in a 
fluid-filled elastic tube has been extended to the case where 
the tube is surrounded by a fluid medium. The sound 
pressure inside the tube is the resultant of a number of 
modes, some of which are nonpropagating, while others 
propagate at their own characteristic phase velocities. 
Neglecting end effects, and for continuously generated 
waves, it is found that only the modes whose velocity is 
larger than the sound velocity of the surrounding medium 
radiate sound energy radially outward. These modes will 
be damped out by radiation losses, while modes having a 
phase velocity smaller than this sound velocity are propa- 
gated without attenuation (if viscous and heat-transfer 
losses are neglected). Consequently, if the fluid is the 
same in the surrounding medium and in the tube only the 
lowest mode, which resembles a plane wave, propagates 
unattenuated. In any case, the mass-loading of the sur- 
rounding fluid lowers the phase velocities of the propagat- 
ing modes, particularly at intermediate frequencies. It is 
shown that in this application the membrane theory of 
shells will lead to incorrect results, even in thin-walled 
tubes. This is illustrated by comparison with experimen- 
tal data. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


radius of tube 

sound velocity of fluid inside tube and in fluid 
surrounding tube, respectively (velocities 
corresponding to an unbounded medium) 


tube wall, 


compressional wave velocity in 
E 


Va v* )p, 


phase velocity of mode n in fluid column 


Young’s modulus of tube material 
half-thickness of tube wall 
Hankel function of second kind 
Bessel function 

. l 


1 This research has been aided by funds made available under a 
contract with the ONR. 
Fellow in Acoustics, Acoustics Research 
currently, Partner, Cambridge Acoustics. 


Laboratory, 
Mem. 


? Research 
Harvard University; 
ASME. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 28-December 3, 
1954, of THe American SocreTy oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, October 24, 1953. Paper No. 54—A-93. 


k = w/c, wave number 
N,(2) = Neumann function 
P(r, alternating pressure inside tube 
P(r, 


r,z = cylindrical co-ordinates 


alternating pressure in surrounding medium 

»u,(7,2 radial fluid-particle displacement in fluid in 
tube and fluid surrounding tube 

radial and axial displacement components of 
tube wall, respectively 

Dirac delta 


f I 


Poisson’s ratio 
density of fluid in tube, of 


function, defined by identity 


(x — 


fluid surrounding 
tube, and of tube material, respectively 


= circular frequency 
INTRODUCTION 


The transmission of pressure waves in a fluid column bounded 
by a cylindrical tube having a finite impedance has attracted the 
attention of a number of investigators. Among more recent 
analyses are those by Morse (1),* who applies the concept of im- 
pedance ratios, and by Thomson (2), who considers this imped- 
caused by the inertial and 


ance to be purely reactive and 


elastic forces in the cylindrical tube. Kuhl (3) gives experimental 
results related to this problem. For a more extended biography 
one may refer to Kuhl’s paper. 

In the present analysis it is assumed that the elastic tube itself 
is surrounded by a fluid medium whose impedance is not negligi- 
ble. 


filled with water and submerged in water.‘ End effects are 


A system of this nature, for example, would be a metal tube 


neglected; i.e., the solution is based on the assumption that the 
tube is of infinite length. The wave source is assumed to generate 
a continuous train of waves. If the excitation is in the form of 
pulses of finite length generated at regular intervals, the present 
analysis can be applied to each component of the Fourier series 
representing such an excitation. The medium being dispersive, 
the group velocities of these pulses will differ from the phase 
velocities obtained from this analysis but can be calculated from 
the results presented here by means of commonly known rela- 
tions. 

The sound pressure in the fluid column is governed by a solu- 
tion of the wave equation which is well known from the classical 
problem of propagation of pressure waves in elastic tubes sur- 
rounded by a vacuum (1); the sound pressure is the resultant of a 
summation of partial pressures, each of which is associated with a 
mode having its own phase velocity. In practice, it is the dynamic 
configuration of the wave source which determines which modes 
are excited. 
of the radius can be expanded in the form of a series, and its co- 


The 


The dynamic configuration expressed as a function 


efficients b,, appearing later in Equation [5], evaluated 
3 Numbers in parentheses refer to Bibliography at end of paper 
‘This problem was studied in connection with the design of an 


underwater sound source of this form. 
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analysis presented here is general and permits, in theory, the in- 
vestigation of this problem, whatever the cross-sectional distribu- 
tion of the excitation, provided it is axially symmetrical. 

The dynamic behavior of the tube is analyzed by means of 
equations given by Kennard (4). These equations, which are 
based on Epstein’s theory of elastic shells, have been derived by 
consistent and systematic elimination of higher-order terms; they 
differ significantly from Love’s equations. The solution of the 
classical problem which is obtained from the present analysis (by 
neglecting the term representing the impedance of the surround- 
ing fluid medium) therefore will differ somewhat from results ob- 
tained by previous investigators (2). 

The phenomena in the surrounding fluid medium are described 
by a solution of the wave equation representing outgoing waves; 
the proper z-dependence is introduced by means of Fourier trans- 
forms. When the solutions thus derived for the dynamic behavior 
of the fluid column, of the elastic shell, and of the surrounding 
medium are combined, one obtains a transcendental characteristic 
equation whose roots are the “eigenvalues’’ of the composite sys- 
tem. 


PHENOMENA IN FLuip CoLUMN 


The solution of this part of the problem is well known and will 
be summarized briefly. The alternating pressure connected with 
a continuous train of waves in a fluid column satisfies the steady- 
state, cylindrical wave equation (1, 2) 


1 O Op 0*p 
—-=(-— E+ ibtp = 0..........[1] 
tS (re) 4 + he oo 


Imposing the condition that the pressure be finite at r = 0, one 
obtains solutions in the form 


PAT, 2) = Gyd of kare?! Ken?) 
The wave numbers satisfy the relation 
| + k,* . 


These numbers are the roots of the transcendental equation 
which characterize the boundary conditions of the system and 
are therefore as yet unknown. A mode n whose wave number 
k,, has a real component propagates down the tube. All modes 
whose index is larger than a certain number, determined essen- 
tially by the frequency, have purely imaginary wave numbers and 
are therefore nonpropagating; their effect is negligible except in 
the vicinity of the wave source. The n = 0 mode comes closest to 
being a plane wave; it propagates at all frequencies with a real 
velocity c, which is smaller than the characteristic sound velocity 
c; In most cases this mode is the only one that need be con- 
sidered in practice. 

The boundary condition u,(a, z) = u,(z) relates the foregoing 
solution to the radial displacement of the tube. For any mode n, 
the fluid particle displacement u;,(a, z) at the inner surface of the 
tube is given by the relation 


1 p,(r, 2)| 


iw 
pw? or | a 


Min(Q, 2) = =F Sila eet tent) 
|r=a i 


When this expression is substituted in the boundary condition 
stated above, it is seen that the radial deflection u,(z) of the tube 
is expressed by a summation of terms of the form 


Urin(2) -_ b,c?“ — kenz) 


Krall 
ar Ji(kypnt ) 
) 


where 
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Using this expression one can solve for a, in terms of u,,; when 
this is substituted in Equation [2], the pressure p, becomes, in 
terms of %,, 


3 JPiWteind of Ken? ) 


Kynd (Ck, ) (6) 


P(r, 2 


PHENOMENA IN SURROUNDING FLuIp Mepium 


The pressure in the surrounding medium also satisfies the wave 
Equation [1]. 
representing outgoing waves may be written in the form of a 
Fourier integral as follows (5) 


A general expression for a z-dependent solution 


P(r, 2) = 7 P(kz)Ho® (/k,2 — kz?) e~**z* dz. .{7] 


The function F(kz) may be derived from the boundary condition 
atr =a. For this purpose, the radial component of the tube-wall 
deflection, which was obtained in the preceding section, also will 
be expressed in terms of a Fourier transform 


ufkz) = 


The boundary condition u,(a, z) = u;(z) requires that 


L_aP(r, kz) 


ufkz) paw ~ 


pw* 


(ky? — keg? Hi ® (Wk? 


Vv k,? . 


- kzta) 


> bad(kz — kan) | 


n=0 
When this expression is substituted in Equation [7] and the 
integration performed, the sound pressure becomes 
@ 2 
b e —ahenz 
eo vt ® Sy. | ATT re 
P(r, z) =— e?™ pyow 7 2 
n=0 V i— (Ken k,)? 
Ho? (Wk,?— ken? r) 
Hy?) (/k,? — k,,2 a) 


This can be rewritten in terms of Equation [5] as 


[10] 


© 


P(r, 2) = pice > tin Eka) 


n=0 


(11) 


where the acoustic impedance ratio ¢, is found to be, by com- 
parison with Equation [10], and after some manipulation 


Ho (kan) _ 


tke) = j= 


poe [12] 
V 1 — (¢,/esn)? Bi (kp, a) 


The wave number kz, is related to k,,, by the equation 


kp,” + k,,* = k,? 


krn = k, V1 —" (¢,/Cen)? 
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It is noted that kz, is imaginary when c,, <c,. kp, can be related 


to k,, by eliminating k,,, between Equations [13] and [3]. 


+ Kya? 


kp? = k,? — k;? bal [14] 

The impedance ratio ¢, is the complex sum (6, + jx,) of a re- 
sistance ratio @,, indicating sound radiation, and of a reactance 
ratio x, connected with the acceleration of the surrounding fluid 
by the vibrating tube wall. Focusing the attention on the value 
of the pressure at the tube surface, these ratios may be calculated 
by taking the real and imaginary parts of ¢, (as given by Equa- 


tion [12])forr = a. After some manipulation one obtains 


6. kp, a 


6. kp a 
Kol |kp,|\ a 


X.(Krn @) : 
3 ] Ky kp, a 


(Cc, Cen 
(The function K,, is defined later in Equation [25].) In the latter 
case, (i.€., Cz, < ¢,) nO power is radiated radially outward; the 
sound field forms a circular bundle of plane waves around and 
parallel to the tube (6). 
If the fluids in the tube and in the surrounding medium have 
the same characteristic sound velocity (¢; = c,), Equation [14] 
since for the 0-mode eo < ¢;, this condition 


This most important mode therefore will be 


reduces to kp, = kes; 
also implies cz < ¢, 
propagated without being attenuated by radiation, since the 
corresponding resistive impedance is zero, as seen from Equation 
[15]. 
DyNAMics OF TUBE 

When dynamic deflections in the form of Equation [5] are sub- 

stituted in the equations of motion of a cylindrical shell (4), one 


obtains 


E : 
p,*u,, = ‘ j 
l p? 


Eh? 


6(1 


The latter of Equations [16] can be solved for v,,; noting that 
E/(1 — v?) = p?, the relation between the axial and radial dis- 
placement components becomes 
jvk,, Uy as 
= - S 17] 
alk? k,»?) 
When this expression is substituted in the former of Equations 
[16] one eventually obtains 
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ka? + 
(Cer 


(2K, *q* 


The specific impedance Z, = p/u, of the shell to a force acting 


on its inner wall can be derived from this equation. The expres- 

sion for this impedance will be found useful later in the analysis. 

Hence if, in general, z, = r; + 
0 and 


The impedance is purely reactive 
j*» then, in this particular case, r, = 


9 . 
=P ily 


[19] 


This quantity is seen to be a function of the unknown parameters 
of os 


weak for most values of k,,,a. 


c,, and k,,, i.e., However, the functional dependence is 
It is convenient to define the reac- 
tance in terms of a reactance ratio x,(k,,,a Xy/ Pil; 


CHARACTERISTIC EQUATION 


The characteristic equation which determines the velocities of 
propagation of the different modes can now be constructed. 
When the partial modal pressures P,,(a, z) and p,(a, 
Equations [11] and [6], respectively, are substituted in the equa- 
tions of motion of the shell, Equations [18], and dividing all terms 


z), given in 
by Um, one obtains the characteristic equation of the problem 
under investigation 


k,? a? + 


20) 


ean be expressed in terms of the 


[14]. The 
therefore 


The wave numbers kp. and Ky, 


, by means of Equations [13] and 


wave number Bus 
defined in Equation [15 


The characteristic 


fluid-impedance ratio {,(kp,4 
has a function of (k,,,a 
equation now contains as the only unknown the wave number 


been written as 


values of k,,, which satisfy this equation are the wave num- 
these, in turn, deter- 


Kens 
bers connected with the different modes; 
mine the corresponding phase velocities. 

Equation [20] can be stated in more concise form when its left 
,@) defined in the pre- 


the 


side is written in terms of the function x(k 


After some manipulation, characteristic 


ceding section. 
equation is finally expressed as follows 


l 2y 


Xi Kpn @) 
ka 


a which satisfy this transcendental equation 


The roots z, = k, 
determine the velocities of propagation ot the different modes. 
It can be verified from Equation [3] that these velocities are given 


by the expression 
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k;a )2 


Cj 

CF. 

V1 ana (z,/ 

The roots z,, are complex when 6, # 0, i.e., when ¢,, > ¢,, and real 

(or imaginary, in the case of the n = 0 mode) when @, = 0, i.e., 
when ¢,, < ¢,. 

If c; = c,, then 6, # O for all modes except the quasi-plane 
(n = 0) mode. Consequently, all propagating modes will be 
attenuated by radiation into the surrounding medium, except the 
quasi-plane mode which does not radiate. Of course, if c, is suf- 
ficiently large, all modes will radiate and therefore be attenuated. 


Tue Quasi-PLANE WAVE 


The transcendental Equation [21] will be studied for the case 
where the fluid in the tube is the same as in the surrounding 
medium. Only the n = 0 mode need be studied as the other 
propagating modes, if any, will be damped out by radiation, as 
explained previously. Under these conditions c; = ¢,, pi = P,, 
k; = k,, and kyo and the root 2» are imaginary; hence 


X= —jlzo 
—jk;a Ve; Co)? — 1 
om ant, wee. 3 
V1 a (|x| 
The tube reactance given in Equation [19] may be written ex- 
plicitly in terms of || by making use of Equation [23] to elimi- 


Co = 
k;a)? 


nate co and kyo 


(| 1) 2 pr kya 
%o|) = ——— — 
Aire kPa® p; a I 


h 1 — 


j— kat? +1+4+ 


| 1 + f\% 


k;a)? 


1/h\? ' ‘ 
+ - 2 (k;2a? + |20|?)? + 
6 \a l 


The reactance ratio x, and the resistance ratio 6,(/=0) are ob- 
tained from the latter two Equations [15]. When the Bessel and 
Hankel functions of imaginary argument are replaced by the 
modified functions 

-j| 20!) 


T,(\ao|) = (—j)™ Jal 


and 


K,,( | zo| } a =e jy” +1 H,, 2)( —4 Zoi) 


the transcendental Equation [21] takes the form 


1+ h1— 2p 
Kol Xo|) al 


|x0| Ki |aro| ) % hl 
al v 


Xel ‘ato! ) 
ka 


To Xo| ) 


|xr0 Ii Xo} ) 


The transcendental Equation [26] has been solved for the 
case of a brass tube (in CGS units: E = 9.93 X 10", p, = 8.50, 
vy = 0.3) filled with water and surrounded by water (¢; = c, = 
14.3 X 10‘, p; = p, = 1.0) for ratios of h/a equal to */,sand !/j99: 
(see Fig. 1). The mass-loading effect of the surrounding fluid is 
seen to be largest for intermediate values of frequency, where it 
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Fic. 1 Ratio or PHase VELOcITY cw TO CHARACTERISTIC SOUND 
VELocITY ¢; FOR Quasi-PLaneE Wave. ALL Orner Mopes ARE 
ErrHer ATTENUATED BY RADIATION, OR NONPROPAGATING 


(Brass tube filled with water and submerged in water; a is the tube radius 
and 2h its wall thickness.) 


causes a reduction of c, of the order of 35 per cent for h/a = 100 
and of 13 per cent for h/a = '/i5. At very low frequencies this 
effect is of little importance because inertia forces are small in 
comparison to elastic forces; at high frequencies the effect also is 
small, the surrounding fluid being compressed rather than ac- 
celerated. It may be noted that the curve for h/a = '/j, for a 
tube in vacuum, differs by a few per cent from the results ob- 
tained by Thomson (2) for the same numerical values of the 
parameters; this is due to the discrepancy between Kennard’s 
and the usual equations of motion for cylindrical shells. 


INADEQUACY OF MEMBRANE THEORY 


Since the first two terms in Equation [26] are positive for |» 
real, this equation admits real roots (i.e., real values of cz) only 
if x,(|2o|) < 0, i.e., if the shell is “stiffness controlled.”” Should 
the motion of the sheil be ‘‘mass controlled,’’ even the quasi-plane 
wave would not propagate. It is seen that such a situation would 
arise for sufficiently large values of k,a, except for the flexural term 
in (h/a)? which is related to changes in curvature. Without this 
term, which is neglected in the membrane theory of shells, the 
curves in Fig. 1 would steadily tend toward zero, instead of going 
through a minimum value. 

The reason the flexural term prevents the tube from becoming 
mass-controlled above the frequency which coincides with the 
natural frequency of the 0-mode of the tube, as given by the mem- 
brane theory of shells, is as follows: When the first-order terms in 
the expression for x, tend to cancel, i.e., when ka = 1, the higher- 
order terms involving h? become significant, however small the 
ratio h/a, because as x, tends to zero, so must the /, and K,, terms, 
in order to satisfy the transcendental Equation [26]; this, in 
turn, means that |»| must grow beyond bounds; the factor |zo|*, 
which appears in the h*-term, will thus always cause this term to 


become sizable. Physically, this can be interpreted as follows: 
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using mg am <BR odulus for glass of E = 6.80 X 10! 


The flexural stresses, represented by the h*-term, become com- 
parable to the membrane stresses in the region ka = 1 because, as 
the phase velocity, and therefore the wave length, decreases with- 
out a similar reduction in the radial deflection, the changes in 
curvature very large. Also, the shell wall is no longer 
‘thin’? when measured in terms of wave lengths, thus invalidating 
the fundamental assumption of the membrane theory. A very 


become 


unusual situation thus obtains, in that the membrane theory will 
however small the value of h/a. 


re illustrated by the experimental study 


lead to incorrect results, 

These considerations a 
by Field and Boyle (7) on the propagation of ultrasonic waves in 
a glass tube (EF = 6.03 X 10", p = 2.6, vy = 0.215, h = 0.07, a = 
1.62, CGS units), filled with naphtha (p = 0.74, « 1.21 X 10, 
CGS): see Fig. 2. This figure shows experimental points ob- 
tained Field and Boyle (7) together with their theoretical 
curve based on an analysis which is appproximately equivalent 
to the membrane theory. In addition, a dispersion curve obtained 
by analyzing the tube dynamics by means of the present theory 
has been plotted. It is quite obvious that the latter curve shows 
a better agreement with the experimental points in that it does 
not display a cutoff phenomenon. By assuming a somewhat 
larger value of Young’s modulus (EF = 6.80 X 10'') than the one 
given by Field and Boyle, the 
pletely satisfactory. This assumed value o 
entirely reasonable as E for most types of glass lies between 6 and 
8 X 10" CGS. 

It is interesting to note that a 


agreement can be made com- 


f Young’s modulus is 


“dead zone”’ can be brought into 


existence in the following manner: If closely spaced circular 
grooves are machined into the outer surface of a cylindrical shell, 
the alternating weak and thick sections thus obtained act, re- 
spectively, as discrete spring and inertia elements; the elastic 
energy connected with flexural stresses is then negligible, and the 
zero-order does display a ’ cutoff behavior. This has 
been verified experimentally by Kuhl (3), who notes the dis- 
analysis and of the ob- 


“low-pass’ 


crepancy between the results of Field’s 
served data pertaining to the zero-mode. 
ing the inertia force in the tube wall to avoid the cutoff phe- 
nomenon predicted by the membrane theory. (In the 
it is the presence of flexural stresses which 


Kuhl’s heuristic 


Kuhl suggests neglect- 


present 
analysis, of course, 
keeps the tube wall always stiffness-controlled. ) 
procedure is less satisfactory than the present approach, particu- 
larly since he finds that the inertia force must be brought back 
into the picture if the theoretical curve is to agree with the experi- 


PROPAGATION OF 
AND Boy.e’s ExpeRIMENTAI 

- present theory 
1 CGS instead of Field's value of EB 
important for higher modes.) 
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ising Field's val 1e8 Of par ameters of system: 


= 6.03 X 10! Discrepancy between tw 


resent theory 
o the oric 5 is not 


mental points pertaining to the higher modes. The reason why 


the membrane theory is satisfactory for these modes is that. in 


contradistinction to the zero-order mode, the wave length is al- 


ways relatively long, so that strains connected with changes of 
curvature are never large. 

It is interesting to note that the membrane theory also leads to 
erroneous conclusions when applied to the analysis of the propaga- 
tion of stress waves in thin cylindrical shells (8 

A remark is in order about the case where a pressure pulse con- 
If the 
corresponding boundary condition is substituted in Equation [8], 
» found that 


power is 


sisting of a finite number of cycles is sent down the tube. 


and the foregoing procedure carried through, it will be 
that 
attenuated to some extent. 


the resistance ratio 6, never vanishes, i.e., some 


always radiated, so that all modes are 


The same applies to the case where a continuous train of pressure 


waves is sent along a tube of finite length. However, a length of 
the order of 20 wave lengths is sufficient to make the end effects 
insignificant. 
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Load Distribution at the Intersection of 
Several Coaxial Axisvmmetric Shells 


By H. BECKER,' NEW YORK, N. Y. 


A relaxation analysis of the load distribution at the 
intersection of several axisymmetric coaxial shells is pre- 
sented. The relaxation process leads to an infinite power 
series, the summation of which yields explicit expressions 
for the individual shell loads. The shells are all assumed 
to be unconstrained axially, thus eliminating axial inter- 
action effectsamongthem. The analysis, consequently, is 
restricted to radial shear forces and distributed moments 
at the intersection line, which is taken in a plane perpen- 
dicular to the common axis of the shells. Methods of 
treating temperature and pressure effects are described, 
and an illustrative example of the analysis of a three-shell 
intersection is included. 


INTRODUCTION 


problem of frequent occurrence in pressure-vessel design 
involves determination of load distribution at the com- 
mon intersection of several coaxial axisymmetric shells 
axisymmetrically loaded. Usually only two shells have a com- 
mon intersection, such as the joint between the cylindrical and 
head portions of a drum. However, cases exist in which three or 
more shells intersect at a common latitude. The analysis to be 


presented yields expressions for the loads in each shell at the in- 
tersection circle in terms of the external applied forces and the 


shell proportions. 

The general theory is developed for linearly deforming shells of 
any shape for which the rigidities are known. The general 
analysis considers only radial shears and distributed moments at 
Methods of treating temperature and pressure 
An appli- 


the joint circle. 
distributions are described in a subsequent section. 
cation of the method is included for shells analyzable on the basis 
of simplified theory. 

THEORY 


The relaxation process to be described follows the same general 
lines as the well-known process of moment distribution with 
side sway.? It is evident, from an elementary consideration of 
one point on -the line of intersection of the shells, Fig. 1, that a 
load will be distributed to each shell in proportion to the stiffness 
of that shell relative to the total stiffness of all the shells. Con- 
sider, then, the problem of determining the manner in which an 
external radial shear is distributed among the various shells at a 
joint. The shear load V is applied to the joint, which is con- 
strained against rotation but not against radial deflection. The 
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Fic. 1 Joint GEOMETRY 

shear load is distributed to each joint in proportion to its shear 
distribution factor Dy,-:,), and consequently the shear in shell n 
(see Fig. 1) is then Dy:,)V. This shear load, because of rotational 
restraint, induces a moment in shell n at the joint. It is pos- 
sible to determine the induced moment in terms of the applied 
shear. The constant which relates induced moment to ap- 
plied shear is called the shear-moment induction factor and is desig- 
Consequently, the induced moment 
The sum of these moments repre- 


nated as Iyy4¢:,) for shell n. 
in shell n is Tyagi DyipV. 
sents the total moment applied to the joint from the shells, and 
is the negative of the moment which must be applied externally 
to the joint in order to prevent it from rotating. These three 
steps of shear distribution, moment induction, and moment sum- 
mation, comprise the shear-to-moment, or V M-phase of the dis- 
tribution process. Use of the terms “‘positive’’ and ‘‘negative,”’ 
applied to shells above and below the latitude of the joint, is 
merely a sign convention to control the signs of the induction 
factors. 

The procedure by which the external joint moment from the 
V M-phase is distributed among the shells with the joint con- 
strained radially, but not against rotation, is the moment-shear, 
or MV-phase. The external moment is distributed to each shell 
in proportion to its moment (with radial restraint) distribution 
factor, Dyy:,). The shear induced by the radial restraint is then 
Iv) wm)M. The summation of these shears is the resultant 
shear force applied to the radial restraint by the shells, and the 
negative of this quantity is the new external shear load on the 
joint. 

The shear and moment cycles are developed symbolically later, 
during which it may be seea that the value of joint load at the 
beginning of any cycle bears a constant ratio to its value at the be- 
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ginning of the previous cycle. Thus it is possible to add the 
successive loads on an individual shell by a power-series summa- 
tion and so obtain in simple form the shear in each joint as a frac- 
tion of the external applied shear, the moment in each joint in 
terms of the external shear, the moment in each joint as a frac- 
tion of the external applied moment, and the shear in each joint 


in terms of the external moment. The development follows. 


SHEAR Loap-DIstTRIBUTION CYCLE 


The net shear in shell n after the first snear distribution cycle is 
V, = V(D, ~TyviwDuitlyuDy). The shear to be ap- 
plied to the joint at the start of the second cycle is the negative 
of the total shear on the joint from the shells, or 


T V = IuwDay = IyyDy. 


Let this be designated QV(Q = DIyyDy = IyyD,). Then the 
second cycle external shear is QV, the third cycle external shear 
will be Q?V, and the ith cycle external shear will be Q@‘'V. Thus 
the total shear in shell n after an infinite number of cycles would 


be 
V, = V(Dyw TuviwD ui 2 TyyDy) (1 


V(D, we Iw n Dy n) >> I, yD, } (1 = @) (see footnote’) 


Dyin) = IyuDy)/(1 — Q) 


{1 CL avdD ain 


Similarly, the total moment in shell n would be found from the 


expression 


(M,, Vi, M(n dD, n ) 
(Dy n) Tyan dD, z) pre ywDy] (1 — Q) ° [2] 


= |] 
MoMENT-DISTRIBUTION CYCLE 


The net moment in shell n after the first distribution cycle is 
M, = M(Dyw — IvuwDva) = IyvDy), and the moment to 
be applied to the joint at the start of the second cycle is QM. 
Consequently, the final joint moment is expressible as 


(M,./MDyn) 
= [1 — UvumDy~@/Dam) = IuvDu)/(l — Q) 
and the final shear in shell n is expressible as 
(V,./M1 yyiwP ww) 
= [1 — (Dy@/IavP um) = IyvPu)/(1 — Q). 
SPECIAL CASES 


It is shown in Fig. 2 that induction factors for positive shells 
(shells above the joint) are positive, whereas for negative shells all 
This follows from the shear- 
(In general, ir- 


induction factors are negative. 
and-moment sign conventions shown in Fig. 2. 
respective of shear-and-moment sign convention, J for a shell 
below the joint will be equal to —/ for a similar shell above the 
joint.) On this basis it is possible to examine some special cases 
of shell arrangements. 

(a) A group of j positive equal shells: For this case 


3 This summation is permissible if Q < 1. It may be demon- 
strated, using elementary shell theory, thatQ< 1/2. Since the dem- 
onstration is lengthy, and contributes nothing to an understanding 
of the distribution method, it is not presented. 


Iuva) = Iuve = lay » = ly 


Iymaq) = lyu@= = Iya = lye 


Dy = Dy = 1/j for all shells 
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INDUCTION FACTORS 


Under a radial shear loading V, the joint moment in each shell is 


(M,/VIymmDvyqw) = (1 Tyu/Tya)/U Ivuluy) = 9 


and the shear per shell is V//j. 
For the case of applied moment, M, = M/j, and V, = 0 
(b) A group of j/2 positive shells and j/2 negative shells, all 
In this case, because of the difference in 
shells, 2 JyyDy = Z IyyDy = 0, 


with equal rigidities: 
sign of J for + and — 
therefore 


and 


V, = V/j, M, 


= Vi yu/j 


for shear loading 


M, = 


n M/j,V, = Mlyy/j 
for moment loading. 
Additional special cases may be found from 


For example, for a flat plate all 7 =0 and there- 


examination of 
Equations 1 to 4. 
fore 


V,/VDyq = M,/MDyq = 1, M,/V = V,/M = 
APPLICATIONS OF METHOD 


The results developed in the preceding section may be utilized 
for any shell intersection at which the loading conditions are 
known. These loads may be externally applied radial shears or 
distributed moments, for which conditions the analysis was de- 
veloped, or they may be forces arising from the application of 
loads to one or more shells that reach the intersection. For ex- 
ample, the effects on each shell generated by external pressure 
loads on any one shell may be found by assuming the loaded shell 
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to be fuliy fixed at the joint (no rotation, no radial deflection). 
The fixed end moment on the loaded shell at the joint, and the 
restraint shear, may then be found, after which these forces are 
reversed in sign and then applied to the joint as external loads. 
The distribution processes then follow as outlined in the fore- 
going. A similar application may be used for temperature 
effects. 

When the shells have thin walls and are virtually cireular cylin- 
ders, the rigidity is determinable from simplified axisymmetric 
shell theory. When the shell shapes become complex, or when 
the semivertex angle of the intersection cone becomes large, 
determination of shell rigidity may be a difficult problem. 
However, as long as the shell action is linear, the theory is appli- 
cable. This includes the case of the flat plate. A Belleville 
spring, on the other hand, behaves nonlinearly, and consequently 
might not be included in the class of shells amenable to analysis 
by the method described. 

Although the derived expressions for shear and moment in a 
particular shell are simple in form, the summation of products of 
induction and distribution factors appears to be a complicated 
process. Actually, as will be demonstrated, these expressions 
merely become terms involving the thickness and intersection 
cone semivertex angle of each shell. Since all shells have a com- 
mon radius at the intersection circle, this factor vanishes for each 
expression for shear and moment. An illustrative example using 
simplified theory for thin shells follows. 


ILLUSTRATIVE EXAMPLE 


The shear and moment distribution factors for shell n are de- 
fined as 


Dyw) = (V/A), p> (V/A) 


Duw = (M/6),,/= (M/@) 


where (V/A) and (M/@) are the shear and moment rigidities de- 
termined on the bases described above. 
It can be shown (using the thin-wall theory of conical shell 
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behavior to find the deflections of any shell with an intersection 
cone semivertex angle g, and wall thickness, ¢) that‘ 

Dyin) = hy 2 cos—'/2 ¢,,/at'/* cos~'/2 ¢ 

Dyin) = ty'/* cos’? v,/Zt*/* cos'/* g 


Then, using the values of J found in accordance with Fig. 2, 
it may be shown, using elementary shell theory, that 
Tyatin) = (1/2)/Iuy = 8,at,'/* cos’? ¢, 
(a = 0.778 R'/* when Poisson’s ratio = 0.3) 


Consequently 


' 
COS "" Pa 


(Lavin? ind/Dy ny) 2 Tym Dy = U, = (1/2)(C/B)syt,.'” 


(Dyww/TvamDva@) = IyuDy = 2U, 


CyawPya@)/Duw) 2 IyvDy = W, 
= (1/2) C/A)Saty 


(D, n) | nDy n)) > IuwvDy = 2W,, 


ZI uyvDy 2 IyyDy = Q 


/2 9, B > t’/* cos’? ¢, 


Therefore 
y 


n 


M,/ViyminDPv in 


M, MD yn) = (| — W,) (1 —Q 


V, MI yy mys a) = (1 — 2W,,) (1 es Y) 


n 


The symbol s refers to the sign of the shell, and is + or 
accordingly ; 

4 For shell deflections and rotations, see “Stresses and Defor- 
mations of Flanged Shells,"” by G. Horvay and I. M. Clausen, 
JOURNAL OF ApPLIED MecuHanics, Trans. ASME, vol. 76, 1954, 
pp. 109-116. 





Solving Highly Complex Elastic Structures 
in Easy Stages 


By GABRIEL KRON,' SCHENECTADY, N. Y. 


A systematic procedure is presented to solve quickly very 
large elastic structures, containing hundreds of component 
elements. The method is not competitive with existing 
techniques of solving sets of linear equations and is to be 
used only when other methods prove inadequate to cope 
with the capacity of the available computer (slide rule or 
electronic). Extension of the method—shown here for 
beams with one dominant dimension only—to structural 
components having more general and arbitrary shapes 
should be obvious to those versed in the art of structural 
analysis. 

INTRODUCTION 
INTERCONNECTING EQUATIONS OF STATE 


HE performance of most physical systems is usually repre- 
sented by set the 
known and unknown variables, to be called here “equations 


a of simultaneous relations between 


of state.’”’ The solution of the same physical system is similarly 
represented by another set of simultaneous equations, to be called 
here ‘“‘equations of si lutions.” 

The author has spent several decades developing rules to 
establish in a routine manner the equations of state of complex 
phy sical systems—both 
yiven system apart into several smaller systems and setting up 
In highly complex 


linear and nonlinear—by tearing the 
the equations Oi state ol each small system. 
engineering systems it was expedient to continue the tearing apart 
of the physical system into successively smaller systems, until the 
ultimate components were reached, whose equations of state 
could be more easily established by the basic equations of La- 
grange, by With the equations of 


state of the ultimate “primitive” { 


or Hooke’s law, and so on. 


system established, a set of 
routine transformations (linear or nonlinear) interconnected the 
equations of state of the smaller systems into those of the original 
large system. (Of course each stage of physical tearing is usually 
accompanied by auxiliary sets of co-ordinate transformations into 
more appropriate physical or hypothetical reference frames.) 
The process of tearing apart physical systems always has de- 
manded the introduction of “tensors” and “geometric objects’ in 
order to tie together the various types of physical objects scattered 
among the component subdivisions. The establishment of all 
tensors and geometric objects inherent in a physical system may 
be looked upon as tearing the system apart into ‘functional sub- 
divisions,” Each tensor per- 
forms a different physical function, so that the totality of all 


The 


as opposed to physical subdivisions. 
functions correctly represents the actual physical system. 


1 Consulting Engineer, General Electric Company, Schenectady, 
N. Y. 
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success of the tearing method is chiefly due to the parallel develop- 
ment of the theory of physical and functional subdivisions 


INTERCONNECTING EQUATIONS OF SOLUTIONS 


Since the equations of solutions consist also of a set of simul- 


taneous equations between known and unknown variables, 
eventually the question arose: ‘“‘Why not tear apart and inter- 
connect equations of solutions in the same way as are equations of 
state?”’ 

Having an extensive background in interconnecting physical 
systems first and then only their equations of state, a little re- 
flection showed to the author that a new type of d 


| which he 
fi 


the 
state and equa- 
it 


uality, 
has been emphasizing in his previous works, fits perfectly 
parallel relations that exist between equations of 
Instead of 


however, an actual necessity, that the interconnection of the equa- 


tions of solutions. a convenience, became now, 
tions of solutions should follow step by step the interconnection 
of the physical system itself, or that of a model of the system 
Perhaps the most significant difference between interconnecting 
equations of state and equations of solutions is that in the latter 


all Cc 


while in the former all C are usually 


nonsingular 
lat That 


usually 


procedure connection tensors are usually 


(square), ectangu 


is, part of the always existing nonsingular C becam: 


irrelevant to the problem under consideration. 
“Meruop or TEARING” 


PURPOSE OF THI 


The method of tearing always leads to a set of equations ol 
solutions first and then only to some particular numerical solu- 
Hence this new analytical tool is primarily 


tion or solutions. 


an Its merits 


“inversion procedure,” not a solution technique 
and demerits must be viewed accordingly from that angle. 

The method of tearing is not intended to compete with any 
It be 
when other methods have proved unsatisiactory to cope with the 
slide rule, a desk 
lectronic digital computer, such as a CPC or 

The method is ideal especially 


existing inversion or solution method should used only 


limitations of the available computer, be it a a 
calculator, or an 

the ‘“‘Whirlwind.” 
lems whose equations 
that 


equations down. 


for prob- 
com- 


the 


80 


number, 
to 


are so large in ol 


one does not even attempt write 


The new method requires only the existence 
of the 


of any convenient subdivisions thereof. 


plicated, 


or a physical system (or a model it) and equations 
In case of a large elastic 
beam structure, for instance, it is sufficient to have available the 
equations of each isolated beam only (or of any small or large 
combination of them). The tearing method supplies an almost 
automatic procedure to establish the equation of solution of the 
entire system. 

The equations of solutions come out in an entirely new form 
containing a large number of zero elements. If the number of sub- 


inverse oO 


division is n, the new type of inverse (‘‘factorized”’ r 


l/~y 
ments, compared with that of a conventional inverse matrix 


n nonzero ele- 
In 


easy to augment the physical 


“orthogonal” inverse) contains only about 


this new form it is comparatively 


system and its equations of solution in a parallel manner, as well 
} 


In structures where a 


as diminish them or alter them in unison. 
finished design is often modified to suit new conditions, the ad- 


vantage of an easily alterable solution is obvious. Spatial motions 
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or rotations of parts into a large number of new positions may be 
taken care of easily without starting the solutions of the station- 
ary and rotating parts ali over again for each new position. When 
each portion of a system could be built up from several different 
types of material (as in a nuclear reactor), the few types of sub- 
divisions may be interconnected into quite a large variety of re- 
sultant systems with little extra work. 

The author visualizes the equations of solution of standardized 
pieces of structures being stored away in file cabinets in the same 
manner as standardized manufactured products are stored in 
warehouses. When the equations of solutions of a new struc- 
ture are needed, the partial solutions stored away years ago are 
recombined with the solutions of any new component parts to 
form quickly the equations of solution of the new structure. The 
latter in turn are to be stored away for the eventual solution of 
still bigger structures. It is the hope of the author to be able 
to re-employ, for instance, two-dimensional solutions of partial 
differential equations for use in the solution of three-dimensional 
problems and the latter in turn to solve four-dimensional ones, 
without starting the analysis from the very beginning each time 
a new and larger problem arises. 

All efforts of the author, all his formulations and methods of 
reasoning, are inspired with such distant goals in mind. 


EXAMPLE OF “PARTITIONING” A MaTRIx 


Since the “tearing apart” of a physical system at first sight 
appears to be analogous to the step of partitioning a matrix,? 
it is instructive to point out one of the significant differences that 
already excludes any competition between the two methods for 
the purposes outlined in the foregoing. 

Let a physical system with equations I = YE be torn apart into 


three component parts. In terms of a partitioned matrix the 
equations of state might assume the form 


[E, E, 
I Y — [1] 
{= y; : o> weEnl 
I; Y; Ye 


(This equation should not be construed as a statement that a 
set of equations may be partitioned in the same manner as a 
physical system can be torn apart. The foregoing form of the 
equations is assumed only for the sake of the argument to follow.) 

The equations might be inverted by the following steps: 


? See for instance reference (3). Numbers in parentheses refer to 
the Bibliography at the end of the paper. 
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1 Find the inverse of Y; and Y; as Z; and Zz. (That is, solve 
the first two equations for E, and Es, respectively.) 

2 Substitute E, and E; into the third equation. 
requires a large number of matrix multiplications.) 

3 Find the inverse of the new submatrix occupying the place 
of Y; and call it Z;, The resulting E = ZI equations are 


[I - 
E, + Z:Y3E; Z, 
E: + Z:Y.E; | = Z, 
E. —ZiYs%Z, —Z¥sZ, Z, 


(This step 


The reader unacquainted with “invariant’’ transformations, 
physical or hypothetical reference frames, and similar concepts of 
tensor analysis, would exclaim: ‘Here is a set of equations of 
solution E = ZI of a physical system. Let us go and interconnect 
this set with the similar equations of one or several other physical 
systems in the same manner as the method of tearing does.”’ 

The answer is that such an interconnection cannot be per- 
formed. In the foregoing equations the E’ are in a reference frame 
different from that of the I. Before the matrix can be intercon- 
nected with a similar matrix, it is necessary to eliminate E; from 
the first two equations and completely fill the inverse matrix, in 
order to assume the tensor or physically existing equations of 
solution. 

Lk kj 
apg. (| Cee 
Z Zs 
Z; Zs 


Now both E and I are in the same physical reference frame (the 
same frame as that of Equation [1]) and the Z can now be inter- 
connected with similar Z, as directed by the method of tearing. 


EXAMPLE OF THE Mertuop or “TEARING” 


Compare with the foregoing steps next how the method of tear- 
ing establishes a set of new types of equations of solutions, that 
can also be interconnected. 

1 Given the equations of state of three isolated structures 
(the primitive system) as 


[E, E, E,| 
1. | Y; 
4 


I; Y; 
2 Find the inverse of the three Y as Z;, Zz, Zs 


Lk 4&! 
E; = Z; 
ST ope. de 
2 2, | 


E; 


3 Interconnect the three isolated structures by a routine pro- 
cedure, that involves only a rearrangement of the rows and 
columns of the three Z without any multiplications.? The re- 
sultant form is 

Lk i i 
[ Z Z 
4 Z: Zs 
Z; Zs 
Zi Ze Z, Zw 


*The connection matrix C contains usually only plus or minus 
unity and zero. The interconnection itself is performed by the law of 
transformation C;ZC, that involves only additions and permutations 
of rows and columns. If a digital computer is not equipped to per- 
form such interchange, it may be done by clerical work with scissors 
and Scotch tape. 
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In these equations of solutions all E and I are in identical 
physical reference frame (the same as in Equation [1]). Hence 
the Z-matrix is now ready to be interconnected with several other 
similar Z to form the Z of a still larger physical system. The Z of 
Equation [6] also may be altered in the same manner as the 
physical system is modified. 

In the foregoing equations the extra variables i are the unknown 
currents (or forces) appearing at the cuts. (No such new concept 
appears in partitioning a matrix.) Since the three I are assumed 
to be known, the unknown i may be found by simply solving (not 
even inverting) the corner matrix Zi. There is no necessity to 
eliminate the Z in the last column as was the case with the Y of a 
partitioned matrix of Equation [1] in step 2. 

Tue “Factrorizep” INVERSE 

Although this new type of inverse Z of Equation [6] has more 
variables than the conventional inverse Equation [3], neverthe- 
Jess it contains far less nonzero elements. If the number of sub- 
division is n, the ratio of nonzero elements is about 1/+/n matrix. 
That is, each time a new set of known I are assumed, the unknown 
E may be found by about a fraction of 1/+/n fewer number of 
multiplications than by the use of the conventional inverse. This 
quasidiagonal nature of the factorized inverse offers hopes that 
very large problems with many thousands of variables eventually 
will be inverted without carrying along unduly large number of 
nonzero elements. 

It should be noted that—since the reference frames of both 
types of inverses are identical—the factorized inverse of Equation 
[6] becomes identical with the conventional inverse of Equa- 
tion [3], if the last row and column of the boundary constraints i 
are eliminated. As the conventional inverse of Equation [3] may 
be factorized into the elements of Equation [6], the latter is called 
a factorized inverse. However, the reverse step, the introduction 
of the auxiliary variables i, and the consequent decrease in the 
number of nonzero elements, cannot be performed without going 
through the reasonings of the method of tearing. 

Since the k-dimensional abstract space of the k constraint 
variables i is orthogonal to the n-dimensional abstract space of the 
n-force variables I (and i is a dual of I), the factorized inverse of 
Equation [6] also may be called ‘‘orthogonal” inverse, to differ- 
entiate it from the conventional inverse of Equation [6] 
Another designation may be “augmented” inverse. 


ComParRIsON Wiru “ELIMINATION” METHODS 


The factorized inverse of a physical system can be used not only 
for the construction of the factorized inverse of still bigger physi- 
cal systems, but also can be used to get numerical solutions for the 
system in question fora large variety of boundary conditions. Since 
a conventional inverse matrix also can be used for both purposes, 
it is of interest to compare the computation time of the two types 
of inverse matrices. (The computation time does not involve 
input and output time, or the clerical work, only actual machine 
computation time of multiplications and divisions.) As a 
standard norm for calculating inverses the Gauss or Crout elimi- 
nation method will be assumed, in which the number of multi- 
plications is approximately N*, where N is the number of equa- 
tions (or variables). 

If a system is torn into n-parts, the inverse calculation of each 


part involves approximately 1/n* of that of the original inverse. 


The inverse of the n-parts (Equation [5]) involves 1/n* calcula- 
tion. The interconnection of the subdivision involves no multi- 
plications, only additions (mostly an interchanging of rows and 
columns). 
interchange of rows and columns, the establishment of the fac- 


Ignoring the computer time for addition and for the 


torized inverse of Equation [6]—valid already for the construc- 


tion of still bigger structures—involves thus 1 /n* of that of the 
conventional inverse of Equation [3] 

If the factorized inverse is to be used also to solve for the un- 
known variables E numerically, (eventually all inverses are to be 
used for such purposes) then it is still necessary to solve (or cal- 
culate the inverse of) the lower corner matrix Z,) of Equation [6] 
for the unknown constraints i appearing at the cuts. In this ad- 
ditional calculation it is possible to use all devices of the theory of 
matrices such as partitioning, and so on, since it is possible to 
transform the auxiliary reference frame of the boundary currents 
iin an arbitrary manner, without destroying the reference frame 
of the original variables I and E. 

These additional calculations roughly may be expected to take 
as much machine time as the inversion of all the n-component 
(In two-dimensional partial differential 
However, 


parts, namely, 1/n*. 
equations this assumption was found to be reasonable. 
in three-dimensional problems and in problems with more com- 
plex cuts, this rough estimate may prove to be too optimistic.) 
Hence the total machine time of the factorized inverse should take 
a fraction of about 2/n? of that of the conventional inverse. (The 
rule, of course, breaks down when n is too small or too large com- 
pared with N, the number of equations. The clerical work in- 
volved in changing tapes, and the like, is not considered in the 
given reasoning. ) 

In connection with the foregoing rule of thumb two considera- 
tions must be emphasized: 


1 If not the elimination method but some specialized tech- 
nique, such as the partitioning of matrices, is used for inversion, 
then the foregoing rule of thumb cannot be used and should not 
be used for time estimate. The rule should be changed in ac- 
cordance with the specialized inversion method used. 

2 If the purpose of the computation is merely to solve a given 
set. of equations already available, and if iterative, triangulation, 
Lanczos, conjugate gradient, or other types of solutions are prac- 
ticable on the available computer, in such cases the establishment 
of an inverse is never even contemplated. Hence the rule of 
thumb 2/n? similarly should not enter into consideration in com- 
paring solution time. Any comparison is irrelevant, since the 
method of tearing should not be used if other solution methods are 
available and are practicable. (It should be noted that the 
method of tearing may employ any of the techniques mentioned 
for the solution of the constraint variables i of Equation [6].) 


Construction of the orthogonal inverse should be undertaken 
only in view of the advantages expressed in the foregoing and in 
references (11 to 14). As emphasized before, the method of tearing 
is not a competitive procedure. Rather, it charts its own course 
through a hitherto untrodden territory. Any numerical example 
worked out for educational purposes (such as that in reference 
13) should not be viewed as a proposed alternative procedure for 
existing inverse or solution techniques. 


Frevp oF APPLICATION OF THE MetTuop or TEARING 


While the most obvious application of the method of tearing is 
for the solution of simple types of linear systems, requiring merely 
the inversion of a matrix, that step of course only begins to touch 
its wide field of use. Even the very first practical application of 
the method of tearing to the calculation of losses in the transmis- 
sion networks of interconnected electric-utility com- 
panies (14) has led to a highly elaborate set of equations, trans- 
The extension of the loss problem 


several 


formations, and new concepts. 
of steam systems to include their economic operations with hy- 
droelectric systems and their reservoirs has involved the method 
of tearing in the calculus of variations, in the solution of the 
Hamilton-Jacobi partial-differential equation, and in contact 
transformations. Even an extension of the present paper to solve 





238 


more general elastic structures where the subdivisions have no 
supports, leads already to more elaborate equations of solution 
than E = ZI. 

The author sees no limitations for the possible application of 
the method of tearing to linear and to certain special types of 
nonlinear problems with very large number of variables, except 
the imagination of the engineer and his intellectual courage to ex- 
periment with new techniques against great odds. 


NEcEsSITY OF A PuysicaAL MopEL 


It should be noted that the method of interconnecting piecewise 
solutions assumes the existence of a physical model, in addition 
to the existence of a set of equations. The rules developed are 
applicable only to the tearing apart of a physical (or geometrical ) 
system itself or its model, and not to the tearing apart of its con- 
ventional equations. Of course the model consists of only a draw- 
ing on a piece of paper, without implying any physical realizabil- 
ity. 

The reason for the necessity of a physical model may come as a 
surprise to many an engineer. A physical model, such as an elec- 
trical circuit, contains far more information about the physical 
system to be solved than the conventional set of equations does 
that describes the system. The equation of a system (such as the 

_ dynamical equations of Lagrange, or the partial differential equa- 
tion of the elastic field) do contain sufficient information to 
solve for the unknown variables. However, the processes of tear- 

ing apart and interconnection of systems demand additional in- 
formations that are not contained explicitly in the conventional 
equations. 

Now, the electric-circuit (or any other correct) model does con- 
tain all such additional information needed, provided the model 
was formed by following the rules of tensor analysis, that is, 
provided the equations modeled were tensor or tensor-density 
equations. These additional informations are discussed in detail 
in reference (11). As the understanding of these new concepts 
involves some acquaintance with a few basic rules of tensor 
analysis, constant reference will have to be made in the paper also 
to the book “‘Tensor Analysis of Networks” (9) as TAN. 


SCHEMATIC MODEL OF AN ELASTIC STRUCTURE 
ELEcTRICAL MopDEL oF A BEAM 


The electric-circuit model of a long thin beam, having six de- 
grees of freedom at each of its ends (three translations and three 
rotations), has been established in a paper entitled ‘“Tensorial 
Analysis and Equivalent Circuits of Elastic Structures’ (10) to 
which constant reference will be made as TES. The model of each 
beam is equivalent to a six-phase transmission network, contain- 
ing positive and negative resistances. Since the two ends of the 
transmission lines are mutually coupled, the stiffness coefficients 
Y of each beam are arranged into a matrix with twelve rows and 
columns. Each beam is assumed to lie in a general direction in 
space and its ends may be subjected to arbitrary constraints. 
Many of the representative scalar equations are given in Tables 
I~XI of TES. (These researches were based upon the concepts of 
Southwell (8).) Other types of electric-circuit models for beams, 
valid also for natural-frequency studies, are given in reference 
(7). 

In the previous article the purpose of the electric-circuit model 
was to solve the elastic structural equations on the a-c analyzer. 
For that purpose the model had to be physically realizable. In 
consequence, it had to assume a rather detailed form, containing 
a large number of units, as shown in Fig. 2(a) for a two-dimen- 
sional beam lying in a grid frame and having both ends rigid 
(reproduced from Fig. 13(a) of TES). For the present purpose the 
model need not be physically realizable and it will be sufficient to 
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@) PHYSICALLY REALIZABLE b) SCHEMATIC 


Fig. 2 REPRESENTATIONS OF A Two-DimMENSIONAL BEAM 


b) TENSOR REPRESENTATION 
(STAR MODEL) 


a) SCALAR REPRE SENTATION 


REPRESENTATIONS OF A GENERAL THREE- 


DIMENSIONAL BEAM 


Fig. 3 ScHEeMATIC 


represent the same beam by the schematic circuit of Fig. 2(b). 
For the most general three-dimensional beam the new model is 
shown in Fig. 3(a). It consists of twelve resistances, all mutually 
coupled (the coupling arrows are left out) and all of them grounded 
at a common central point. Depending on the type of constraints 
existing at the joints, some of the beams may contain five or less 
resistances at each end or at both ends in all combination (TES, p. 
418). 

As a matter of fact, for the present purpose it will be sufficient 
to represent each beam by two coils only, mutually coupled and 
grounded at a common point. Since each coil now actually stands 
for six scalar coils, it is drawn with heavy lines and called a 
tensor coil, Fig. 3(6). Similarly, the stiffness coefficients of 
each beam will be represented analytically by a matrix with two 
rows and columns, in which each bold-face element actually repre- 
sents a six-by-six matrix 


1 2 
yu yr 


y2! y22 


where Y*! is the transpose of Y'. 

If so desired, the schematic star-connected two coils may be 
replaced by three coils conr<sted in a tee, or a delta, or in a pi as 
shown in Fig. 4. In the analytical study of TES the pi form was 
used. All these forms, however, require the same method of 
analysis without any change. 

The mass and moment of inertia tensor w?M (with six degrees 
of freedom) may be represented by a tensor coil, Fig. 5, attached 
between a junction of two beams and the ground (see also Fig. 9 of 


TES). 


0) TEE MODEL b) Pi MODEL c) DELTA MODEL 


Fic. 4 Orner Tensor REPRESENTATIONS OF A BEAM 
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Since the new model is only schematic, the following treatment 
is valid not only for long, thin beams, but, in general, for beams— 
short and thick The com- 
ponents of Y, given in TES, must be generalized for such more 
general beams. 


having one dominant dimension. 


w*M 


REPRESENTATION OF Mass 


INERTIA w*M 


T&NSORIAL AND MoMENT OF 


It should be emphasized that these new types of schematic 
(physically nonrealizable) models basically are not electrical, but 
How- 


ever, it is much more convenient to use electrical terminology as 


geometrical (topological) models of the physical system. 


“impress a current at a junction” than to use topological par- 
“draw the boundaries of a 1-chain on an O-cell.”’ 
It is not the intention of the author to inflict upon the harassed 
from 


lance, such as 


mechanical engineer concepts electrical engineering 
Nevertheless, he is convinced that to translate basic scientific 
(geometrical) concepts into engineering parlance, the choice of 
electrical terminology is the least of three possible evils (not be- 
cause of his electrical background but because of the basic in- 


adequacy of mechanical analogs). 
NOMENCLATURE 


To clarify the statements to follow for engineers who are not 
acquainted with electrical models, a parallel mechanical and 
electrical terminology is given: 

Mechanical Electrical 
Admittance matrix 
Impedance matrix 
Current impressed 
Circulating current 
Absolute potential 


Stiffness matrix 
Flexibility matrix 
External force 
Internal force 
Displacement 


The six displacements D at each end of a beam represent three 
linear displacements along z, y, and z and three angular displace- 
ments around the same axes (p, gq, r). Similarly, three of six 
forces are linear (stress and shear) and three are angular (torque 


and bending moment). 
EQUATIONS OF AN E.astic STRUCTURE 


The equations of state of an interconnected elastic structure are 
written as 


I= YE|F=YD.... si rie sla 


j 


The joints may be rigid or subjected to arbitrary constraints 
The applied forces F at the joints are represented as currents I, the 
displacements D of joints by differences of potential E appear- 
The stiffness co- 
efficients are represented by an admittance matrix Y. Expressed 
in another way, the given mechanical beam network is looked 
upon as a “junction”’ network, in which all voltages and currents 
are defined between two joints (TAN, p. 359). 

To simplify the presentation of the central theme of tearing 
and interconnecting, it will be assumed that all applied forces I 
are known and all displacements E are unknown. 


ing between the end points and the ground. 


(In the general 
case, of course, part of I and part of E may be known; the rest of 
the I and E are unknown.) The problem thus is to establish the 
equations of solution 


E = ZI| D = ZF.... [9] 


where Z is the inverse of the given matrix Y and contains the 
flexibility (or influence) coefficients. An example to establish the 


EASY STAGES 


equations of state of a structure with five beams and two masses 
is worked out in detail in Equations [33] to [36] of TES. Also, 
reference (2) contains several other general examples and reference 
(1), some simpler ones 


THE GENERAL PROBLEM 
Turee Systems Wirn ANALOGOUS EQUATIONS 


It so happens that the three previous publications, in which the 
author has explained the idea of solving large physical systems by 
interconnecting solutions of their subdivisions, all involved also 
the solution of junction networks, having equations of state in 
the form I = YE. However, the method of solution of the pres- 
ent physical system differs from that of the other three systems; 
just as the solution of the latter three differed from each othe 
Hence a separate treatment of the present physical system is 
needed. 

The first series of publications (14) covered the 7?R loss calcu- 
lation of an extended electrical power-transmission network, 
jointly operated by several power companies forming a ‘‘power 
pool.”” The second publication (11) involved the solution of the 


partial differential equation of Poisson 
Div y grad E = 71 10) 


The third publication (12) treated the steady-state solution of 


the two-dimensional field equations of Maxwell 


Div B = 0 


oB 
Curl E + = O 
ol 


oD 


Curl H = +I Div D 0 


; 
{ 


or of the diffusion equation 
Div y grad E + yE =1 12 


(The electrical network configurations are the same for both types 
of equations, but the physical interpretations of the network 
quantities are different.) The difference equations of all three 
types of partial differential equations assume the form I YE, 
just as the equations of state of an elastic structure do. 
However, the electric-circuit models in the three publications 
In the Maxwell net 
work and in the diffusion network every junction is grounded 


assume two radically different basic forms. 


through an impedance, while in the entire Poisson network and 
in the electrical power network only one ground point exists o1 
none at all. “Because of this difference in network structure, the 
process of interconnection involves more steps in the Poisson and 
the power networks. When no ground exists, it is necessary to 
determine the differences of potentials existing between th: 
When each of 


grounded, no differences of potential arise between them 


various torn-up structures. the subdivisions is 


SpectaL Nature or Evecrric-Powrer Nerworks 


Attention is called to a special feature in the study of electrical 
power networks of reference (14) that can be adapted for th 
treatment of elastic structures also. Since a comparatively small 
number of electrical power plants supplies a very large number of 
loads, it is customary to replace all loads existing within a terri 
tory by one “‘equivalent”’ load. Thereby the actual electrical net 
work is replaced by a hypothetical network by means of a series of 
three transformations and it is the hypothetical network that 
actually is being studied. 

In an analogous manner it is also customary to replace large 
actual elastic structures by smaller and simpler ‘‘equivalent”’ 
structures. In consequence, the concept of “beam” occurring in 


these pages, having six degrees of freedom, can just as well be 
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assumed to represent an equivalent beam having any large 
number of degrees of freedom. All diagrams, formulas, and 
reasoning of this paper remain, nevertheless, unchanged, since each 
tensor and each beam may represent unspecified degrees of free- 
dom. 

Another special feature also exists in the treatment of electric- 
power networks, that makes their study unpalatable to all but 
specialists. In the hour-by-hour operation of a power system the 
numerical values of E and I occurring in the basic solutions E = 
ZI are unknown. Instead of knowing the voltages E and currents 
I, the operating engineers only know the numerical values of the 
“real powers” P. Hence it is necessary to transform E = ZI toa 
new form L = MP by a series of three additional transformations 
and thus to perform all tearing apart and interconnections in 
terms of the unfamiliar concepts of P and L (directional losses). 

In problems involving combined dynamical and elastic proper- 
ties and especially when thermal and perhaps chemical, or the 
like, properties also are included, the tearing apart and inter- 
connections are to be performed not in the actual physical ref- 
erence frame, but in some artificial, hypothetical frame. In the 


solution of such torn-apart complex problems the more advanced 
concepts of tensor analysis become indispensable. 


Speciat NaTuRE oF Exastic STRUCTURES 


The electrical model of the elastic structure is analogous to the 
Maxwell and diffusion networks of reference (12) inasmuch as 
the circuit of every beam is grounded. Hence the method of 
interconnection of their subdivisions is also analogous. Any 
difference arising between their interconnection is more in the 
nature of convenient procedure rather than a matter of circuit 


configuration. In particular: 


1 Elastic structures will always be cut at the end of a beam 
and not in its middle. (Of course, a beam always can be assumed 
as composed of two or more beams in series. ) 

2 An applied force often will be assumed to exist right at the 
cut. 

3 For the elastic structure, all drawings and concepts will be 
given and all tearings and interconnections performed in terms of 
six-dimensional tensors I and E only, instead of ordinary scalars. 
Nevertheless, the tensor procedure is analogous to the scalar steps, 


with the appropriate precautions (TAN, p. 216). 


In the entire structural analysis there will be no necessity to 
differentiate between tensile forces, shear, and bending moments, 
and their accompanying linear displacements and angular rota- 
tions. The tensorial thinking and concepts automatically will 
take care of all such complicated interrelations. The engineer 
will have to manipulate only a simple single-line electrical circuit 
with many grounded points. 

However, in setting up the equations of solutions of elastic 
structures an important basic consideration arises which sharply 
differentiates the analysis of mechanical structures from those 
of electric circuits. The stiffness matrix Y of a single beam, or of 
any group of beams, has zero determinant and the inverse of Y 
cannot be found. To find the inverse of any Y-matrix, it is neces- 
sary to assume that one point in the structure is rigidly fixed in 
space and no rigid-body translation or rotation can take place. 
(This fixed support in the mechanical structure and the ground 
point in the electrical model of a beam should not be confused. 
The two concepts are unrelated. The electrical ground rep- 
resents the reference point from which the displacements are 
measured. 


Tue Mertuop or ATrack 


The author proposes the following method of attack of elastic 
tructures to take care of these extra complications: 
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1 Tear the system apart into any convenient number of in- 
dependent smaller systems. 

2 Set up the equations of state of each subdivision (the 
primitive system) as given in TES 


I= YE|F=YD........... [13] 


3 Assume one fixed support in each subdivision. 

4 Find the inverse (flexibility) Z matrix of each constrained 
subdivision. In addition, establish also an asymmetrical trans- 
fer matrix 4 from Y and Z by a method to be shown later. 

5 Establish the inverse equation of solution of each sub- 


division as 
AE = ZI | 4,°Es = Za 


6 Represent each solution by an equivalent electrical star net- 
work such as shown in Fig. 8. (No special knowledge of electrical 
circuits is needed for this step.) 

7 Interconnect the star networks into the resultant network 
(such as Fig. 10). 

8 Perform the identical interconnections analytically in terms 
of the component Z and 2 matrices by means of nonsingular 
(square) matrix of transformation C. 

9 Form the new Z’ and 3’ matrices by a routine transforma- 
tion, establishing thereby the equation of solution of the inter- 
connected system as 


X’E’ = Z’ [15] 
This step requires again only additions and no multiplications. 
(It should be noted from the indexes of Equation [14] that ) has 
a different law of transformation from that of Z or Y.) 

The resulting equations of solution are ready to be altered along 
the same lines as the physical system is modified and also are 
ready to be interconnected with those of other structures to form 
the equations of solutions of superstructures. 

If it is necessary to solve for the displacements in this structure 
(or in the superstructure), three more steps are needed: 

10 The unknown constraint forces appearing at the cuts (i of 
Equation [6]) are eliminated or solved for. 

11 All supports except one (or more if the problem requires it) 
are removed by finding an inverse or by elimination. 

12 The equation of the fixed support is simply dropped from 


view. The remaining equations assume the form 


E’ = Z’I" | D’ = Z’F’.. ....{16] 

It should be mentioned that the equations of solutions (Equa- 
tion [15]) may be altered, or interconnected to construct super- 
structures, not only after step 9 but also after steps 10 or 11, or at 
any intermediate point. However, if a fixed support is dropped as 
in step 12, the resulting equation, such as Equation [16], no longer 
can be interconnected and therefore cannot rightly be called 
equations of solutions. 


THE SIMPLIFIED PROBLEM 
RETAINING THE SUPPORTS 


In order not to make the present paper too lengthy, in the ex- 
ample to foilow the single rigid support assumed in each sub- 
division will not be removed. Thereby no matrix will have to 
be calculated and the reactions in the supports will not appear as 
variables. A detailed study of the more general case is intended 
to be undertaken in another publication. 

The simplified problem to be analyzed now may be stated as 
follows: 


1 Given a set of isolated structures (the primitive system) 
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each with one support and each having an equation of solution 
of the form 
E = ZI|D = ZF. [17] 


These equations may be set up by any method. 


2 Establish a schematic electric-circuit model for the equa- 
tions. 

3 Set up a nonsingular (square) connection tensor C relating 
the internal forces appearing at the cut boundaries and elsewhere. 

4 Establish the equations of the interconnected system as 


E’ = Z'F’| D’ = Z'F’ . [18] 

5 Eliminate (or solve for) the unknown constraints i appear- 
ing at the cut. 

The resultant equations (as they stand) cannot be used for the 
construction of superstructures, only to calculate the displace- 
ments D for an assumed F. 

On THE Use oF INFLUENCE COEFFICIENTS 

Structural engineers in the past have been analyzing elastic 
structures with equations expressed in terms of influence co- 
efficients Z (references 1, 4, 5, 6). Attention is called especially 
to the papers by Wehle and Lansing (5) and by Langefors (1). 
They employ influence coefficients Z to analyze highly simplified 
structures carrying normal forces only, or shear forces only. How- 
ever, Wehle and Lansing do not put to use the concept of connec- 
tion tensor C, the law of transformation of various tensors, and 
other invariant concepts that form the nerves and sinews of the 
present treatment. Since 
his structures are pin-jointed and are first made statically deter- 
minate by hypothetical cuts, his method of attack differs from 
that of the author. 

One of the contributions of the present paper is to show how to 
set up the connection tensor (or matrix of transformation) C of a 


Langefors does use tensorial methods. 


general beam structure when its influence coefficients Z are known 
(Each member of the structure 
may carry stresses and shear, as well as bending moments and 
torques and each joint may be subjected to arbitrary constraints. ) 
In the previous paper TES the interconnection of isolated beams 
has been performed in terms of the known Y by the aid of a con- 
nection tensor A, which is the transposed inverse of the present C 


instead of its stiffness matrix Y. 


A=C,7;C A,7 


In the present paper, where equations of solutions are inter- 
connected, C is always square (nonsingular). However, in TES, 
where equations of states were interconnected, the A was usually 
rectangular and not square. (Though A is always square, just as 
C is, the problem at hand did not require the use of the missing 


reference axes. ) 
STATEMENT OF THE PROBLEM 


Let the three-dimensional elastic structure of Fig. 6 with 225 
beams be given, all beams lying in a general direction. Let arbi- 
trary forces and moments be applied at all the 82 joints. 
of the joints may be pinned, some rigid, and others may be sub- 
jected to arbitrary constraints, so that many of the beam ends 
may have less degrees of freedom than others. Four of the 
joints are rigid supports. Each beam may be the equivalent of a 
whole collection of other beams, so that. in general each end of a 
beam may have more than six degrees of freedom. 

For purposes of analysis the structure of Fig. 6 is subdivided 
into four smaller structures shown by dotted lines, where each 
subdivision contains one support. The isolated four component 
structures are shown in Fig. 7. At the points of separation each 
joint has general forces applied to it, as yet unknown. 


Some 


~ 


kic.6 Turee-Dimensronat Evastic Srructruri 


Fic. 7 Teartne Into Four SMALLER STRUCTURES 

It will be assumed that the equations of solutions E = ZI (or 
D = ZF) of each of the four structures have already been deter- 
mined by any method available. If so desired, it is possible to 
employ the tensorial method of attack for the solution of each sub- 
division given in TES (pp. 437-440); that is, subdivide each 
subdivision into its ultimate elements, the individual beams. 
Then establish first the I = YE, and afterward the E = ZI equa- 
tions of each subdivision. (For additional examples see reference 
2.) 

The Z-matrices of each of the four structures are arranged along 
the diagonal of a large matrix, representing the Z of the primitive 
system of Fig. 7, existing before the interconnection. (In 
analogy to Equation [33] of TES.) The problem ahead is then to 
establish the connection tensor C showing how the four smaller 
structures are interconnected into the larger structure. 


EQUIVALENT CIRCUITS OF THE COMPONENT SOLUTIONS 


With the equations E = ZI for each subdivision available, the 
first step is to set up schematic equivalent circuits on paper for 
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Fic. 8 EqurtvaLent CIRCUITS OF THE COMPONENT SOLUTIONS 


(E = ZI) 


each structure, as shown in Fig. 8. The equivalent circuit of each 
subdivision consists of as many coils as there are joints on the 
actual structures in Fig. 7. Each coil starts at the corresponding 
physical joint and ends at the ground point arbitrarily selected 
for each subdivision. (This ground point is not identical with 
the point of support.) The current I entering each coil, in general, 
has six components, representing the three forces and three 
torques applied at each joint. 

It should be noted especially that all the coils in a subdivision 
are ‘magnetically’ coupled (the coupling arrows are not shown). 
However, the various subdivisions themselves are not coupled 
but are isolated from each other. The current flowing into each 
coil represents the external forces applied (known or unknown) at 
The currents and 
tensor coils (drawn boldface) each having, in 


the corresponding joints. coils are tensor 
currents and 
general, six degrees of freedom. 


The resultant solution circuit is a “junction” network with as 
many junction-pairs as there are joints with applied forces. Ifa 
joint has no applied forces, the corresponding row and column is 
left out from Z and so is the corresponding coil from the equivalent 
circuit. But a joint at the boundary cannot be left out. 

It should be noted especially, that although Fig. 8 is a junction 
network, its defining equations are not the customary /* = Y*°E, 
but Ea = Zagl®, a type of equation that customarily is associated 
with a mesh network. Herein lies the secret of interconnecting 
successfully equations of solutions, as opposed to intercon- 
necting equations of state. If an attempt is made to set up the 
customary mesh equivalent circuit for E = ZI, instead of the 
junction network of Fig. 8, it will be found that the solutions can- 
not be interconnected. To avoid just such mistakes in logic is 
the reason why in TAN the equations of mesh networks are de- 
noted with lower-case letters as e = zi. The equations with 
capital letters are reserved for junction networks. 

In order to simplify the presentation to follow, all coils and im- 
pressed currents that do not form part of the cut boundaries are 
combined into one “compound” tensor-coil and one ‘‘compound”’ 
tensor-current (TAN, p. 216) as shown with extra-bold-faced lines 


in Fig. 9. 


JUNE, 1955 


rs 


ComBintnc Att Nonspounpary Tensor Corts Into One 
‘“‘Compounpb”’ Tensor Cor. 


Fic. 9 


Tue INTERCONNECTED SysTEM 
All boundary coils are shown interconnected in Fig. 10. Along 
the boundaries between two neighboring systems only two coils 
are joined together. At several points where three neighboring 
systems meet, three of the coils are joined into one junction point 
It is assumed that at every boundary-junction point a known force 
is impressed. 

The resulting network contains both meshes and junction 
pairs. It is absolutely necessary to set up the equations of solu- 
tions for all meshes and all junction pairs; that is, the resulting 
solution network must be viewed as an orthogonal network 


possessing a nonsingular (square) connection tensor C (TAN, p. 
407). 


r@ 


EQUIVALENT CIRCUIT OF THE INTERCONNECTED SOLUTION 


Fic. 10 
(Assumed junction pairs shown.) 
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The known junction-currents I are assumed to flow from a junc- 
tion to the next ground through one of the coils arbitrarily se- 
lected, as shown in Fig. 10. If some of the junctions possess no 
impressed forces, the corresponding junction current may be left 
out from Fig. 10 and the connection tensor C is no longer square. 
But the coils on both sides of the junctions are retained so that 
the number of meshes is not decreased. 

The number of meshes is equal to the number of coils (61) minus 
the number of junction pairs (28). Hence the number of meshes 
is 61 — 28 = 33 (TAN, p. 75). 
equivalent to one junction point only.) 
numerous possibilities for selecting the meshes, each mesh will be 


(The four grounds shown are 
Aithouga there are 
assumed to start and end at two different ground points, as 
Expressed in another manner, each mesh cur- 


shown in Fig. 11. 
rent passes through one boundary point where two coils meet. 


At points where three coils (beams) meet, two mesh currents will 


Al 


flow through, such as 7! and 7". In general, at a junction of n 


beams n — 1 mesh currents will flow by. 


Fic. 11 AssuMeED MeEsHES OF INTERCONNECTED SOLUTIONS 


The unknown mesh currents i represent the internal beam 


forces appearing at the joints. 
Tue Connection TENSOR C 
The matrix of transformation C is established by setting up a 
relation I = Cl’ between the “old” currents flowing in Fig. 9 and 
The resulting C is 
It is square and in the present example it has 61 


the ‘“‘new”’ currents shown in Figs. 10 and 11. 
given in Fig. 12. 
rows and columns (as many as there are total numbers of coils in 
10). 


As an example, in coil 52 of Fig. 9 flows, before interconnection, 


the interconnected system of Fig 


I®?, After interconnection two types of currents flow in the same 
coil. In particular: 

1 In Fig. 10 the impressed junction current J”. 

2 In Fig. 11 two of the mesh currents 7"! and i”? flow in the 


Hence 


opposite direction. 
js? = JM jm (20) 
Each unity in C of Fig. 12 represents a unit matrix with six 
diagonal elements. 
Tue EQvaTions or SOLUTIONS 


With C established and Z of the primitive system of Fig. 9 
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ConnecTION Tensor C INTER- 


Four COMPONENT Sov’ 


NONSINGULAR (SQUARI 


CONNECTING THI IONS 


available, the impedance matrix of the interconnected system is 
found by 


Z' = CZC 21) 


The calculation requires only additions and the interchanging of 
rows or columns 


If Z’ 


equations of the interconnected systems are 


is partitioned along the junction pairs and meshes, the 


E Zl + Zsi D = ZF + Zf 
O = Z;I1 + Zi O = Z;F + Z,f 


The known quantities are 1 = F, the external impressed forces 
D, the displacements at the 
As an intermediary step, the second equation gives the 


The unknown quantities are E = 
joints 
values of i f, the unknown internal beam forces appearing at 
the cut joints. 

When D at each joint has been determined, the internal forces i 
appearing at each end of all beams may be found from the stiffness 
equation I = YD where Y is the stiffness matrix of the primitive 
system built up of isolated beams. 
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On the Nonlinear Differential Equation 


tor Beam 


El d*y/dx* 


By E. J. SCOTT! anv D. R. CARVER,' MANHATTAN 


A general solution of the nonlinear beam equation is 
given for all problems in which the moment can be ex- 
pressed as a function of the independent variable alone. 


INTRODUCTION 


N the theory of bending of uniform bars it is shown that the 
bending moment at any section is proportional to the result- 


ing curvature. In equation form this relation is 


M/(EI) = 1/p 
in which £ is the modulus of elasticity, J is the moment of inertia 
of the beam section about a principal axis, M is the bending 
to the of 
In 


moment acting in a plane perpendicular axis 
bending, and p is the corresponding radius of curvature. 
rectangular co-ordinates this equation takes the form 


M(x)/(EI) = y"/{l + (y’)?]*”2 (1 


in which y is the vertical displacement of the elastic curve at a 


distance xz from the origin, and y’ and represent dy/dz and 
d*y /dz*, respectively. 

In most engineering problems the deflections are so small that 
the quantity (y’)® is negligible in comparison to unity and Equa- 


tion [1] reduees to the ordinary linear equation 


M(2x)/(EI) = y"(z) 
which may be solved without any difficulty. 

For exceedingly flexible beams the quantity (y’)? may be quite 
large and one is not justified in dropping it. Then one is con- 
fronted with the nonlinear Equation [1] and the problem becomes 
much more difficult. 

Solutions of the nonlinear beam equation for particular loading 
conditions have been obtained before.? It is the purpose of this 
paper to show that the reversion method gives a general solution 
to the nonlinear beam equation for all cases in which the moment 
expression can be formulated in terms of the independent variable 
alone, and to illustrate the method with several examples. 


Tue REVERSION METHOD 


We shall describe the method for an integral power series. For 
the more general nonintegral power series, which include our 


1 Associate Professor of Applied Mechanics, Kansas State College. 
h of Materials,” by J. E. Boyd, McGraw-Hill Book 
Company, Inc., New York, N. Y., third edition, 1924, Appendix D 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Tae AMERICAN Socrety oF MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, September 28, 1953. Paper No. 54—A-35. 


9 


Deflection 


M(x) (1 + (dy/dx)?*| 


KAN 
series as a special case, the reader is referred to an article by A. C 
Sim.? 

Suppose that a differential equation can be written in the form 


®,y’ AV(z 


in which y is a function of z, the coefficients are either functions 
of z or differential operators, and A is an auxiliary parameter 
Assume a series solution of the form 


ye 


ya 


in which the y,(z) are to be determined. Substituting Equation 


[4] into Equation [3] and equating coefficients of like powers of 


\ we obtain the following formulas 


Dy, = Viz 


Diy5 = 
P.( 
and so on. 


Other 


theorem. 


formulas derived by the multinomial 


The ones just derived, however, will be sufficient for 


may ™ using 
our purpose. 

Thus, if the ®; stand for differential operators, the solution of 
the original nonlinear differential equation has been reduced to 
the solution of the sequence of ordinary linear differential Equa- 
Ghote TST. FOr, «oc Linc cas 

The auxiliary parameter \ was introduced for the purpose of 
determining the sequence of linear equations. Having served its 


purpose, we may replace A by 1 and obtain for the solution of 
P,7;2 4 P13 a ®d 7 hi = Vir) 


P, 1 + fl) 


1 


SOLUTION OF THE NONLINEAR BEAM Eq 


Equation [1] may be written 


= M(z)({1 + (y’)*]**/(El) 13 
Expanding the quantity in the brackets by the binomial theorem 


and rearranging terms, we obtain 


3 “*A Generalization of Reversion Formulae With Their Application 
to Nonlinear Differential Equations,”’ by A. C. Sim, Philosophical 
Magazine, series 7, vol. 42, 1951, pp. 228-238. 
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3 ayy + 3¢ "ya 
2 i] 8 y 


1 
— — (y’P + (y’) 


3 
16 128 
Letting y’ = Y in Equation [14] we see that 


dY M(x)/3 
dz —s«El’:*| 2 


y242ys__ ye 
8 16 


M(x) ss 
ia = EI [15] 


and this equation is of the form of Equation [11]. 
Equation [15] with Equation [11] we observe that 


3 
YY}? 
+ 128 ) 


Comparing 


3M(z) 
2E/] 
3M(x) 
“SEI 


(a) B, (b) B, = 


d/dz, 


(c)®, = 0, (d)® = — (e) Bs = 0, 


M(x) 
16EI 


3M(zx) 
128El 
M(zx) 


(i) V(z) = 
(El) 


(g) & = 0, (h) ®& = 


and for the nonlinear beam equation, Equations [5], [6], [7], and 
[8] become 


M(2x) 


qYi/az = [17] 


3M(z2) 


dY./dz = 
— aa 


[18] 


1Y,/de = 3M(z) v.Y [19] 
nT  — 
3M(2) 3M (2) , 
- ¥,? + VY; 
anf ** pe 


3M(2) 


a [20] 
SEI 


dY,/dz = 
Other equations could be written but four terms are sufficient. 
Equation [17] integrates directly giving 


. M(2) 
} 1 = : dx 
E] 


in which c is a constant of integration. Equations [18], [19], 
and [20] may now be solved consecutively for any given M(z). 
Eliminating M(a)/(EI) successively and integrating, we obtain 


+c [21] 


Fe 
Y;3 
2 


Thus 


l 3 
dy/dx = Y = Y¥, + Y3'+-Y5+ } 
“tt Ol ote ot: 
and the slope of the tangent to the elastic curve may be deter- 
mined for any beam from Equations [25] and [21]. 
If one retains only one term on the right-hand side of Equa- 
tion [25] one obtains the ordinary linear solution for the slope. 
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The slope in the case of larger deflections is thus a power series in 
the linear solution. 

The deflection y may be obtained by integration of Equation 
[25]. Thus 


y= 4¥:1 + . Y,3 + : Y + = Y,’ + t dx + 
| 2 8 280 7h 


[26] 


and the problem is formally solved. 

Practically, however, the solution has several limitations. The 
equation M/(EI) = 1/p is valid in the final configuration only, 
and in problems involving large deflections the geometrical 
changes during loading can be of considerable magnitude. Also, 
since M(z) is assumed to be known and to be a function of z alone, 
only vertical loads and reactions can be treated. A horizontal 
component of a reaction H would introduce a moment term Hy, 
and Equation [26] is not valid for a problem of this type. 

But solutions of beam problems in which loads and reactions 
are vertical and in which the moment expression is written from 
the equilibrium configuration can be of practical importance, 
and a solution of this kind should prove to be a matter of interest 
to engineers. 

Several examples will be given to illustrate the use of Equation 
[26]. 


CENTRALLY LOADED Beam Wits VERTICAL REACTIONS 


There is symmetry with respect to the center line, Fig. 1, in 
this case and only the left portion of the beam will be considered. 








Fic. 1 CrntTratty Loapep Beam Wits Vertical REACTIONS 


The moment function here is 


From Equation [21] 


. M(z) Ps’ 
= c= ( > 
— 2EI 


Replacing c by c:/(4E/), we have 
1 


= — (Pr? + «) 
4EI 


Y; 


The slope must be zero at z = L/2. If « PL?/4, this con- 


dition is satisfied and Equation [25] gives 


P ve) 1 ( P ‘( ; uy 
i r = 2 xz? — 
dy/ds = aar\* — | 2 \4El 4 
3(P \° RS ‘(« L\' 
_— : x “— 
* 3 \aer]/ \* 280 \4EI 


It should be noticed that the first term on the right is the usual 
linear equation expression for dy/dz. Integrating 
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P € 2 1 ( P ) (? 31225 Lz? L*z CANTILEVER Beam With Coupe App.Liep at Free Enp 
- 4E] 3 - ?, 2 \4EI 7 20 te 16 64 The moment function here, Fig. 3, is 


3/P\ fx 5L*2® = —s BL ‘z" LI’ = 5LFzx* Lx M(x) = M, 
8 \4E/ il 36 .~— «SS 32" 768 1024 


with the boundary conditions y(0) 


51 p \' 7L*z'8 21L‘24 35L*x* From Equation [21] 
280 \4EI 52 176 576 . 


M. 
3508x721 zs TL tx L =) Viz) = Fy / th i 


1792 5120 12,288 16,384 
Using the boundary condition y'(0) = 0, » find that 
The center deflection is Cc = 0. 


- PL’ PL:\3 L PL\’ iL ome Y,(z) = Mes El mn 
K/2) = — 4361 \ant) 560 \4EI) 14,784 Consequently, from Equation [35 


da Mo 1/ MM,’ 
51L dy dz = . z- 4 - z° 
28,828,000 ~"~ El 2\ 41 


CANTILEVER BEAM WITH A CONCENTRATED LOAD P aT THE FREE 3/Me\ . 51 M, \' 
ENp : El ; El 


8 280 


In this case, Fig. 2, the moment at any section z is 
M(x) = —P(L x) 


with the boundary conditions y(0) = 
From Equation [21] 


; P 
Y,(z) = : (L x)dz 
El 


Since y'(0) = 0, then c¢, = (PL?/2ET) 





P 
i(L 
2EI 


3 2 Cantitever Beam Witrn ConcentTratep Loap 


Tharafnrea fr y ati 9) 
Therefore, from Equation [25] Exp 


P PY 
dy/dz = —- as 2L) + : [x(: 2L)|* 
2EI 2 \2E/ 


3 P+" . 7 51 P \' i 
+ x(x 2L)|5 + x(x 2L)|? 
8 \2E/ 280 \2KE/ 


Integrating and making use of the condition y(0) = 0, which 
makes the constant of integration turn out to be zero, we obtain 


P Bs ; mee aye ’ 
y(z) = ani \s a) + o\ oe = Lz* 
ats o é of é 
. a +3 Canticever Beam Wires Covupte App.iep at Fret 
or Fr x A 
8 \2k/ F 9° 


Integrating and making use of the condition (0 
finally have 


y= 1 (He I ( Mo)", 1(s . 
= (ZY ( z'4 — [213 : Liz"? * —2\EI . 8\ £1 “ i El : 


280 \2E/ 


‘3 51 ( WV P 
560 336 ; 4 2p 
1 Liz't — — [fz 4 Lx? 12") Sa 2240 \ El 
‘ 9 


It is known that for M(x) = M, the deflection curve is an are 





If the load P acts at the end of a cantilever beam of length s the 
solution is valid as formulated in the foregoing in terms of the 
horizontal projection L. The value of L may then be determined 
by solving the equation 


of a circle. The foregoing series, since it represents a single 
valued function, will give only the lower half of the circle 


CLAMPED BEAM-CONCENTRATED LOAD At Its CENTER 


+ f.” V1 + (y') de For the interval 0 S$ z< L/2, in Fig. 4, the moment function 
/0 M(z) = Px/2 Mo, in which Mg is the moment at the left end 
support. From Equation [21] 
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h Integrating, we obtain 
a di+c= af (Px/2 — My)dz + ¢ 


” eee A OS 
Pet Ma , a =“) = ger\3 1)*2 


“ 4EI £E 
oo eo a are es 
20 32 / ° s\4e7/ \u 


5L'z8 —s Lz? L5zx8 51/P\ 
ae th tx heme ee ~- - 
32 112 192 280 \4EI 15 
21L%z'* §=35L'z'?  35L‘2" 
52 96 176 
21L'2 | 7L*x® Lizs - 
1024 : 














Fic. 4 Ciampep BeamM-CoNnceNTRATED Loap aT Its CENTER 320 576 


The conditions y’(0) = O and y’(L/2) = Oimply that c, = 0 and The center deflection is 


M, = PL 8. Thus : 9) PLS (fz 3 L 
Px? PLe P ( Wl/2) = — TooRT 4K] 
zr? 


4EI SEI 4E!I 


35,840 


(fz) L 
4EI]} 2" x 231 
p a ; ( p\3 It should be remarked that the results obtained in the paper are 
2 ) (« Sa formal solutions of the problems. Questions concerning intervals 
4EI 2 \4El of convergence of series will, in general, arise, and these questions 
. z would have to be studied for each problem considered. In many 
51 [= ) ( = cases the nature of the physical problem at hand suggests the 
280 \4El ‘"" limitations on the solutions. 


Y, = 
and from Equation [25] 


dy/dz = 





Problems of Plane Elasticity for 


Reintorced Boundaries 


By J. R. M. RADOK,' MELBOURNE, AUSTRALIA 


Based on N. I. Muskhelishvili’s approach to problems of 
plane elasticity, a general method has been deduced for the 
solution of problems of reinforced cutouts in infinitely thin 
sheets. As an illustration, the circular reinforced hole has 
been treated in detail and the results have been related to 
those obtained experimentally and theoretically by other 
authors. The solution for other shapes of cutouts will be 
greatly simplified, since full use may be made of the theory 
of conformal transformations. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A,, a, a,’ = Fourier coefficients (see Equations [28, 
A= 
B; see Equations [40] 
E = Young’s modulus 


k = local curvature of boundary (see Equations | 


area of section of reinforcing material 


principal stresses at infinity 
stress at infinity 

local radius of curvature 

radius of hole (Section 3 

are co-ordinate at boundary 
thickness of plate 

displacements 

complex variable in original plane 


radial and shear forces per unit length at boundary 
of sheet (Section 2) 

hoop force in reinforcement 

stresses in rectilinear co-ordinate system 


stresses in curvilinear co-ordinate system in 
original plane 
external stresses at boundary 


boundary values of stresses 


complex variable in image region 


= polar angle 
= angle between tangent to boundary and some 


fixed direction 


! Senior Scientific Officer, Structures and Materials Division, Aero- 


nautical Research Laboratories, Department of Supply. 

Contributed by Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Toe American Soctety or MecHANniIcaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11, 1955 date Discussion 
received after the « 

Note: Statements and opinions advanced in papers 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, February 23, 1954. Paper No. 54—A-92. 


the 


for publication at a later 
losing date will be returned 


are to be 


Poisson’s ratio 

radius 

stress functions 
conforma] transformation 


1 INTRODUCTION 


The use of reinforcements at the boundaries of cutouts and 
lightning holes is common practice in aircraft construction. For 
this reason the corresponding boundary-value problems of plane 
elasticity have received special consideration during recent years. 
However, as early as 1924 8S. Timoshenko (1)? deduced an ap- 
these investigations have been 


The theories, developed 


proximate solution. Some of 
listed at the end of this paper (1 to 6). 
by these authors, are characterized by the use of the indirect 
approach, i.e., by the use of solutions which satisfy some of the 
boundary conditions and which are combined to solve the 
original problem 

The present method of solution is based on the approach t 
problems of plane elasticity, due to N, I. Muskhelishvili (7). It is 
direct and has the advantage of being applicable to all types of 
holes which may be mapped conformally onto the unit circle ex- 
actly or approximately by use of polynomials or rational func- 
tions. Only the problem of the reinforced circular hole will be 
treated here in detail as an illustration of the method. This prob- 
lem has been considered previously in references (1 to 4, 6) and it 
will be shown that the results, given there, agree with those 
obtained in this report. 
under considera 


Except for reference (6) the reinforcements 


tion are in the terminology of reference (5) compact; i.e., the) 
are subject only to hoop stresses and do not possess bending stiff- 
The same assumption has been made here, although it 


till ne 


hess. 
should be mentioned that the introduction of the bendir gz 
would not greatly complicate the theory. However, it will be 
shown that the results of the present theory agree as well or 
even better with the experimental results of reference (6) than 
those of the theory given there, indicating that the effect of the 
bending stiffness of the reinforcement is of second order. This 
fact actually has been suggested already in reference (6 

In Section 2 the 


ype of hole in an infinite sheet. 


general statement of the problem is given for 
any t The treatment of the circular 
hole in Section 3 starts from first prince iples but at the end of the 
section it is shown how the same formulas could be obtained from 
the general theory of Section 2. In Section 4 


made between the results of Section 3 and the theoretical and ex- 


a comparison 18 


perimental results of reference (6), while Section 5 makes certain 
deductions from the results of Section 3 which may be useful to 
the designer. 

Since the conclusion of this work, it has come to the author’s 
notice that in all probability an identical method has been used 
by G. N. Savin (8 The only detail at the author’s 


in Russia. 


? Numbers in parentheses refer to the Bibliography at the end of 


the paper. 
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disposal at present is given by I. Malkin* who mentions that in 
chapter 5 of Savin’s book stress concentrations around reinforced 
openings have been investigated. 


2 GENERAL BounpARY CoNDITICN FOR REINFORCED HOoLzEs 


The approach of reference (7) to problems of plane elasticity is 
based on the theory of functions of a complex variable. Repre- 
senting biharmonic functions in terms of two complex functions ® 
and YW, it is shown that the stresses and displacements are deter- 
mined in terms of these functions by the following formulas 
= ) 

X, + Y, = 2[(z) + P(z)) | 


(1) 
Y, —X, + 2iX, = 2[26(z) + W(z)] | 


2u(u + iv) = xg(z) — zP(z) — W(z)..... 


where 


for plane strain 
, dy 
3— 


Kk = 
l+yp 


for generalized plane stress, and 
g(z) = [P(z)dz, Wz) = fV(z)dz 


If Lis the boundary of the hole in the homogeneous sheet, the 
boundary condition for the first fundamental problem—when the 
stresses on the boundary are given—is 


g(z) + ze"(z) + ¥(2) = 4 1 (X, + iY,,)ds for z on L. . [5] 


4 
} 


where X,(s), Y,(s) are the externa] stress components | (6] 
soe FOr 


at the point s of the boundary 


Consider now the effect of compact reinforcement, Fig. 1, on 
the general form of the boundary condition. By Fig. 2 one has 
for equilibrium 


oF 


1S 


ds + Sds = 0, Rds — Fdd = 0.. 


[7a] 


However, since the forces from inside the boundary are due to 
stresses in the sheet and the boundary is taken along a co-ordinate 
line r = const, one has 


R 
... [7b] 
S 


while, assuming the reinforcement to be made of the same ma- 
terial, F is given by 


Pa £000 — » wv). 


[7c] 
where A is the area of the reinforcing ring, t the thickness of the 


sheet, and rr, 00, r@ are the stress components in the sheet in the 
directions of the relevant curvilinear co-ordinates denoted by 
(r, #). It thus follows from Equation [7a] that 


~ 


re) i“ _ — _ —_ 
- A(06 — orr) +tr@=0, trr—A (60 — pre) a = 0 


* Applied Mechanics Reviews, vol. 5, May, 1952, no. 1318. 
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Fie. 1 Compactiy Rerrorcep Hoe 


p+ OF 


V4.9 


Fic. 2 Forces on Retnrorcep BouNnDARY 


ds 
dd 


«60 


ds 
dd 


T VQ 


where 


A 
ne [8] 

l 
is a known function of the arc co-ordinate along the boundary, 
and (ds)/(d#) is the local radius of curvature of the boundary. 
These formulas express the boundary values of rr and r@ in 
terms of those of 00 and of its tangential derivative. However, by 
Equation [1] the stress 09 may be expressed in terms of the func- 
tions ® and W, so that the boundary condition, Equation [5], 

may be modified by writing, with r = (ds)/(d@) 


y (R=). vi Tea ra) wed 1’. .9] 
Ar + vee sae ~~ as \r + va] * 


where N’, T’ are now the external stresses, applied to the rein- 
forced boundary. 

In order to solve problems for general shapes of the boundary, 
use may be made of conformal mapping of the boundaries onto 
the unit circle. Let 


[10] 


be the function mapping the boundary L in the z-plane onto the 
unit circle y in the {-plane. When considering the infinite plane 
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with the hole L, the equation of the hole will be given in terms of 
the polar angle @ in the ¢ plane by 


z = w(e”) [11] 


so that on the boundary 


l ¥ 
c= rt+yw=5lwtwt (w [12] 


The equation of the original hole is thus given as a function of the 
parameter @ and one finds for the curvature 
dd rt ya i WW — ww 
ee = funk [13a] 
ds dl 2 (aw) 


where 


However, writing 


one has 


Next, an expression will be found for 6@ in terms of £. The 
formulas, corresponding to Equations [1] and expressing the 
stress components in the curvilinear directions, are‘ 
rr + 00 = 2(O(¢) + O(£)] 


~ ~ ~ 9 F2 


66 rr + 2ir? = 


pw" | ¢) 


[car OO 0) + w( OWE | 


so that 


00 = Hf) + HE 


1 [17 
Finally, an expression is required for the derivative with respect 


to the arc co-ordinates of the original boundary. One has 


ds = (#2 + y?) "dd = (cow) ‘dd = (w'a’)'/* dd. . [18a] 


and hence 
re) l ra) 


2s (ww) ad 
Thus the 


condition for the reinforced boundary becomes 


-o 
Cc? 


[wt OOF) + & (OWES )} 


4 By §50 of reference (7). 


for ¢ = e”, where 


are given by Equations [17], [13b], and [186]. The solution of 
the boundary-value problem, Equation [19], may be effected by a 
number of different methods, treated in great detail in reference 
(7). The most elementary of these makes use of complex Fourier 
series and it is this method which will be applied in the next see- 
tion. It also should be mentioned that a number of suitable con- 
formal transformations are likewise given in reference (7 
that approximate solutions for other regions, containing, for ex- 


, and 


ample, holes with corners, may be obtained by use of poly- 


nomials or rational functions. 


3 Puane Wits a Rernrorcep Crrcutar Hout 
telations [7e] are easily seen to take the form 


a6 at aA ) 
; d@ \1 4 , 


va 


In this case the 


a 


R 


where 


In polar co-ordinates, the formulas expressing the stresses in terms 


of the stress functions P(z), WV(z) become 


00 = 2|P(z) + Pz 


rr + QirO = 2[2O'(z) + V(z 


and hence 


l 


9 


06 = Bz) + Bez + 


where use has been m ide ‘lations 


> a 10 


on the boundary. 


Assuming now the reinforcing ring to be constant 


one finds 


od 


so that the boundary values of the stresses .\V 


tions [9] 


te By Zz) 


yd ) ay. + 
iT ) P2 
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The unmodified boundary condition for the present problem is 


@(z) + D(z) — c2[8b(z)] + Wz) = N—iT.. 


Writing for the functions ® and V their power series expansions 


rs) 


P(z) = DS az + Wz) 
k=0 


one finds the following relations between a,, a,’, and the Fourier 
coefficients A, of N — iT 


. [29] 


where the A, are now given in terms of a, and a,’ by Equation 
[26] 
a=T, a’ = 


a, a,’ 


re ae 
(n — 1)R%Qq,-2 — R*As-n 
R* 


These formulas, deduced (§56, reference 7) by substitution of the 
power series in the boundary condition, contain the quantities I’, 
I’ which are defined in terms of the principal stresses at infinity 


l B pis i in Oe , 
T = 4 (Vi+N2) I’=— 3 (N, —N2)e~ *"7.... [31] 


where ¥ is the angle between N; and the oz-axis. 
It is easily seen from Equation [7] that 


4 n (1 i 1 | 
ae) Sa 2 ae 


0 
a2’ + Gp’ 
E + dh + - “OR? : ] 
1 | + 4! + a;’ a 
=e = 
R ” 3 R? |i + va’ 
fe © Bad. te 
9° 53 Rl 14 on 


1 - 
= Ri a, i+." 


Hence by Equations [30] 


ra? R? 1+ a’vy + a’ 


2 


D(z) = 


1+ a’vy + 3a’ 


V2) 2 (1 -+- va’ — a’) 
z) 


1+ va’ +a’ 


on, Rt Ll +a’v 
+ 3I —— 


- a’) 


z¢* 1+ a’y + 3a’ 
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Consider, for example, the case of uniaxial tension in the z- 
direction when 


. [34] 


Then the stresses are, by Equations [22] 


nae 
9 


— 


’ R? (1 + va’ — a’) 
r? (1 + va’ + a’) 
4R? (1 + a’v + a’) 
r? (1+ a’vy + 3a’) 
3R* (1 + a’v— a’) || 
ré (1+ a'v + 3a’) jf 


+ cos 20 I 


= 2S + R? (1 + va’ — a’) 
2 | r? (1+ va’ + a’) 
3R4 ad +a'’y a’) l 
r? (1 + a’y + 3a’) If 
2h? (1 + a'y + a’) 
r? (1 + a’v + 3a’) 
3R* (1 + a’v— aa’ 
ge OS f on ~ )Y sin 20 | 
y* (3 + a’y + 3a’)f } 


— cos 26 E + 


A useful check is provided by the two extreme cases 
a’ 


The first case gives 


= R?2 
= P [1 + cos 20 (1 
2 r? 


R? 3R‘ 
P E + - cos 20 (1 + - ) | 
2 fe r‘ 


2k? 3Rt 
-—2[1 +—— = | sin 20 
r r 


= 


which is the well-known solution deduced by G. Kirsch in 1898. 
The second case gives for the stresses on the edge of the hole 


ro ( a 2 cos 26 
PO \e +1) Oop +38 


( v 2y cos *) 
= p —- ee 
P\y +1 y+3 


4 
— p sin 20 
+3 
Hence one has for the circumferential strain 


= 


66 vrr = 0 


which is essentially also the first condition of Equations [20], 

while the shear strain satisfies the second condition of [20]. 
When applying the general theory of Section 2 to the present 

problem, one has for the transformation onto the unit circle 


z=o(f) = RE 


and the formulas, written down directly in this section, are ob- 
tained. 

Finally, it will be obvious that any desired type of loading at 
infinity can be attained by varying the expressions for T, I’ in 





RADOK 


Equations [33] in conformity with their definitions, Equations 
[31]. Owing to the existence of a wide range of results for the 
circular hole, e.g., references (3, 4), it has not been considered 
necessary here to study any other loading than that treated in 
this section. 


{ Comparison WitH THE WoRK or REFERENCE (6) 


The theory of reference (6) also takes account of bending of the 
reinforcement, while the present theory neglects this effect, so 
Ref- 
erence (6) gives a comparison between its theoretical and experi- 
mental results. In the notation of the present paper one has 


that the reinforcement is only subject to hoop stresses. 


R = 3.66in., ¢ = 0.052in., A = 0.1193 sq in. 


l 
= 10.5 X10, vy = >= 
3 : 


, 


4160 psi 


Hence 


and Equation [35 


a 


rr = 2080 


R? aa a) 
— -- 0.066 ~ 
' r 
Rs 
r‘ ) | 


A 


R? ( i 
= 2080] 1 + 0.318 > 7 cos 20 (1 + 0.566 


R? _ Rs ; 
2080 | 1 + 1.189 —- — 0.566 —— ]} sin 2 
v~ a 


From the stresses, tabulated in Table 1 for 6 = 0, r/4, w/2, 
r = 5.25 in., 7.75 in., the corresponding strains may be found 
using the formulas 


~ 


| 2(1 ») = 
a . (pr = x 6 
E 


v60), ¢o = - oe 


: rr) 
vrr 


(90 


ts6 = 


In Table 2 these strains have been tabulated together with 
the theoretical and experimental strains of reference (6) and the 
theoretical strains for the plate with a simple hole. 

It is seen that the strains calculated from the present theory are 
as close or closer to the experimental results, although bending has 
been neglected, than those based on the theory of reference (6). 


TABLE 1 THEORETICAL AT @ = 


0.697, 0.472 
R/r rr 


0.697 1712 


0.697 
0.697 
0.472 
0.472 


0 472 


TABLE 2 
Equations {[35]———— 


, x 10¢ «99 X 104 9 X 10¢ «. + 104 «96 x 104 
1.62 —0.504 0 61 —0.504 
0.913 1.73 —7.6; 595 1.94 
0.040 3.90 0 4 5.06 


2.797 ~0.855 0 
1.130 1.55 —6.5: 
—0.585 


585 3.88 0 3 91 


¢@ X 104 «, 


PRIBLEMS OF PLANE ELASTICITY FOR REINFORCED BOUNDARIES 


This observation seems to bear out the suggestion in reference 
(6) that the bending stiffness of the reinforcement represents a 
second-order effect, in spite of the comparatively large value of 
a’. For smaller values of a’ which are most common in practice 
the foregoing theory will be entirely satisfactory. 


5 NumericaL Resuutts ror Retnrorcep Crrcutar Hoe 


The theoretical results of this paper are easily presented in the 
form of‘graphs with a’ as parameter. Writing the expressions for 
the stresses in the form 


r R? 
: = 0.5 B, + cos 20 (0. 


Pp r? 


¢ R‘ 
5 B; cos 26 {| 0.5 + Bs) 
p ré 


ré ns R* E 
: 2 B; } sin 26 
P a 


where 


21+ ya’ + a’ 


1+ a’vy + a’ 
1+ a’vy + 3a’ 
1+ a’y a’ 


1.5 - ne 
1+ a’vy + 3a 
The constants B,; have been graphed in Fig. 3, using vy = 


The maximum stress concentration for r = R is given by 


65 


Pp / max 


=1+8B, +B; for@ = 2/2 [41] 


while the extreme circumferential strain concentration at the 


edge is given by 


9 


-Br+-B, O=7/ [42] 
3 3 


These stress and strain concentrations have been graphed in Fig. 
4. In particular, it is seen that the curve for A agrees with that in 
Fig. 5 of reference (4) for the same quantity. 


6 CONCLUSION 


A general method has been deduced for the investigation of the 
stress distribution around compactly reinforced holes in infinite 
plates. The solution of such problems has been based on N. I. 
Muskhelishvili’s monograph on plane elasticity. As an applica- 
tion of the method, the case of the circular reinforced hole has 
been solved completely and comparison with previous theoretical 

1 


and experimental results shows the correctness of the present 


approach. 


STRAINS, THEORETICAL AND EXPERIMENTAL 


——Experimental, reference (5)—~ 
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Various possibilities arise with regard to further applications 


of the theory of this paper. In order to avoid duplication, it 
would be most desirable to obtain reference (8) before investigat- 
ing different shapes of holes. However, the present theory also 
allows the introduction of external loading at the edge of the 
reinforced hole and, apart from varying the stresses at infinity, 
certain cases of this type will be of interest. Particular interest 
will attach to the elliptical hole, since its limiting case is the 
straight cut. By solving this problem for tangential external 
stresses, one can obtain the solution of the problem of the infinite 
plate loaded through an elastic, finite-length rib attached to it. 
The solution of this problem would be of great interest to air- 
craft design. 
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Stress Distribution in a Uniformly Rotating 
Equilateral Triangular Shaft 


By H. T. JOHNSON,’ CHICAGO, ILL. 


An approximate solution for the distribution of stresses 
in a rotating prismatic shaft, of triangular cross section, 
is presented in this paper. A general method is employed 
which may be applied in obtaining approximate solutions 
for the stress distribution for rotating prismatic shapes, for 
the cases of either generalized plane stress or plane strain. 
Polynomials are used which exactly satisfy the biharmonic 
equation and the symmetry conditions, and which ap- 
proximately satisfy the boundary conditions. 


INTRODUCTION 
URING the past half century, many papers have been 
written dealing with the stresses in both rotating disks 
and rotating shafts of various shapes. The stresses pro- 
duced in thin disks and infinitely long shafts of uniform circular 
cross section rotating about their axes of symmetry are well 
known (1 to 4). The stresses in rotating disks and shafts of other 
shapes are also of interest and have been treated extensively in 
the literature, a complete bibliography of which is beyond the 
While the stresses 
uniform thickness rotating eccentrically and the stresses in thin 
circular disks of nonuniform thickness have received much atten- 
tion, disks and shafts having other than circular cross sections 


scope of this paper. in thin circular disks of 


have not been considered. 
In this paper the stresses in a rotating shaft, the cross section 
of which is a regular polygon, are studied. 


STATEMENT OF PROBLEM, REsIDUAL PROBLEM 

A general method is presented in this paper for obtaining ap- 
proximate solutions for the stress distribution in either thin disks 
or long shafts, the cross sections of which are regular polygons. 
The method is applicable only for the cases of either generalized 
plane stress or plane strain. 

Numerical computations are presented for the stress distribu- 
tion in an equilateral triangular shaft rotating uniformly about its 
centroidal axis for the case of plane strain. . The biharmonic 
equation is satisfied exactly and the boundary conditions are 
approximately satisfied by use of a finite number of stress poly- 
nomials. By using a combination of twelve stress polynomials, 
the boundary stresses of the residual problem were approximated 
with a maximum error of 0.1 per cent, based on the maximum 


value of the given boundary stress. In addition, a system of 


thesis for the 
Institute of 


from the author’s 
Mechanics at Illinois 
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equations is presented which facilitates obtaining similar ap- 
proximations for other problems having the same symmetry prop- 
erties. 

If the body force field is given by 


F = —Grad Q(z, y) 1] 
then provided the components of stress are related to the Airy 
stress function, @, according to 


o, = >, + Q, 


the compatibility equation for plane strain is 
V7 


where v is Poisson’s ratio. In the present problem 
l 


Q) =- : pwr? 


* 


where yu is the mass density and r = (2? 
9 l 9 52 
yA “Vv ) pW > 
; K 
(1 Vy) 
where K is a constant. The general solution to Equation [5 
Kr‘ 
Pr, y) = + P(r. y) 
64 


where V'd = 0.. 7] 


The normal and shear stresses on the boundaries of the 


lateral triangle are identically zero. 


equi- 
Referring to Fig. 1, along the 
boundary AB, the normal and shear stresses are zero, that is 


o.(h/3, y) = 7,,{h/3, y) = 0 


zy 


or by Equations [2] and [6], along the boundary z = A/3 


? Ah 


u 


2v)9y?/h?| 


2v)y h 


r (1 + 
Hall 


3, y¥) = al3 2v 
Ph 3, y)= 


Ma 2h? 


7201 v) 


where 


The normal and shear stresses are also identically zero on the 
boundaries BC and CA. 


are satisfied automatically if the function @ has the symmetry 


These remaining boundary conditions 


properties 


dz, y) 


Mr, y) 


10) 


where 


9 ( V3 z= u ) 


so that the x’, y’-system is obtained by rotating counterclockwise 
through an angle of 27/3 radians from the z, y-system as shown in 


-- 


20 





256 
Fig. 1. From Equations [6] and [11], Equation [10] is satisfied 
if 

P(x, — y) 

Pz’, y’) 


P(z, y) = 
P(z, y) = 





A 


Fic. 1 CorresponpInc Axes or SYMMETRY FOR Cross SECTION OF 
SHAFT 


To obtain the required stresses, it is necessary to solve Equa- 
tion [7] subject to the boundary conditions expressed in Equation 
[9] and the symmetry condition given in Equation [12]. This 
problem will be referred to as the residual problem. Since an 
exact solution could not be determined, combinations of poly- 
nomials were utilized in constructing ®, which approximated tne 
boundary conditions and which satisfied exactly the biharmonic 
equation and the symmetry conditions. 


APPROXIMATION FOR SOLUTION oF RESIDUAL 


PROBLEM 


POLYNOMIAL 


The general solution of the biharmonic equation, V*® = 
be expressed in the form 


® ~" Va + ry. 
Vv. = V%, = 0 


Polynomials of the form 


where 


YY =r™cos3m0 (m = 0,1, 2,...). 


where 6 = arc tan (y/z) 
satisfy Equation [14] and the symmetry conditions, Equation 
[12]. Since the biharmonic equation is linear, a combination of 


these polynomials, each multiplied by an undetermined co- 
efficient, also will satisfy the biharmonic equation. Hence we 


may set 
-> ®,, (A) 4 = ®,, (B) 


m=0 


,,4) = A,’r®™ cos 3m0 
®,,®) = B,,’r3" +2 cos 3m0 f 


where 


These stress polynomials, for convenience, can be expressed in 
terms of rectangular co-ordinates, x and y, as 


s=3m/2 2 
i > (—1)(3m)! 
Sh )3m —2 zin- 28,28 
= | (2s)'(3m — 2s)! ; 


3m+2 


: ( (- (3m)! 
= 3/h)™ ae 
Bn(3/h) > + tate 3m. — 2s + 2) ! 


— 2s + 2)(3m — 2s + 1) — 2s(2s —1)]z*™ vee 


\ 


4) = Ai (3 


s= 


[18] 


| 
b 
| 
| 
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where 


‘= A,(3/h)*-?, B,,’ = B,,(3/h)™, 

The coefficients A,, and B,, are used instead of A,,’ and B,,’, re- 
spectively, so that all the undetermined coefficients will have 
the same dimensions. 

Since the foregoing polynomials satisfy the biharmonic equation 
and the symmetry conditions, an approximate solution to the 
residual problem can be determined if a linear combination of 
these polynomials can be found which approximates the boundary 
values given in Equation [9] along the line z = h/3 with sufficient 
accuracy. Three different linear combinations were tried, which 
were obtained by taking n equal to 2, 3, and 6, respectively, and 
n’ equal to n — 1, in order to satisfy the boundary conditions as 
to value, slope, etc., at certain discrete points. This procedure 
requires the solution of a system of equations of order 2n for the 
coefficients A,, and B,,. 

For the case where n equals 6, the properties of ® along the 
boundary which were satisfied are 


)= bay ®,,(h/3, h/3) = a 

/3 a b,.(h/3, Shay 

V3) = ®,,,(h/3, 0) = 

3) = ®,,,(h/3, h/3) = 

*al> iva) = 
Hy 0) = Rs 


G,,(h/3, 0 
g, oe 3, h/ 
&,,(h/3, h/ ib 
Healt 3, h - [19] 
P, fh 3, h/ s/3) = Qs Rs | 

$,(h/3, h/+/3) — 

$,(h/3, h//3) — 
Twelve linear equations in the twelve unknown coefficients, A,, 
and B,,, are obtained by substituting the required derivatives of 
®, from Equations [16] and [18], into Equation [19]. A general 
solution for this system is given in the Appendix. The values of 
Q, and R,(q = 1, 2,...m) are obtained from the boundary values, 
Equation [9]. For Poisson's ratio v, equal to 0.3, the values of Q, 
and R, are given in Table 1 


BOUNDARY-VALUE COEFFICIENTS, Q¢ AND Rg 

Qq/a R¢/a 

4 —~0.8 

0 —0.8+/3 

9 2 4/} 
~2.4/h 
—2.4/h 
—0. 4h 


TABLE 1 


NUMERICAL ResULTS 


As already stated, three approximations were tried which were 
obtained by taking » equal to 2, 3, and 6, respectively, with n’ 
taken equal to n — 1. Some of the properties of ® along the 
boundary z = h/3 are givenin Equation [19]. Of this group, 
those used for the approximation where n equals 2 are Q,, Q:, Re, 
and R;; and where n equals 3 are Q,, Q:, Qs, Re, R:, and Rs. The 
values of A,, and B,, for the three approximations are given in 


Table 2. 


COEFFICIENTS 


TABLE 2 NUMERICAL VALUES OF THE 
Am ANI 


m 
=2 

0 
4.03320 < 10a 4.) of 

4.7737 XK 10-%a —4 3923 x 107 
.37174 X 10-tae —1 eiaae xX 10-ta 
6.33623 X 10 “a 
5.51953 XK 10a 
— 1.285139 X 10 “a 


.7037 &K 10- a 8X 10a 


5.9259 X 10-%a 


1827a@ 2.18862a 
x 10~%a —7.16625 K 1072 
— 1.12697 x 107% 
4.83679 x 107° 
4.89366 x 1077 
—4.15237 XK 10a 


1037 2 
.9259 X 10-%a — 6.9136 
—8.8183 XK 10~ta 
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CoMPARISON OF BounDARY VaLuss, ®,,(A/3, y), or Re- 
SIDUAL,PROBLEM AND PoLYNOMIAL APPROXIMATIONS 


Fic. 3 


Figs. 2 and 3 show how well the boundary values given i 
Equation [9] are reproduced for each of the three cases. Fig. 
shows the stresses ¢, along the boundary AB; i.e., the line x = 
h/3. Figs. 5 and 6 show the stresses ¢, and ¢, along the line 
y = 0. 

The maximum error in the polynomial approximation of the 
boundary values ,,(h/3, y) for the cases where n equals 2, 3, and 
6 are 0.40a, 0.079a, and 0.0012a, respectively. These values 
represent errors of 5.6, 1.1, and 0.017 per cent, respectively, based 
on the maximum value of $, (h/3, y). The maximum errors in 
the polynomial approximation of the boundary values ®,,(h/3, y) 
are zero, 0.042a, and 0.00135a, respectively, for each of the three 
cases. These values represent errors of zero, 3.0, and 0.097 per 
cent, respectively, based on the maximum value of ®,,(h/3, y). 

The maximum values of ¢,(z, 0) and o,(z, 0) shown in Figs. 5 
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Stresses oc, ALONG BounDARY 2 


Fic. 4 
and 6, respectively, were computed from the case where n = 6 
The maximum values of ¢,(x, 0) and ¢,(z, 0) com- 
l were in error by ap- 


proximately 5.0 per cent and for the case where n = 3 and n’ = 2 


and n’ = 5. 
puted for the case where n = 2 andn’ = 


they were in error by approximately 0.3 per cent. 

The stresses oz, y) can be determined along the boundary 
xz = h/3 and along the altitude y = 0 from the values of o, and o, 
along these lines. If it is assumed that the deflection in the (axial 


z-direction, W, is identically zero, the axial stress is 


o, = vo, + 7¢,) 20 


CONCLUSIONS 


The maximum principal stresses which occur along the line 
y = 0 in a uniformly rotating equilateral triangular shaft are 
O, 
Fig. 6. 
responding points along the other altitudes of the triangular cross 


= 4.966a, as shown in Fig. 5, and ¢, = 5.006a, as shown in 
From symmetry, these maximum stresses occur at cor- 
section. The maximum principal stress which occurs along the 
boundary z = h/3 is o, = 3.577a, as shown in Fig. 4 

The maximum normal stress along the line y = 0 for the tri- 
angular shaft is, therefore 


[o,(z, 0)) max = 0.0993 uw*h* 


For comparison, the maximum stress in a rotating circular shaft 
circumscribed about the triangle is at the center and has the 
value 


[o-(r, O)|max = C.19C5uwth? 


where y is the mass density and w is the uniform angular velocity. 

The use of stress polynomials of the forms ® = A,,’r*" cos 
3m0 and ® = B,,’r*"*2 cos 3m6 was effective for computing the 
required stresses. With only four polynomials, the maximum ¢@, 
and ¢, stresses along the line y = 0 were only 5 per cent in error 
relative to the twelve-polynomial solution. With six polynomials 


the error for the same stresses was only 0.3 per cent 
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Fic. 5 Stresses oz Atone Line y = 0 


In order to obtain a solution with 12 polynomials, a system of 
12 linear equations with 12 unknown coefficients had to be solved. 
The magnitude of the coefficients varied by factors as large as 
10°. The principal difficulty which this caused was that some of 
the equations in the triangular system, given in the Appendix, 
had to be solved with great accuracy in order to obtain all the co- 
efficients with the required accuracy. For example, coefficients 
B; and Ag had to be computed to 26 significant figures in order to 
get values for By and A, to eight significant figures. However, 
when all the coefficients A,, and B,, were determined, it was 
necessary to use each coefficient to only five significant figures in 
order to satisfy the original system, obtained by substituting 
Equation [18] into Equation [19], to five significant figures. The 
difficulty of determining coefficients B; and A, to the required 
accuracy would be reduced greatly if digital computing machines 
were available. 
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Appendix 
EQUATIONS FOR DETERMINING COEFFICIENTS A,, AND B,, 

Twelve simultaneous linear equations can be obtained by sub- 
stituting Equation [18} into Equation [19] for the case where n 
= 6 and n’ = 5. The form of the equations which result is not 
convenient for solution; however, they can be transformed into 
the following system which can be evaluated more readily. The 
transformed set of equations is useful since other boundary trac- 
tions having the same symmetry can be approximated simply by 
evaluating the constants, Q, and R,, for the new boundary con- 
ditions. 

The transformed equations are is follows: 


13,282,894B; + 91,342,629A, = P, 
37,200,553B; + 25,909,407A, = P» 
5As — 8,669,510B; + 14,538,657A. = P; 
B, — 1,076,405A; + 704,527B; + 3,571,7014. = P, 
2A, + 2026B, — 101,945A; — 245,596B; + 1,729,72846 = P; 
3B, — 28,784A, — 2432B, + 216,4554A, — 680,226B; 
564,228A, = Ps 
11,120A, — 37,099B; 
+ 70,074A, = P; 
- 1508A, + 20,950B, — 15,020A, 
— 443,989B, + 602,502A, = Py 
A, — 2B, — 24A; + 48B; + 384A, — 768B, — 5120A, 
+10,240B, + 61,4404, 
B, — 28B: + 480B; — 6656B, + 81,920B; = Py 


9A; — 174B; + 1232A, + 4290B, — 


B, + 105A; — 6218; - 
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A, + 2B, + 20Az2 + 28B, + 84A; + 105B; + 220A, 
+ 260B, 455A; + 520B,; —- 816A¢ = Py 


— 65B, 105A; 104B; 153Asg = 


By 3A, 2B, 


Pr: 


where 


P, = (20,452,400D, + 11,078,573D, 


- 8,465,945D,; 
15,552 


—10,027,863D, 17,156,692D;) 


ef 12,932,208D, + 25,916,857D, — 76,151,797D; 


61,807, 131D, 98, 150,468D,;) 


- —— (—1,960,064Q, 3,612,114Q. 1,289,677Q; 
20,736 

+ 109.3500, + 201,417Q; + 6,861,8550, 
293, 382R, . 2 275,778R:2 


423, 900R, 


322, 816R; 
53,600R; + 1,635,840R,) 


271,776Q, — 432,054Q. — 104,670Q, 


38,637Q, + 6765Q; + 808,500Q, — 454,410R, 
292,992R, 211,680R; 132,354R, 


+ 11,916R; 2,159,040R,) 


(—20482, — 3294Q. — 713Q; — 336Q, + 19Q; 


1152 


+ 60550, + 216R, + 176R, 832R; 810R, 


30R; + 2560R,) 


684Q. — 19Q, — 45Q, + 68Q; — 665Q, + 498R, 


368R; — 156R, 6Rs + 64R,) 


ik, + 3R, 8SR,) 


l 
P, = 2 (1LO8Q-2 18Q; + 18Q, 900. 
288 


Pi. 
and where 


l 
D, = - ( 


1600), 
10 


1674Q2 + 49Q; + 240, — 163Q, 


+ 1785Q, — 1080R, — 128R, + 800R; + 378R, 


8640, — 9000, — 3010, — 183Q, + 52Q 


+ 20650, — 54R,; — 288R, — 672R; — 432R, 


6R; + 2880R,) 


l 
—— (11200, + 306Q. + 464Q; + 261Q, 
170 


171Qs 


a 18900; 54R, + 6O8R, +- L568R; T 9I8R, 6080R,) 


l 
in = § 


210 


+ 7105Q, — 3456R, 


13440, — 5346Q. — 415Q; + 12Q, 2910s 


= 672R; + 832R; T 54k, 


+ 42R, + 6400R,) 


(—544Q, + 342Q, — 148Q, — 219Q, 4 


99Q, 


576 


+ 3500, + 5942, — 320R, — 768R, — 324k, 


+ ISR; + 1600R,) 





Further Problems in Orthotropic 
Plane Stress 


By H. D. CONWAY,' ITHACA, N. Y. 


A solution is given for the infinite orthotropic plate con- 
taining an elliptical hole, the plate being subjected to 
tension at infinity and the axes of the hole and the direction 
of the tension inclined at arbitrary angles to the principal 
axes of orthotropy. 


MetTuHop or ANALYSIS 


Problems in orthotropic plane stress require a solution of the 


equation 
a? a") (2 a? 
- a? — Ht — + a? — 1, SRA 2 
hea * a oat = . a 


subject to the boundary conditions, the stresses being given by 


. a, 


it—, @ .  - Se 
: oz?’ *” dxdy 


It is assumed that the z, y-axes are the principal axes of orthot- 
ropy. The constants a? and a,” are functions of the elastic 
moduli expressed, with the usual notations, as 


20%2" = Si /S22, O12 + a2? = (See + 2Si2)/See. .. . [3] 


Considering a pure rotation 8 of the x, y-co-ordinate axes by 
means of 


xz =2,cos8—y, sin 8, y = 2, sin8 + » cos B....[4] 


Equation [1] becomes 


a? sin? 8 + cos? B dy;? 


a;? sin? 8 + cos? B d27,0y 


°? 
(+ 
Ox,” 


Oz? 


2( a? — 1) sin 8 cos B x 
a? sin? B + cos? B d2,0y 


Qe? cos* B + sin? 8B 0d? ) cnt 


[5] 
a? sin? B + cos? B dy;? 

When discussing plane-stress distributions in aelotropic ma- 
terials without placing any restriction on the symmetry of the 
elastic properties, Green* has shown that the stresses can be de- 
rived from a stress function satisfying an equation of the form 


1 Professor of Mechanics, Cornell University. John Simon Gug- 
genheim Fellow, Imperial College of Science, London University. 
Assoc. Mem. ASME, 

2 ‘A Note on Stress Systems in Aelotropic Materials-I,”’ by A. E. 
Green, Philosophical Magazine, vol. 34, 1943, pp. 416-420. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28—-December 
3, 1954, of Tue American Society or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, March 23, 1954. Paper No. 54—A-48. 


( 3? 2(a,2 — 1) sin B cos 8 3? a? cos? 8 + sin? 8 o? ) 


( o? 4 0? Par 2? ( 2? . m) 
ee m ’ . n = —_ m — 
or;? 02,0y; , oy? / \Ox;? . 027, 0y; 


the stresses being given by 


o*h 
o = . 
m oy? " 


0° 


.? 
oz;? 


o*o 


ra. 02,0 
~1041 


and where m, m2, n; and nz are functions of the elastic constants 


given, with the usual notation, by 
ny? + no? + mymz = (2Si2 + See)/So2, 2122? 
m, + Me = — 2Seo6/Se2, myne? + mony? = — BSi6/Se2.. . [8] 

Equation [5] is seen to be a special case of Equation [6] and 
this enables Green’s solutions to be utilized immediately in solv- 
ing certain interesting problems in orthotropic plane stress. The 
latter, of course, could have been solved directly by Green’s 
powerful method. 

EXAMPLES 

As a first example, Green? has solved Equation [6] for the case 
of an infinite plate containing a circular hole, the plate being sub- 
jected at infinity to a uniform tensile stress 7 acting in a direction 
parallel to the z,-axis. The stress at the edge of the circular hole 
is obtained in the closed form 
ol + yi? + 6,2 — 2y; cos 20 — 26, sin 20) 

(1 + yo? + 6.2 — 272 cos 20 — 26, sin 20) = T[(1 

(1 + ¥2)1 + Vi + Y2 — V1: — 2 cos 20) + (6, + 42)? 

am 6,759? — 6,272? ng ies 6.*7;? + 26,6, cos 20 

+ bY2 + O2¥1) sin 20] TTT 


where 6 is measured from the 2z)-axis and 


8, = >" 
n?+1+2 (ns “aa m) 


—mMme 


Sy ak Seen ye 
nt +1+2( *— jm?) 


In order to make Equations [5] and [6] identically equal, it can 
easily be shown that 
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— | 2— 1 
n= (Si) mah = (a 


qa = 
6 =< = si 26, 6. =— ( - sin 2 .{1l 
(2: + ‘) heen a2 + :) pletion 


and, by substituting these in Equation [9], the stress is obtained 
around a circular hole in an orthotropic plate when the tension T 
at infinity acts at an angle 6 to the principal axis of orthotropy in 
the direction of which S, is measured. After some reduction, 
this stress is obtained as 


S8oe[a,? sin’ 8 — 80) + cos(B — §)][a,? sin’ 8B — 6) 

+ cos? (8B — @)] =T { Sa,a2[( ay + 1)(a@, + 1) sin? 

(8B — @) cos? 8B — 1] + 8(a, + 1)(ae + 1) sin? 8 cos? (8 — 6) 

— 2(a, + 1)(az + 1)(a, + ae) sin 28 sin 2(8 + @) 

— (a; — 1)*% ae 1)? sin? 28 cos? 28} [12] 
The angle @ is measured from the direction of the tensile stress 7’. 
Writing 8 = 0 as a special case, it follows that 


oo(a,? sin? 6 + cos? 6)(a,? sin? 8 + cos? 8) 

T c;02[(Q, + G2 + ai&2) sin? 6 — cos? #]..... [13] 
which result has been given elsewhere.* Writing 8 = 90 deg 
gives Equation [13] with a and a, replaced, respectively, by 
their reciprocals. 

In order to get some idea of the numerical values obtainable 
from Equation [12], calculations have been made for oak, using 
the elastic constants of Hérig.4 For oak, a,;? and a? are 5.321 
and 1.109, respectively, and, assuming 8 = 45 deg, the values of 
the stresses at 6 = 0 and 6 = 90 deg are —0.69T and 2.737. 
The corresponding results for 8 = 0 are —2.437T and 2.38T 
whereas, for 8 = 90 deg, they are —0.41T7 and 4.367’. 

In order to consider, as a further example, the case of an 
elliptical hole with the minor axis 2a in the z,-direction and the 
major axis 2b in the y,-direction, use is made of the transforma- 
tion y* = ky, k = b/a> 1, presented in a previous paper. 


r 


Equation [6] then becomes 


( °? °? 
+ mk 
Oz? or,0y* 


°°? 
+ mek 
Or, Oy sa 


+ n*k 


92 
+ ne*k? 3) ¢ = 0 [14] 
dy *2 


The radius of the circular hole was assumed to be a and the 
stresses in the elliptical and circular-hole cases are related by the 
equations 


k*g,* = Oz, G,,* . [15] 


_— * — - 
y =~ F%yyTzy = Tem--- 


From Equation [14] it is seen that the functions of the elastic 
constants in the elliptical-hole case are different from those in the 
circular-hole case, mk replacing m), n,°k? replacing n,*, and so on. 
Thus, if the values of m, n)?, m2, and no? in the circle case are re- 
placed by m,/k, m:2/k*, m2/k, and n,*/k?, respectively, the func- 
tions of the elastic constants for the ellipse case will be m, n,?, mo, 
and n,* as defined by Equations [8]. The stresses for the case of 
an infinite orthotropic plate having an elliptical hole whose minor 
axis is inclined at 8 to the principal axis in the direction of which 

’“Stress Concentration Due to Elliptical Holes in Orthotropic 
Plates,”’ by H. D. Conway, Journnat or AppLiep Mecuanics, Trans. 
ASME, vol. 76, 1954, pp. 42-44. 

4“‘Anwendung der Elastizititstheorie anisotroper Koérper auf 
Messungen an Holz,”’ by H. Hérig, Ingenieur Archiv, vol. 6, 1935, 
pp. 8-14. 
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Sy, is measured and subjected to tension 7’ in the minor axis 
direction can be obtained from Equation [9] where 


nn, ? 


or, in terms of a; and ae 


(a,? — k*) cos? 8 1) sin? 8 


(a; + k)? cos? B + (ak + 1)? sin? B 


(a,*k? 


“~y =: 


(a2? k?) cos? 8B (a_*k? 1) sin? 6 


T= 


(a2 + k)? cos? B + (ack + 1)? sin? B 


—2k( a;* 1) sin 8 cos 8 


(a, + k)? cos? 8 + (ak + 1) sin? B 


§ 2k( ay? 1) sin 8 cos 8 
* (a2 + k)? cos? B + (ask + 1)? sin? B 


From the first of Equations [15] and since the tension is in the 
x,-direction, T in Equation [9] must be replaced by Tk*?. The 
stress o’ at the ends of the minor axis is therefore 


(1 — y1)* + 517] [(1 — 72)? + 62%] 0° 


+ (6; + 5)? — 6,°6,? 

where 71, 6;, Y2, and 6, are given by Equations [17]. Noting that 
the stress a” at the ends of the major axis of the ellipse is in the z,- 
direction and, from the first of Equations [15], the stress there is 


given by 
(1 + y:)? + 6,7) (1 


Stn + % Vi¥2) + (6 02)? 


- 62°7;? 26,2) 
where ¥:, 5:, Y2, and 6, are again given by Equations 
For 8 = 0 
a= k Qe 
a= —a =< 
a +k Qs 
and it follows from Equation [18] that 


, 


o’ = —a,a,7'.. 


and from Equation [19] that 


For 8 = 90 deg 


her sp 
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and from Equation [18] 


and from Equation [19] 


b 
v= (1 + fa; + ae] er... 


These latter results have been obtained previously. 

Numerical values of the stresses in Equations [18] and [19] 
have been obtained for oak for which a,;? = 5.321, ao? = 1.109 
and assuming 8 = 45 deg and k = b/a = 2. The stresses at the 
ends of the minor and major axes are found to be —0.697' and 
4.467, respectively. The corresponding values for 8 = 0 from 
Equations [21] and [22] are —2.437 and 3.777, whereas for 
B = 90 deg and from Equations [24] and [25], they are —0.41T 
and 7.727’. 
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CONCLUSION 

The most general case of an elliptical hole in an orthotropic 
sheet subjected to uniaxial tension is when the major axis of the 
ellipse is inclined at an arbitrary angle to a principal axis of 
orthotropy, and the tension is inclined at an arbitrary but dif- 
ferent angle. Assuming that the major axis is inclined at 8 to 
the Sy, axis of orthotropy and the tension T' is inclined at & to the 
latter and measured in the same sense, the stress system at 
infinity can then be resolved into, (a) tension 7 cos? (8 — &) 
parallel to the major axis of the ellipse, (6) tension 7’ sin? (8 — &) 
parallel to the minor axis of the ellipse, and (c) shear 7 sin (8 — 
£) cos (8 — &) parallel and perpendicular to the axes of the 
ellipse. Cases (a) and (b) can be solved in the manner already 
indicated and the solution for (c) can be developed in the same 
manner from a circular-hole result also presented by Green.? It 
will be seen that the results will be complex and hence they will 
not be given here. 





Stresses Due to Diametral Forces on a 


Circular Disk With an Eccentric Hole 


By A. M. SEN GUPTA,’ SIBPORE, HOWRAH, WEST BENGAL, 


In this paper stresses in a circular disk with an eccen- 
tric circular hole have been determined when the disk is 
compressed along the line of centers by two equal and 
opposite forces acting on its outer edge, the inner edge 
being unstressed. From the results obtained, the solution 
of the problem of a semi-infinite plate acted on by a con- 
centrated normal force on its straight boundary and 
containing an unstressed circular hole has been deduced. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


x,y = rectangular co-ordinates 


R,, 6:; Re, 0 = polar co-ordinates 
orthogonal curvlinear co-ordinates 


a real positive length 


stretch ratio 


aa, BB normal curvilinear co- 


stress components in 
ordinates 
a8 = shearing stress in curvilinear co-ordinates 
X stress function 
Xo, Xi 
p, 0,7, C, a 
F applied force 


auxiliary stress functions 
constants 


- 
c 
Ss 


» 
¢ 
s 


INTRODUCTION 

The first problem discussed in this paper is that of determining 
stresses in a circular disk having an unstressed eccentric circular 
hole, the outer edge of the disk being compressed by two equal 
and opposite forces at the ends of a diameter. The solution which 
is believed to be new is obtained in bipolar co-ordinates. From the 
results thus obtained the solution of the problem of a semi-infinite 
plate containing an unstressed circular hole and subjected to a 
concentrated external force applied normally to its straight edge 
is then deduced. A practical application of the latter problem, 
which also can be solved directly, is that it will provide a first 
approximation to the general stress distribution in a plate con- 
taining a circular hole when acted upon by a cutting tool. 


MeEruHop OF SOLUTION 
Let us introduce the curvilinear co-ordinates defined by 


x+uyta) 
a+ iP = log “7 aoe 
zrt+uy a) 


1 Lecturer in Mathematics, Bengal Engineering College. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 28-December 3, 
1954, of Tae AmerIcAN Soctety OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
Manuscript received by ASME Applied Mechanics 
Paper No. 54—A-37. 


the Society. 
Division, December 14, 1953. 


INDIA 


Solving for z and y, we have 


asin 8 
COS 8 


l (= a 
h? "1 oa 


A= (cosh a 


a sinh a 


cos B 


z= 


cosh @ cosh @ 


Oy y 
Oa 


cos B)/a [3] 


The curves a = const are a set of coaxial vircles having (0, +a) 


From the relation 


for limiting points, and B = const another set of circles passing 
through the limiting points (0, +a) and intersecting the other set 
of circles orthogonally. We have a = 0, on the z-axis, while on 
the y-axis B = 0, except on the segment joining the limiting points 
(0, +a), where B = 
circle a = c are (0, a coth c) and its radius is a cosech c. 

The stresses in terms of the stress function X are given by 


+7. The co-ordinates of the center of the 


Jeffery? 


2) oF . re) 
aaa = | (cosh a cos 8) —— — sinh a 
op? Oa 


: re) ‘ 
sin 8 + cosh a | hX) 
op 


oO? oO 
2 sinh a@ 
oa* Oa 


aBB = | cosh a cos B) 


S [ T COS (fh. 
Im 4 


oXhX) . 
(cosh @ ) |%] 
dads 


aap = 


so that we have 


i om >? >? 
8B) = (cosh a cos B) L 1 WAX) 
a(aa BB ) B (= —— ) 
The differential equation satisfied by (AX) is? 
54 4 4 2 I 
ee « 9 re) : oO » o 9 ra) : 1 (ax?) ‘. 
oa‘ da’o0B? op da? op? 
[6] 


The necessary and sufficient conditions for the boundary a = 
const to be free from stress are* that on the boundary 


(hX) 
0a 


=p 


hX = p tanh a + o(cosh @ cos B + resin Bp [8] 

2 ‘Plane Stress and Plane Strain in Bipolar Coordinates,’’ by G. B. 
Jeffery, Philosophical Transactions of the Royal Society of London, 
England, vol. 221, 1921, pp. 265-293. 
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where p, a, and 7 are Michell’s three constants of the boundary. 


A Crrcutar Disk ConTaINING AN Eccentric CrrcuLtarR Hoe 
AND CoMPRESSED BY Two Equa. AND OppositE Forces ActTING 
ALONG A DIAMETER 

Let us consider a circular disk of unit thickness, the (z, y)-plane 
of Cartesian co-ordinates being the middle plane of the disk. The 
disk contains an eccentric circular hole. The axis of y is taken to 
be the line passing through the centers of the disk and the hole 
and coinciding with the diameter of the disk at the extremities A 
and B of which two equal and opposite forces each of intensity F 
per unit thickness are applied. 

Let the outer boundary of the disk be defined by a = c, ec > 0, 
and the hole by a = a, a@ >. 

We assume that each of the forces (F') produces a simple radial 
stress distribution, so that the stress function Xo required to make 
the boundary of the outer circle free from stress at all points 
other than A and B is given by® 


F R? 
Xo = —- — [2a + 6) — ——— 
2r a 


where R,, 6; R2, 02 are the co-ordinates of any point P(z, y) on 
the disk as shown in Fig. 1. 








x 
Fie. 1 Prosiem or THe Crrevutar Disk Wits Eccentric Hoie 
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¢ cosh (a@—c) + cos B 
2 cosh a—cos BP 


e~ (rte 
; ] cos np 





and R,? = a* sech? 


we have for § > 0 


F A —(n—)g 
iXe= Eee | 
¥ n=2,4 


[11] 


+ tanh = (cosh & + cos a ; 


For the auxiliary stress function X,, we have to assume a func- 
tion which will produce no stress on the boundary @ = ¢ and 
which is such that the complete stress function X = X») + X; will 
produce no stress on the boundary @ = a. 

We assume 


F [ 
hX, = zt | Bol[E(cosh a — cos B) cosh c + sinh & (cosh @ cos B 


— cosh? c)} + A; (cosh 2 — 1) cos B + yd [A,, {cosh (n 


n=2 


+ 1) —cosh (n — 1)E} + B,\(n 1) sinh (n + 1)£ 


(n + 1) sinh (n 1)E}] cos nB | [12] 


Since on the boundary a = c or — = 0, AX; = 0 and (0/da)- 
(hAX,) = 0, the stresses on the boundary @ = c is unaffected by 
the introduction of X,, each of the Michell’s constants being zero 
in this case. Further, it can be seen that the displacements pro- 
duced by hX;, are single valued.* 

The complete stress function X = X» + X; given by Equations 
[11] and [12] must satisfy the Conditions [7] and [8] for the 
boundary a = a, or — = &. 

From the boundary conditions the values of the constants By, 
A,, A,, and B, are determined as 


cosh c cosh & cosech &, 





By = — ———_ 
sinh q@, sinh & + sinh c sinh (a, + c) cosh &, 


A i cosh ¢ sinh a cosech &, 


= : : ° : > 
2 sinh a sinh £ + sinh e sinh (a@ +c) cosh & | 


for n even > 2 


A,,[sinh? n&, — n? sinh? &] = —n sinh? &, 


B,{[sinh? n&, — n* sinh*® &] = - 


ae {n? sinh? &, 


+nsinh & cosh & + e~"* sinh n§&} 


and for n odd > 3 A, = B, = 0... 


On the hole a = a, aa = 0; so that BB can be very easily cal- 
culated from Equation [5]. We have 


3) 


» R,,cosnB 





BBa= a = 





Noting that fora >c>0 


@ 


p> 


n=1 


e~"@ 


0, = [1 + (—1)"-! e™] sin n8 | 


a 


=>)“ 


n=l 


—na 
[e~ — 1] sin nB 


*“Elementary Distribution of Plane Stress,’’ by J. H. Michell, 
Proceedings of the London Mathematical Society, London, England, 
vol, 32, 1900, p. 44. 


Ta sinh a; sinh & + sinh ¢ sinh (a, + ¢) cosh & 


+ —— (cosh a, — cos B) 
wa n= 2,440. 


where 


E + sy e~ ne] (sinh? né, — n* sinh? &,) 
n— 


= - a (n* sinh? & + n sinh & cosh £, 
ti han 


+ et sinh n£,) sinh (n — 1)& — n? sinh? & cosh (n — 1)&; 


The series in Equation [16] converges slowly for small values 
of &. To make it rapidly convergent, we put 
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R, = 2ne—"* sinh & + Q, The stresses are symmetrical about the y-axis. Hence in Tables 


“- 
3 and 4 the values of 88 on the boundaries a = a; and a = ¢, re- 
spectively, are given for values of 8 between 0 and 7 when a, =. 2 
Q,, (sinh? nf, — n* sinh? §] and c = 0.6, i.e., when the ratio of the diameter of the disk to the 


diameter of the hole is 


where 


= et [9n3 sinh? £, + ne—"€ gi it ab 

é [2n’ sinh® £, + ne sinh & sinh n&] tele a Aas 
——— (= 5.697) 
Now noting that sinh c 


: From Table 3 it will be found that the maximum tensions are at 
> ne-"® cos nB = cosh 26 cos 26 - wat 07) the extremities of the diameter of the hole passing through A and 
(cosh 2&; — cos 28)? B and it is more marked at the point where the distance between 

the two boundaries is least. The points of zero stresses are found 

to be approximately at 8 = +31° 34’ and at 8 = +144° 13’ with 


we have ee ee 


F cosh? c[1 coth &, sinh 2a, 2 cosech £, sinh ccos 8 + cos 28) 8F 


(cosh a, cos @) sinh & x 


~ 
BB a= a) = 


Ta sinh a sinh & + sinh c sinh (a; + c) cosh &, wa 


cosh 2&, cos 28 ae 


- “ele 
(cosh 2£, — cos 28)? Ta 


(cosh a, cos £) PD Q,, cos nB 


2,4 
And for the outer boundary a@ = c 


BB(a=«) = — (cosh e—cos B) 


F (1 + cosh 2c) cos 8 — cosh ¢ coth &; sinh 2c % y 8 19] 
- a aa’ — — T , COB nN ° . 

Ta sinh a sinh & + sinh c sinh (a; + c) cosh &, ae 
where NV, = 4nA,, the points of maximum compression 10.93F/(mwa) at 8 = +94° 
In Tables 1 and 2 the numerical values of the coefficients NV, approximately. From Table 4 it will be found that the com- 
and Q,, respectively, for different values of & are given. pression is maximum and more marked at the point which is 


TABLE 1 NUMERICAL VALUES OF COEFFICIENTS N, 


0.8 1.0 1.2 1.4 1.6 1.8 2 
5.075 2.896 1.756 1.103 0.7081 0.4617 0.3042 
0.3671 0.1223 0.03984 0.0127 0.003995 0.00123 0.0003 
0.03097 0.00489 0.00073 0.000105 0.000015 
0.00223 0.000159 
0.000142 


TABLE 2 NUMERICAL VALUES OF Q, 

0.8 1.0 1.2 1.4 1.6 1.8 
0.977 0.4810 0.2475 0.1299 0.06936 0.03738 
0.02709 0.005324 0.0009965 0.00018 0.0000316 
0.0006855 0.000043 


TABLE 3 VALUES OF 8 ON BOUNDARY a= @ 
c = 0.6) 


-_~ 


BB (a =a) 


ra om : a 8, ra 

PF (a = a) . od \a = a) deg PF 

4.6608 } 6.8547 120 —8.077 10.017 
3.4704 : - 9,504 135 —3.567 
0.4327 10.841 150 2.351 
—3.3331 ~ 10.463 165 6. 869 


TABLE 4 VALUES OF 38 ON BOUNDARY a = ¢ 
a) = 2 c= 0.6) 


ya eR 2. so 
p PF (a=) deg Flam) deg 7 ™ 
1985 0.3563 120 0.5809 
2019 { 0.8046 135 —0.4485 
1662 1.144 150 — 1.688 
005058 1.123 165 —2.702 


(a=c) 
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closest to the boundary of the hole. The points of zero stresses 
are found to be at 8 = +44° 43’ and at 8 = +129° 7’ approxi- 
mately with the points of maximum tension 1.192F/(ma) at 
8B = +97° approximately. 


A Semi-Inrinire Puate Wits A CrrcutarR Ho.e SuBsecrep To 
A CONCENTRATED EXTERNAL Force F AppLieED NORMALLY To [Ts 
Srraicut EpGe* 


In the result of the previous section putting c = 0, we have 
the case of a semi-infinite plate with an unstressed circular hole 
subjected to a concentrated load F normal to its straight bound- 
ary. 

Putting c = 0 in Equation [18] we have the circumferential 
stress on the circular hole a = a, of the semi-infinite plate as 


4P sinh @,(cosh 2a; cos 28 — 1) 
ma (cosh 2a, — cos 28)(cosh a, + cos 8) 


oo 


BB (a = a) 





Ta 


where 
M,,{sinh? na, — n? sinh? a] 
= e~ "%[2n3 sinh? a, + ne~™: sinh a sinh na] 


And for the straight boundary a = 0, we have from Equation 


[19], putting ec = 0 
- P., cos n8) 


n=2,4,.. 


“- F 
BB a =0) = = (1 — cos B) { 2 cosech? a; + 
a 
. [21] 


where 


P,,(sinh? na, — n? sinh? a,) = —4n?* sinh*a, 


In Fig. 2 we have the graphs of the stresses in the two bound- 
aries in the case when a, = 1.4, i.e., when the shortest distance 
between the two boundaries is nearly equal to the radius of the 
hole. The general character of the stresses in the two boundaries 
does not change owing to the proximity of the hole. For the cir- 
cular boundary the maximum tensions take place at the same 
places for all distances of the hole from the straight edge, viz., at 
the extremities of the diameter perpendicular to the straight edge, 
this being most marked at the extremity nearest the straight 
edge. But the ratio of the maximum tensions increases as the hole 
approaches the straight edge and reduces approximately to unity 
as the hole recedes to a great distance from the straight edge. 
Thus for a, = 1.4 this ratio is 6.2 nearly, while for a, = 0.8 this 


4 The author is grateful to the referees for bringing to his notice the 
paper of A. Barjansky on this problem published in the Quarterly 
of Applied Mathematics, vol. II, 1944, pp. 16-31. It is found that the 
results obtained here tally with the corresponding results of A. 
Barjansky. The only justification of the inclusion of this problem in 
this paper is to show how it can be solved as a particular case of the 
problem of the compressed circular disk with an eccentric hole. 
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ratio is 20.5 nearly—the maxitnum compression in either case 
occurring between the two. 


TABLE 5 COMPRESSION VALUES 


Ratio of distance 7% 33 7a 43 
i antes all toile P 88 at middle P 88 at nearest 
from straight point of straight point of circular remote point of 
edge to radius of edge boundary circular bound- 
hole ary 


337 .92 0.8728 
.604 0.9056 
2428 0.9544 
256 016 
.0132 0936 
1984 1796 
6387 2704 
056 946 
02 996 

€ 9 


aa 2 


> 88 at most 


0208 
9428 
3436 
3368 
1328 
388 


~ 
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= 
NWMmWHOIOQWen~T 


i COW DDO ee 
- " i] 


|R > OD et et tes pes es 
to 
= 
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rs) 


M,, cos nB [20] 


(cosh a, — cos B) 


cosh 2a, — 1 Ta 


For the straight boundary the stress at the middle point is 
minimum for all distances of the hole from the straight edge and 
follows the same general character as when the hole is at a great 
distance. But the maximum compression at the middle point in- 
creases as the hole approaches the straight edge. Its value for 
different values of the ratio of the distance of the center of the 


q 


= 





STRESS IN STRAIGHT EDGE 
—-—<— STRESS IN CIRCULAR BOUNDARY 
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Fic. 2 Stress Curves in Bounpartes WHEN a, = 1.4 
hole from the straight edge to the radius of the hole as also the 
stresses at the nearest and most remote points of the circular 
boundary are given in Table 5. 
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Bending of Orthogonally Stiffened Plates 


By W. H. HOPPMANN, 2np,' BALTIMORE, MD. 


In this paper the flexure theory for plates of orthotropic 
material is applied in the case of orthogonally stiffened 
plates using an experimental method to determine plate 
stiffmesses in bending and in twisting. Once these stiff- 
nesses, or elastic moduli, have been determined by test 
they may be used in calculating bending deflections for 
plates of identical stiffened construction but any given 
boundary conditions. As an example, calculated deflec- 
tions of a stiffened circular plate with clamped edge are 
compared with those which were determined experi- 
mentally. It is also demonstrated that the theory can be 
applied to the case of vibration of a stiffened plate if in 
addition to the orthotropic elastic constants the weight 
per unit area of the plate is determined. The various 
experimental results show considerable promise for use of 
the proposed combination of theory and experimental 
method in the analysis of both statically and dynamically 
loaded plates with attached stiffeners. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
= strain 
= shear strain 
stress 
shear stress 
elastic constants 
1/S,, = Young’s modulus 
Young’s modulus 
l = rigidity or shear modulus 
SS). = 


12 


Poisson’s ratio 


S» = Poisson’s ratio 


deflection of plate 

thickness of plate (equivalent orthotropic plate 
width of plate (bending) 

length of plate (bending) 

length of side of plate (twisting) 

co-ordinates of point on surface of plate 


constants of integration 

constants in differential equation of plate and are 
expressions in terms of elastic constants 

force applied normally to face of plate 

mass density 

time 

circular frequency of m, n mode of vibration of 
rectangular plate 

mode numbers corresponding to z-direction and y- 
direction, respectively 

radius of circular plate 
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INTRODUCTION 


Flexure theory for flat plates of homogeneous orthotropic ma- 
terial has been in existence for many years (1).? An application 
of it to the case of plates with attached stiffeners was introduced 
more recently by several investigators (2, 3, 4, 5 For this 
latter case, an isotropic plate with stiffeners attached in each of 
two orthogonal directions is assumed to be approximately an 
orthotropic plate. The stiffeners are identical, parallel, and fairly 
closely spaced. A repeating unit is regarded as an infinitesimal 
element of an equivalent orthotropic plate of corresponding 
stiffness factors or compliances. The entire composite structure 
will bend and twist approximately the same as a homogeneous 
orthotropic plate of equivalent stiffness. This type of analysis 
is particularly applicable for composite structures such as stiffened 
bottoms in ships and fuselages of airplanes (6, 7, 8, 9) 

Examination of the technical literature shows that investiga- 
tors invariably attempt to estimate the appropriate unit stiffness 
factors or compliances for stiffened plates on a theoretical basis, 
using beam theory as a guide. Cross-contraction effects asso- 
ciated with a Poisson’s type ratio are usually neglected 

In the present paper the theory is applied in conjunction with 
an experimental method for the determination of the effective 
stiffness moduli of the actual stiffened structure. Rectangular 
portions or ‘“‘patches’’ of the plate containing a sufficient number 
of the stiffeners to be representative are subjected to pure bend- 
ing and twisting couples distributed along their edges. From these 
tests elastic constants for the stiffened material are determined 
The use of the method with dynamical problems is illustrated 


by the study of flexural vibrations of simply supported plates 
Tueory or EQuiIvALENT OrntTHOTROPIC PLAT! 


Consideration of an experimental method for the determina- 
tion of elastic constants of homogeneous orthotropic plate material 
of constant thickness (12, 13) suggests that one might utilize the 
same method to determine effective elastic constants for a plate 
with attached system of stiffeners. 

For the purpose, a stiffened plate is considered as if it were ap- 
proximately a plate of homogeneous orthotropic material of some 
definite thickness. It is assumed that the elastic constants of 
this equivalent orthotropic plate can be chosen in such a manner 
that it will have approximately the bending and twisting stiff- 
nesses or compliances of the given orthogonally stiffened plate 
The validity of this assumption must be investigated by experi- 
ment. 

Now suppose that conveniently sized but sufficiently representa- 
tive rectangular and square test plates are fabricated just like 
These test plates may 
The 


rectangular models will serve for bending tests and square ones 


sections from the stiffened prototype. 
themselves be considered as small orthotropic plates. 
for twisting tests. The elastic constants determined from test 
on the samples will be assumed to be those corresponding to the 
stiffened material of which the prototype is fabricated. 

It will be assumed further that the plates are effectively homo- 
geneous and orthotropic and therefore have three axes of sym- 
metry at each point. The edges of the test plates are parallel to 
the stiffeners and hence parallel to the principal directions of stiff- 
ness. 


2? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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In the usual notation (10) the stress-strain relation of the 
equivalent orthotropic material may be written for the strains in 
terms of the elastic constants and stresses as 


é;, = S,,0; (i,j = 1, 2) 


Three planes of symmetry are assumed and there are four inde- 
pendent constants of elasticity S;(Si2 = Sx). 

The differential equation for the free flexural vibrations was 
given by Voigt (1). Using the notation used by Timoshenko 
(10) it may be written for forced vibrations as 


Ow Ow Ow 
4, == 2¥ 5 3n.22 y 
oxr* Oz*0y? oy* 


O2w 
ot? 


+ ph = F(z, y, t) 

The constants A,, A,, and A,, can readily be put in terms of 
the elastic constants S;;. 

In order to determine the effective S;; for stiffened plates we 
take the acceleration and applied force F identically zero in 
Equation [2]. These equations then can be solved for certain 
simple boundary conditions which can be approximated on tests 
in the laboratory. These tests enable us to determine S;; and 
they will now be described briefly. 


EXPERIMENTAL DETERMINATION OF OrTHOTROPIC ELASTIC 
CoNSTANTS OF ORTHOGONALLY STIFFENED PLATE 


In order to determine what tests to make it may be observed 
that the differential equation for static bending is solved for cer- 
tain simple boundary loadings (11, 12, 13). Specifically, the de- 
flection equation for rectangular plates with uniformly distributed 
couples on two opposite edges is known. Also, the deflection 
equation is known for a square plate with twisting couples uni- 
formly distributed around the edge. These equations are simply 
quadratic in the space variables z and y and contain the required 
elastic constants S,;; as well as the applied moments and the un- 
known effective thickness h. In these deflection equations three 
constants of integration occur and these may be evaluated from 
knowledge of the locations of the three points of support used for 
the flexure plate and the location of two points of support and a 
condition of symmetry for the torsion plate. 

The experimental method used to determine the elastic con- 
stants (13) is an adaptation of one used by Bergstriisser (11) for 
isotropic plates and by Hearmon (12) for unstiffened orthotropic 
plates of constant thickness. 

In the bending tests, the equivalent of a uniformly distributed 
bending moment must be applied to two opposite sides of a plate. 
In Fig. 3 the schematic arrangement of the plate resting on three 
supports is shown. Between the supports the assumption, of 
course, is that the bending moment is distributed uniformly 
across the plate. 

For the twisting tests, the equivalent of a uniformly distributed 
twisting couple around the entire boundary must be provided. 
This can be obtained (11) as shown schematically in Fig. 3 by 
supporting the plate on two opposite vertices and loading on the 
two remaining vertices. 

From the theoretical formulation it is clear what measurements 
must be made to determine the elastic constants. For the case 
of bending it is sufficient to measure the deflections at the origin 
of co-ordinates and at a short distance off center, say, along the 
y-axis shown in Fig. 3. For the determination of the shearing 
modulus Sge, it is clear that only a single deflection is required and 
this is measured conveniently at the origin of co-ordinates shown 
in Fig. 3. 
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For the bending tests one rectangular stiffened plate is fabri- 
cated with its long edge parallel to one set of the stiffeners and 
another rectangular stiffened plate with its long edge parallel to 
the other set of stiffeners. The two principal directions of stiff- 
ness are thereby orthogonal. For the twisting test a square 
stiffened plate is fabricated with one set of its stiffeners parallel 
with one edge of the plate. It may be noted that although only 
oue set of parallel stiffeners is used on the plates in the experi- 
ments this is no limitation on the method as it is obvious that two 
principal directions of different stiffnesses exist. The choice is 
purely one of economy. 

The two bending tests provide data for setting up two simul- 
taneous equations for the determination of the elastic constants 
Su, Siz, and Sez in terms of the cube of an unknown thickness. 
The twist test provides data for the determination of the shear 
constant Se in terms of the cube of the unknown thickness. 

For the purpose of studying experimentally the methods pro- 
posed in the present paper the types of stiffened plates were 
selected with proper regard for economy of fabrication. However, 
it is considered that they provide useful information about the 
nature of results to be expected in the general case. The types of 
stiffeners are shown in Figs. 1 and 2. In Fig. 1 are shown thin 
steel plates, one with grooves and the other with brass-rod stiff- 
eners silver-soldered to the face of the plate. In Fig. 2 is a 
duralumin plate with milled grooves. 


GROOVED PLATE BRASS ROO STIFFENED PLATE 


Fie. 1 Stirrenep EXPERIMENTAL PLATES 









































Will bbrsrtristasbrsasbwsdbbssbissbissbisbstbe 
SECTIONAL VIEW ALONG DIAMETER 


Fic. 2. Stirrenep Crrcutar PLate 

The test equipment and method of measurement used in these 
tests are described completely in connection with a paper on 
homogeneous orthotropic plates of constant thickness without 
stiffeners presented elsewhere in the literature (13). 

As described previously (13) the bending and twisting momer+» 
can be expressed in terms of a single force P applied in the tests. 
As a result the deflection measured at a given point on the plate 
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Fic. 3(a) Benpine PLATE 











Fig. 3(6) Twisting Plate 


varies nearly in a linear fashion with P. As a result it is easy to 
plot a curve of variation of deflection W with force P. It is the 
slope of this curve that is actually used in computing the elastic 
constants (13). An example of such a curve for bending is shown 
in Fig. 4. Results for a twisting test are shown in Fig. 5. 

The orthotropic elastic constants determined for the stiffened 
plates under discussion are given in Table 1. 


ORTHOTROPIC ELASTIC CONSTANTS 


Elastic constants 


TABLE 1 


Type of t ; siz sm | 822 866 
stiffener At x 10 h? am ie At x 3@ hi 
Brass-rod 
stiffener... . 
Grooved 

steel 

Groved 
duralumin. . .90 


xX 108 


0.06 —4.9 13.9 
—9.3 


-—39.2 612 670 


33.5 82 


—8.55 


—12.8 


One may note that S,, is not equal to S:; as assumed in the the- 
ory. However, it is considered that the plate deflections are not 
sensitive to this constant and that an average value of S;z and Ss», 
is quite acceptable. It is further considered that this averaging 
procedure is superior to the custom of putting it equal to zero or 
so devising a theory that it is ignored entirely. It turns out in the 
calculations on the simultaneous algebraic equations for S;; that 
the Si, and S2, are determined by small differences between two 
large quantities whereas the S,, and S22 are determined from sums 
of large quantities. 

Table 1 also shows that the selection of test plates provides 
reasonably large differences for the stiffness factors in two or- 
thogonal directions of any one plate for testing the proposed 
method. 


Sratic BENDING OF STIFFENED PLATES 


Once the elastic moduli for an equivalent orthotropic plate are 
determined by test, they may be used in calculating deflections 
for plates having identical stiffened construction but with any 
given boundary conditions. 

As an illustration consider an orthogonally stiffened circular 
plate, as shown in Fig. 2, with clamped edge and uniform lateral 
load. The differential equation for this case is Equation [2] with 
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the acceleration term zero and F (z, y, t) taken as a constant F. 
A solution for this case is readily seen to be 


— y*)? [3] 


where ro is the radius of the boundary and W, is a constant in 
terms of the elastic constants. 
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It may be noted that the thickness h does not occur in Wo, but 
only the known stiffness factors or compliances for the stiffened 
plate material. 

The circular test plate was clamped solidly in a special pressure 
capsule and loaded by a pressure head of mercury which was in- 
increased gradually with a special device. This novel apparatus 
for testing circular plates and membranes will be described in a 
subsequent paper. For the present purposes it is only necessary 
to say that it satisfactorily accomplishes its purpose. 

The variation of the deflection at the center of the plate with 
lateral pressure is shown in Fig. 6 both for the theory and for the 


experiment. The agreement between the two seems to be ex- 
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Fic.6 Stirrenep Crrcutar PLate Sussect To UN1roRM PRESSURE 
cellent, especially when it is known that the bending-test appara- 
tus for elastic constants (11) appears to exaggerate stiffness of 
test plates by several per cent. This exaggeration of the con- 
stants appears to be caused by the use of rather short bending 
plates. This fact was demonstrated by test of isotropic plates 
for which the elastic constants were determined carefully and in- 
dependently by standard procedures. 


FREE VIBRATIONS OF ORTHOGONALLY STIFFENED PLATES 


The differential equation for the free vibrations of a thin plate 
of elastic orthotropic material of constant thickness was estab- 
lished many years ago (1). It is the same as Equation [2] with 
F(a, y, t) taken identically zero. Its use in making an experi- 
mental study of the fundamental frequency of vibration of un- 
stiffened wood and plywood plates of constant thickness was in- 
vestigated less than 10 years ago (14). Since it has been shown 
how to determine A,, A,, and A,, experimentally in Equation 
[2] it only remains to recall that ph, the mass per unit area of the 
stiffened plate, can be determined accurately by weighing a 
typical portion. 

For a simply supported rectangular plate the solution of Equa- 
tion [2] when F =O is 


, >) _ mux . nry . 
W = Aan sin — sin — ain P,.t... 4 
pap S = Sin sin Pats... [4] 


Substitution of Equation [4] into [2] with F = 0 gives the 
equation for the circular frequencies P,,,,, as follows 





n* Z 
y ry ceee [5] 

The quantities D,, H, and D, are in terms of the known stiff- 
ness factors. 
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For the fundamental mode m and n eech equals unity and for a 
square plate a is equal to b. 

It is important to observe that the physical constants D,, H, 
and D, in Equation [5] are independent of thickness. 

With these facts, the fundamental frequencies of the or- 
thogonally stiffened plate can be calculated. 

In order to determine the fundamental frequency of flexural 
vibration of the stiffened plates, a boxlike rigid steel supporting 
The boundaries of the 
They were 


frame was constructed as shown in Fig. 7. 
plates were simply supported in these experiments. 
devised in a manner explained at length in another paper (15). 
Briefly, each plate for about */, in. from its edge was ground flat 
and a 90-deg V-notch groove of depth equal to about 80 per cent 
of the plate thickness was machined at the innermost boundary 
of the flat ground edge. A plate with grooved edge is shown 
fastened in the hoiding frame in Fig. 7. Outside the V-notched 


Fic. 7 Vipration-Test APPARATUS 

groove tle flat edge of the plate is held rigidly on all four sides. 
It has been amply demonstrated (15) that this boundary condi- 
tion is essentially that of a hinged or simply supported plate. 

Vibrations were excited in the mounted plate by an elec- 
tromagnet solidly mounted just below the center of the plate. The 
magnet was driven by a Hewlett-Packard audio oscillator directly, 
with frequency being increased slowly until the first resonance 
condition could be detected. The resonance peak could be de- 
tected approximately acoustically by ear but in the experiments 
it was determined precisely with a crystal-type phonograph 
pickup gently touching the plate. The output from the pickup 
was fed to a cathode-ray oscilloscope where the resonance peak 
could be observed readily. 

A comparison of the calculated and observed frequencies is 
shown in Table 2. Data for an unstiffened plate which is prac- 
tically isotropic are included also. This plate was ground to a 
thickness of 0.108 in. It was a plate of this thickness which was 
grooved according to a definite pattern to produce one type of 
stiffened plate and had brass rods silver-soldered to it to produce 
the other type of stiffened plate. 


TABLE 2 FUNDAMENTAL fg aed OF PLATE, CYCLES 
PER SEC 


Calculated Observed 
1050 1050 
980 960 
1120 1060 


Test plate 
Isotropic (unstiffened).... . 
Grooved pattern........ 
Brass-rod stiffeners... . 


DIscussION AND CONCLUSIONS 


In view of results obtained, the combination of theory and ex- 
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periment developed in this paper is recommended for considera- 
tion in the design of stiffened-plate structures. 

Nowadays with the advent of fabricated plates with stiffeners 
integrally attached it may be especially appropriate for manu- 
facturers to give consideration to this combination of theory and 
experimental method for supplying stiffness data for use in de- 
signs involving stiffened plates. 

It is desirable to experiment with plates having larger stiff- 
eners than those used in the present investigation but the dictates 
of economy necessarily limited the scope of the present tests. 
Notwithstanding this fact, the chosen types of stiffeners seem to 
illustrate clearly the major point of the investigation; that is, the 
bending and twisting tests give reliable elastic constants for cal- 
culating flexural behavior of orthogonally stiffened plates under 
various loads and with various boundary conditions. 

The agreement between the theoretical and experimental de- 
flections of the stiffened circular plate with clamped edge ap- 
pears quite satisfactory. This is especially significant when it is 
considered that the stiffness factor in one principal direction is 
approximately 7 times that in the other principal direction. 

At variance with the practice of ignoring the Poisson-type 
ratios, an averaging procedure has been used to obtain ap- 
proximate cross-contraction ratios. This procedure is recom- 
mended on the basis of results. 

The bending data for the brass-rod stiffened plates are not so 
as those for the plates with machined grooves as 
might be expected. The silver-soldering process used on the 
brass-rod stiffeners has some of the same uncontrollable features 
as the electric-welding process used in the fabrication of built-up 
As a result the brass-rod stiffened plates were some- 
Averaging deflection measurements from test with 


consistent 


structures. 
what warped. 


the stiffeners up and from test with the stiffeners down, however, 
appears to minimize the effects caused by this deviation of the 


plate from a plane. 

As noted in the paper, the product of mass density and thick- 
ness of plate occurring in the differential equation of motion can 
be determined directly as mass per unit area of plate by actually 
weighing a typical section of the plate and dividing by its area. 
Also, the proposed method for the determination of the effective 
elastic constants of the stiffened plate make it unnecessary to de- 
termine a thickness for the plate explicitly. These two facts com- 
bine to provide a straightforward method for the determination 
of the dynamical response of a stiffened plate. Experiments with 
plates having larger stiffeners than those used in the present in- 
vestigation will show the extent to which rotatory inertia must be 
taken into account. 
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Buckling of Continuous Columns 


By H. C. PERKINS,' ITHACA, N. Y. 


The following brief note describes an interesting proce- 
dure for setting up the characteristic equation of a con- 
tinuous column, using the method of superposition. 


continuous column, after buckling, is, in effect, a beam of 
A nitoes EI and length L, simply supported at each end, 

bent (1) by end thrust P regarded as given, and (2) by 
undetermined reactions consisting of forces Q at intermediate 
supports and couples My and M, when left and right ends are 
clamped. Slopes @ and 6, at clamps and deflections y at inter- 
mediate supports vanish. Their expressions being linear in the 
reactions can be derived by superposition.* 

The determinant of the resulting linear homogeneous equa- 
tions vanishes, thus providing a characteristic equation, each 
root of which determines a critical load and buckling mode for 
the column. 

Slopes and deflections? before superposition are expressed con- 
veniently by Equations [1] to [10] with K? = P/EI and further 
notation as indicated in Fig. 1 


Q Ee sin Kz 


L= — — 
y P sin KL 


KL 
az sin KL 


agar — ifa<z 
sin Ke sin Kz 
KL 
cr 
— sin KL 
Bay i ifa>zx 


sie he in K La KL 
Pidekhl. 2... 


PL a | sin Kz — 2 sin xz | 
oe kL sin Ke — 5 sin xz | 
= — = [KL — sin KL] 
PL sin KL 
_ Me. 
PL sin KL 


Q ro, cae sittes 
oe Se ee | 
Pan KL | L sin KL — sin Ka 
M, 
PL sin LK 


[sin KL — KL cos KL} 


0, = [KL cos KL — sin KL] [9] 
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9 Mo gt = 
* = Dren KL isin KL — KL)...... 

It is convenient to number the r + 1 supports 0, 1, 2, 
from left to right as in Fig. 2 and use these numbers as subscripts 
in Equations [1] to [10] to identify (7) slope or deflection (6;, y;, 
z;, 2;) and (j) reactive force or couple (M ;, Q;, a;, ¢;). 

Let M,;/(PL sin KL) = m;, Q;/(P sin KL) = q; and let 6,; 
represent the corresponding bracketed factor in Equations [1] to 
[10] (7 refers to slope or deflection, 7 to reaction). 

In Fig. 2, where the ends are clamped, the deflection y, due to 
reaction Q, can be expressed in the compact form y4,/L = geby. 
Herei = 1<j= 2s0z < a, indicating that Equation [2] is valid 
and by: is the bracket in Equation [2] withe = c = L/3andz = 2, 
= L/3. Now the complete y,/L by superposition, using Equa- 
tions [4], [1], [2], [3], has the form 

"1 L = mobw + qou + qobi2 + moby = 0.. [11] 

All four equations (for 9, y1, yz, 9,) are linear and homogeneous 

in Mo, 91, G2, m, so the determinant of coefficients b,;; vanishes 


boo bo: doe Dor 
bo by be Oy 
boo bax bez Dar 
bo bn bee Orr 


D= ae [12] 


Since each b;; is finite for all values of K, D plots as a finite 
ordinate for any positive abscissa K, so graphical evaluation of 
the fundamental root Ker (and higher roots if desired) is a matter 
of elementary though somewhat tedious calculation when numeri- 
cal data are given. For each root the corresponding buckling 
load is Pe = EIK*c.. 


CONCLUSION 


In conclusion, it may be observed that the constraining reac- 
tions, after buckling in a given mode, are indeterminate until one 
reaction has been given an arbitrary value. Thus given a Ker and 
assuming one reaction, say, Q,; = 1, r of the r + 1 equations such 
as Equation [11], can be solved for the remaining r constraining 
reactions of that mode. Deflections may then be computed for 
several values of x using Equations [1] to [10] or similar equa- 
tions? and superposed to obtain the elastic curve for buckling in a 
given mode. 
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Brief Notes* 


On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/, double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published in the next issue of 
the Journal. The notes should be submitted to the 
Secretary of the ASME Applied Mechanics Division. 


Representation of Three-Dimensional 
Stress Distributions by Mohr Circles 
By G. A. ZIZICAS,! LOS ANGELES, CALIF. 


O. Mohr”®)*;+ has developed a diagram representing the 
normal stress component s,, = ¢, and the total shearing 
stress component T, on an element of surface of any pre- 
scribed orientation with respect to the directions of the 
principal stresses. His procedure, however, does not give 
the orientation of the shearing stress 7, within the ele- 
ment or, which is equivalent, the components of this 
shearing stress in a plane co-ordinate system within the 
element under consideration. An extension of the Mohr 
method that overcomes this limitation is presented in this 
note. 


Spe meme the equilibrium of the prismatical element in- 
dicated in Fig. 1 with three of its surfaces along the co- 
ordinate planes of a Cartesian sys- 

tem Ozxyz. On the inclined 
face a co-ordinate system O'’r'nt is 


sur- 
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introduced. It is obtained by rotating the system O’r'y'z’, 
parallel to Oryz through the surface centroid O’, around the z’-axis 
by an angle 6 until the axis O’y’ becomes perpendicular to the sur- 
face. If the lengths Az, Ay, Az are sufficiently small, the stresses 
on the sides of the prism can be assumed uniformly distributed 
so that their resultant forces are applied at the corresponding 
and 2-axes 


centroids. A summation of forces along the z-, y-, 


gives 


8,2 = 8), COS 6 + See sin @ 


8,, cos 0 — s,, sin 8 = s,, cos @ + s,, sin 0 


vy 


s,, sin 6 + s,,cos @ = s,, sin @ + s,, cos 6 


nn 


while a summation of moments around the axes 2’, y’, and 2 
results in 

1) 
Equations [4] are the well-known reciprocity relations. Equa- 
tion [1] is a generalization of them. 

The important feature of the previous analysis is that the re- 
maining two Equations [2] and [3] give exactly the relations 
existing in case of two-dimensional stress distributions. There- 
fore a rotation of the inclined surface of the prism around the z- 
axis results in a standard two-dimensional behavior of the stress- 
components §,,,, and s,,, even in case the z-direction is not one of a 


The variation of the component s,,, is given by 


It follows that the usual two-dimensional Mo‘ 


principal stress. 
Equation [1]. 
circle representation’ * is applicable to the variation of the com- 
ponents s,,, and s,,. The resulting extremal normal stresses may 

5 ‘Elements of Strength of Materials,’’ by S. Timoshenko and G 
H. MacCullough, D. Van Nostrand Company, In« New York, 
N. Y., third edition, 1949, pp. 72-74. (Note difference in assumption 
of positive shear.) 

“Theory of Flow and Fracture of Solids,”’ by A. Nadai, Mc- 
Graw-Hill Book Company, Inc., New York, N. Y., vol. 1, second 
edition, 1950, pp. 94-95. 
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be called ‘‘relative principal stresses,’ s2, and s;,, and the ex- 
tremal shearing stress T;, = 1/2 (s2, — 83,) the “‘relative maximum 
shear” with respect to the z-axis. By a combination of such ro- 
tations any three-dimensional stress distribution may be analyzed 
and in particular the orientation of the principal stress elements 
determined. 

Let now the axes z, y, and z be chosen parallel to the prin- 
cipal stresses s;, S:, 8; correspondingly. An element of arbi- 
trary orientation in the neighborhood of the origin O is obtained 
by two successive rotations of the element perpendicular to the 
x-axis at A, Fig. 2(a). First a rotation by an angle @¢ is intro- 
duced around the z-axis which brings the element to the point 
D, and then the element is rotated by an angle @ tangentially to 
the meridian through C and D of an infinitesimal sphere. Note 
that this second rotation is not around the z- or y-axis. The 
first rotation introduces a normal stress s,, and a shearing stress 
84», Figs. 2(a) and 2(b). The second one introduces a normal 
nn and a tangential stress s,, obtainable by a two-dimen- 
sional Mohr circle with diameter the segment between the points 
of Fig. 2(b). Algebraically 


1/2 (8: + 82) + 1/2 (8: — 82) cos 2M ...... [5] 
845 = 1/2 (82: — 8) sin 2g.... [6] 
san = 1, 2 (Sea + 83) + 1/2 (¢.. 83) cos 20 


= 8; cos? 6 cos? @ + 82 cos? 6 sin? + 83 sin? 6 | 


stress 8 


8; and s,, 


8 st 


. [7] 


8, = 1/2 (83; —8,,) sin 20 = 1/4(2s; — 8; — 82) sin 20 
— 1/4 (s; — 82) sin 20 cos 26 
= — 1/2 8; sin 26 cos? @ — 1/2 82 sin 26 sin? d $e 


+ 1/2 83 sin 20 J 


Comp.LeTe Mour Crircite REPRESENTATION OF STRESS COMPONENTS ON AN ELEMENT OF ARBITRARY ORIENTATION 


Sb = 8, cos 0 = 1/2 (s2 — 8;) cos 6 sin 2g.... 


where the last equation follows from Equations [1] and [6]. 

The stress s,,,, is obtained also by first rotating the element at 
A by an angle @ around the y-axis and then by an angle ¢ around 
the z-axis tangentially to a parallel circle. During this second ro- 
tation the angle @ is kept constant while s,, obtains values between 
s,and 82. The first of Equations [8] shows then that the point s,,, 
in Fig. 2(b) moves along a straight line through the point s; at an 
angle @ to the s,,,-axis. The intersection of this line with the 
circle on diameter s; s,, locates the point s,, and the normal to 
the s,,-axis from s,,; the point s,,.. The component s,, according 
to Equations [9] is equal to one side of a right triangle with 
hypotenuse s,, and one angle 8. Together s,, and s,, define the 
total shearing stress 7, and the angle w,,. Nevertheless it is 
simpler to note that the point with co-ordinates s,, and 1, 
(where 7,2 = s,,2 + 8,,2) moves along a circle either for a fixed 0 
or a fixed ¢ and is located at the intersection of these two circles 
by the known Mohr procedure.?* A combination then of 1, 
with s,, into a right triangle gives w,,. In such a case s,, could 
be found by the intersection of the line s,,,7, with the straight 
line through s; at an angle @. 

Once the foregoing graphical representation is established it can 
serve not only for an evaluation of stresses from a scale drawing 
but also as a reference graph for writing down Equations [5] to 
[8]. Equation [9] is a direct consequence of Equation [1]. 
Then Equations [5] to [9] may be used for analytical calcula- 
tions that can provide the desired accuracy. 


7 See footnote 6, pp. 96-99. 
8‘*Theory of Elasticity and Plasticity,”” by H. M. Westergaard, 
John Wiley & Sons, Inc., New York, N. Y., 1952, pp. 61-64. 





BRIEF NOTES 


On the basis of the mathematical analogy of their equations of 
transformation to the ones for stresses, the cases of small strains, 
moments of inertia, etc., 
the second order lend themselves readily to the foregoing analysis. 


and, in general, of symmetrical tensors of 


Analysis of Some Circular Plates 
on Elastic Foundations and the 
Flexural Vibration of Some 
Circular Plates 
By H. D. CONWAY,' ITHACA, N. Y. 


ROBLEMS involving the analysis of circular plates of varia- 


ble thickness supported by elastic foundations and the 
flexural vibrations of circular plates of variable thickness, are 
occasionally encountered in engineering practice. An example of 
the former is the structural footing and of the latter the turbine 
disk. 

The following analysis will be confined to axially symmetrical 
loading and vibrations, and the flexural rigidity D of the plates 
(proportional to the cube of the thickness) taken as varying with 
wecording to the equation D = Dor* 


By taking arbitrary values of Dy and m, a great 


the radius , where Dy and m 
are constants 
variety of variations of thickness could be obtained, but unfor- 


How- 


ever, it has been found that for certain relationships between the 


tunately they usually lead to great analytical difficulty. 


parameter m and Poisson’s ratio, analytical treatment is reason- 
ably simple, and this leads to certain solutions of practical in- 
terest. Since the form D = Dor™ implies zero thickness at the 
center of the plate for positive m, the following analysis is con- 
cerned with ring plates 

The differential equation for a circular plate of variable thick- 
ness resting on an elastic foundation of modulus k is,? with the 


usual notation 


d dod @ dD 
dr r dr 


d 
D ? 


kw) r dr 


Assuming a flexural-rigidity variation of the form D = Dor”, we 


obtain, after simplification 


d‘w Bw d?w 
r} (2m + 2 nee ae 


4 
dr4 ar? 


9 


rm + vm + m?*) 
dw 4 q 
: ri-™ w= r 
ir Di Do 


+ r(1 + vm*—vm “— 
The complementary solution of this equation will first be con- 
sidered. If it can be found, the particular solutions may always be 
obtained by such methods as ‘‘variations of parameters.” 

For m = 4, 
change of variable r = e* the complementary solution satisfies the 


Equation [2] is homogeneous and making the 


ordinary linear differential equation 


dw 
dz 


d?*w dw 
ty 8(1 Vv) 
dz? dz 


d*w 


dz* 


The solution of this equation is elementary and will not be con- 
sidered further here 
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Book Company, Inc., New York, N. Y., 1940, p. 283. 


The solution of the equation 


d?w 


dr? 


d‘w dw 
‘ + 


Agr : 
dr* dr’ 
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where 


6 la Ie 
2(a? wc?) + Ha +e 
2( 7c? a? (2a 1): 


> 


(a? u*c?)(a*4 + ac + 4c? 


is given by Nielsen’ as 
WY ,(u) + Col, hu 
where J,, Y,, 7,4, and K, are Bessel functions 


From a comparison of Equations [2] and [4] it is seen that they 


0 or (a + Jac + 4? 


From the first of these and writing a m/4, 


are of similar form if either (a? pic? 
— pc?) = 0. 
c= (4 m 1 Me = mr (4 


m ), the complement il solution 


of Equation [2] is 


) 


256k Poisson’s ratio 


Dy 4 myi,t~ = 1 and if 


This equation may be written in the more convenient 


where b4 = 
v= pi } 
form 
. B ber, br t BR, bei, b 
B; ker, (br' 
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If, for example, m = 4/3 and v 1/3, ” 


form. It must be re 
and | 
materials and the solution has only application from » 


m=2 


the solution may be written in closed 


membered that Poisson’s ratio lies between zero 2 for all 


U to 
For (a? + 4ac + 4c? 0 and writing a m/A, « 
(4 m)/4, 
of Equation [2] 


p*c?) = 


w= (8 3m t m), the complementary solution 


is again 


™/41B, ber,(br°) + By bei,(br°) + Bs ker,(br 


wer 


R ] 


where b* = 256k/D)(4 m)*, and if Poisson’s ratio 4 }m? 
24m + 32) 
of the nature of the connection between v and m, and the fact that 


6 and 


4m. This solution has rather limited value because 


vy must lie between zero and 1/2. As an example, for m 


vy = 1/6, the solution is 


*1B, bers( br *) + By beis(br 
T B ker,( br 
16k/D, 


For a constant-thickness plate we write m 


where b* = 
0 and obtain the 


solution 


w = B, ber(br) + B, bei(br) + B, ker(br B, keil br 


This latter solution is valid for all values of v 

Similar differential equations are obtained when investigations 
of the frequencies and mode shapes of disks of variable thickness 
are made. Only axially symmetrical vibrations will be considered 
here. For the axially symmetrical bending vibrations of a plate of 
variable thickness and from Equation [1], the differential equa- 


tion to be solved is 


*‘*Handbuch der Theorie der Cylinderfunktionen,"’ by N. Nielsen, 
Leipzig, 1904, p. 138, reproduced in ‘‘Differentialgleichungen,”’ by 
E. Kamke, Leipzig, vol. 1, 1943, p. 534. 
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6, t), 


ap (26 4) 
or r or or r 


1 [" , dw 
-—1f'a or rdr....{10] 


where p is the density of the material and h is the variable thick- 
ness of the plate. Writing D = Dor™ where Do = Eho*/12(1 — 
vy), the differential Equation [10] becomes, after simplification 


Otw 
or‘ 


r‘ 


o*w o*w 
~ + r3 (2m + 2) —— +172 (m + vm — 1 + m*) — 
or’ or? 


dw —12 p(1 —v?) (12—2m)/3 dw 
=< > s 


+r(1 + vm? — vm —m) or = Eh = 


Writing the deflection w in the product form 


w= f(re 
it follows that 
4 d*f 


dr - 


df d*f 
+ r(2m + 2) rr) + r?(m + vm — 1 + m?*) q 
ar 


df 
+ r(1 + vm? — ym — m) — 
dr 


12pp%{1 — v2) (12—2m)/3 
ae a —-», 


This equation must be solved before the frequencies and mode 
shapes may be determined in the usual manner for the required 
boundary conditions. 
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If m = 6, Equation [13] is homogeneous and its solution is ele- 
mentary and will not be considered further here. Referring to 
Equation [4] with (a? — pw%c?) = 0 and with a = —m/3,c = 
(6 — m)/6, u = 2m/(m — 6), the solution of Equation [13] is 


f=r-™3[B J (br®) + BY (br°) + Bul ,(br®) + bK,(br*)] . . [14] 


where bt = 12pp*(1 — v*)/Eho*(1 — m/6)‘ and if Poisson’s ratio 
vy = (2m — 3)/9. An interesting special case is when m = 3 
(linear variation of thickness) for which y = 1/3, which is a good 
value for several materials. If, as another example, m = 18/7, 
the Poisson’s ratio necessary is 5/21 and, since 2m/(m — 6) = 
—3/2, the solution may be written in closed form. 

From Equation [4] with (a? + 4ac + 4c? — w*c?) = 0 and with 
a = —m/3,c = (6 — m)/6, uw = 4(m — 3)/(m — 6), the solution 
of Equation [13] is again 


f=r-™3[BJ,(br°) + BeY,(br°) + Bsl,(br°) + BiK,(br*)] . . [15] 


where bt = 12pp*%(1 — v*?)/Eho*(1 — m/6)‘ and if Poisson’s ratio 
vy = —(4m? — 45m + 72)/9m. As in the case of the plate on an 
elastic foundation, this solution is of limited value because of the 
nature of the connection between v and m, and because v must 
lie between zero and 1/2. Solutions of possible interest are when 
m = 8, v = 4/9 and m = 9, v = 1/9 and those between these 
ranges of m and v. 
For the constant-thickness plate, m = 0 and 


f = [BJo(br) + BsYo(br) + Bilo(br) + ByKo(br)]... . [16] 


where b‘ = 12pp*%1 — v*)/Eh*?. This solution is valid for all 


values of Poisson’s ratio. 








Discussion 





Experimental Measurement of 


Mechanical Impedance 
or Mobility’ 


M. C. Juncer.? In this paper, the mobilities 
of several systems, as observed by means of an 
impedance-measuring device, are plotted as a function 
of frequency. The most striking feature of these re- 
sults is the fundamental difference between the re- 
sponse of the plate and that of the free-free beam. 
For the latter, the mean value of mobility de- 
creases approximately inversely as the square root 
of frequency. For the plate, the mean mobility first 
decreases and then rises, and possibly levels out at 
high frequencies (the measurements do not extend 
to sufficiently high frequencies to afford certainty on 
this last point). The author notes that the general 
trend of the mobility curve above 700 cycles per sec 
(eps) seems to follow a line of constant compliance. 
The explanation offered is that this behavior is a re- 
sult of “the local response of the base plate at these 
frequencies, which seems to be relatively independent 
of lateral dimensions.” In other words, boundary 
conditions are unimportant if the frequency is suf- 
ficiently high. The input impedance of the plate to 
a transverse force therefore may be taken approxi- 
mately equal to the input impedance of an infinite 
plate. Thisimpedance is stated by Cremer’ as follows 


FOR CE-POUNDS 





MOBILITY = VELOCITY —— INCHES PER SECOND 


where E is the Young’s modulus, p the density of 
the plate material, and A the plate thickness. The 
impedance is purely resistive and frequency-inde- 
pendent. The latter trait is most surprising be- 
cause flexural waves in beams are strongly frequency- 
dispersive. In addition, even propagation phenomena 
which are nondispersive in one and three dimensions, viz., phe- 
nomena governed by the wave equation, are dispersive in two 
dimensions (for example, waves propagating in a string are non- 
dispersive, but dispersive in a membrane), This unexpected 
result stated in Equation [1] is relatively little known, even 
though it had already been found by Boussinesq.*‘ 

When 1/Z is plotted as a function of frequency, one obtains, of 
course, a horizontal line. Measuring the thickness of the plate 
from the sketch in Fig. 7 of the paper one finds h = 0.42 in. (ap- 
parently the note ‘'/, scale’’ applies to the original drawing, and 


Fic, 1 


1 By R. Plunkett, published in the September, 1954, issue of the 
JOURNAL oF AppLiepD Mecuanics, Trans. ASME, vol. 76, pp. 250-256. 

? Acoustics Research Laboratory, Harvard University, Cambridge, 
Mass. Assoc. Mem. ASME. 

*“The Propagation of Structure-Borne Sound,”’ by L. Cremer, 
Department of Scientific and Industrial Research, London, England, 
Sponsored Research (Germany) no. 1, series B, 1948, chapter II. 

4 ‘Application des Potentiels a l’Etude de l’Equilibre et du Mouve- 
ment des Solides Elastiques,”’ by J. Boussinesq, Mémoires de la 
Société des Sciences de Lille, Imprimerie L. Danel, Lille, 1885, 
Note II, § III.21. 
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PEAK-TO-PEAK DISPLACEMENT 
UNIT FORCE 





ACCELERATION —(g = ACCELERATION OF GRAVITY) 
UNIT FORCE 





FREQUENCY — CYCLES PER SECOND 





Mosi.ity or Center or 48-In. X 2-In. X 1-IN. Free-F ree Sree, Bar 


(Fig. 4 of the paper.) 
not to Fig.7). The corresponding expression for the mobility is, 
from Equation [1] 
in 


= 0.0167 [la 


The equivalent average thickness, computed from the total 
weight of the base plate including ribs, is found to be h = 0.48 in 
The corresponding mobility is 


n/sec. 


i 
= ().0127 [1b] 


The two values of mobility thus calculated are of the order of the 
mean value of the mobility curve in Fig. 2 of this discussion. The 
general trend of the observed mobility probably would follow 
Equation [1] of this discussion more closely if the plate did not 
have stiffening ribs 
ity seems to vary as f~ '/* (where f is the frequency) 
This similarity 


In particular, at low frequencies the mobil- 
a behavior 
which was found to be characteristic of a beam. 
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between plate and beam may result from the 
fact that the plate is excited through the inter- 
mediary of the rib to which the measuring de- 
vice is attached; asa result, the outgoing waves 
are not truly two-dimensional, as in a uniform 
plate, but rather one-dimensional, as in a beam. 
In this connection, it is interesting to note 
that the driving impedance to a transverse 
force applied to a very long beam displays pre- 
cisely this type of frequency dependence® 


Z = 40/a( ED) m'* Vf ¢ 2... [2] 


where E] is the bending rigidity, and m the mass 
per unit length of beam. The frequency de- 
pendence results from the dispersive charac- 
ter of flexural waves in beams. The im- 
pedance has a resistive as well as an inertial 
component, even though friction has been neg- 
lected. It may be of interest to note that the 
expression for mobility obtained from Equa- 
tion [2] yields a fair approximation to the 
values given in Fig. 1 of this discussion for the 
free-free beam. When the parameters of the 
test beam are used in Equation [2], the fol- 
lowing expression for mobility is obtained 
1 0.404 in/sec. 


FQ CE-POUNDS 





MOBILITY = VELOCITY INCHES PER SECOND 


In connection with the positive slope dis- 
played by the mean value of mobility in Fig. 2, 
herewith, in the range above 700 cps, one may 
note that extended elastic media do present a 
stiffness-type reactance at all frequencies when 
Poisson’s ratio is less than one third, and at 
low frequencies only when this ratio is greater 
than one third. However, the frequencies 
used in the tests under discussion would have 
to be increased by several orders of magnitude 
for such three-dimensional phenomena to occur 
in the small volume of elastic material represented by the rib on 
which the impedance device is mounted. 

The writer would call attention to a practical device for the 
measurement of mechanical impedance which worked success- 
fully on a purely electrodynamic principle, as described in a paper 
by Subra.*® 


. . . 1 
Mechanism of Fretting Corrosion 
DovuGias Gorrrey.? 

analysis of the factors involved in the scraping off of regenerative 
oxide films from mild steel. Several observations, however, can be 


The author has presented a critical 


considered from another viewpoint. Although a chemical-reac- 
tion product is formed, the fretting phenomenon should not be 
termed “truly one of corrosion.’’ To cite an analogy—a milling 
operation is not truly corrosion because the chips, the tool, or 
even the metal oxidizes; milling still remains a cutting process. 
I believe fretting is caused by mechanical wear from reciprocating 
slip of low amplitude. The author’s chemical term does not exist 

5 “Spherical Wave Propagation in Solid Media,’”’ by F. G. Blake, 
Jr., Journal of the Acoustical Society of America, vol. 29, 1952, pp. 
211-215. 

*‘*Le Vibrométre,’’ by H. Subra, Revue Générale de I’ Electricité, 
vol, 31, 1932, pp. 371-376. 

' By H. H. Uhlig, published in December, 1954, issue of the Jour- 
NAL OF AppLieD Mecnanics, Trans. ASME, vol. 76, pp. 401-407. 

* National Advisory Committee for Aeronautics, Lewis Flight Pro- 
pulsion Laboratory, Cleveland, Ohio. 
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UNIT FORCE 


FREQUENCY — CYCLES PER SECOND 





Mosi.ity or Base PLATE 
(Fig. 8 of the paper.) 


Fic. 2 


without the mechanical factors of plowing. The occurrence and 
the effect of a chemical-reaction product is entirely dependent 
upon the medium. Fretting occurs in vacuum and inert media, 
and to unreactive materials which shows that fretting damage is 
independent of corrosion. But even with a reactive material and 
a corrosive medium, weight loss by fretting is not necessarily 
high. Consider a medium of a gas or liquid, such as sulphur or 
chlorine compound, which would react with mild steel to form a 
low shear-strength film, such as iron sulphide or iron chloride. 
Under these conditions weight loss would be low because the 
chemical-reaction product would lubricate the surface. 

The term “fretting damage’’ should not be used synonymously 
with “weight loss.’’ For example, the first fact cited in the intro- 
duction, ‘fretting damage is reduced in vacuum or inert atmos- 
phere,’’ should be “weight loss is reduced in vacuum or inert at- 
mosphere.’’ The surfaces probably suffered extensive damage 
by cold welding and metal transfer or galling. 

The mode! shown might be over-idealized because it does not 
have one of the features which is well established in friction and 
wear research. This feature is the existence of a rough surface 
from which asperities are broken off by a moving element. In- 
asmuch as in these fretting experiments the metal surfaces are 
separated completely by compacted oxides, the moving element 
is most likely an oxide particle or a partly oxidized metal frag- 
ment. 

The general applicability of the author’s equation is not clear. 





DISCUSSION 


In particular, do the values of the constants ko, k,, and k; apply 
only to the conditions of these experiments? 

Table 1 of the paper shows that chemical wear is greater than 
50 per cent only in 4 out of 18 cases. One of these is at the great- 
est load and greatest slip, another at the greatest load and 
medium frequency; and in another, the percentages are ap- 
proximately equal. Therefore, the writer believes there is little 
justification for the statement, ‘the chemical factor of fretting 
damage predominates for small values of load, slip, and fre- 
quency.”’ 

The rigid exclusion of air and other substances does not appear 
to be a good remedial measure for fretting damage. To en- 
courage metal-to-metal contact by exclusion of all substances in 
the presence of reciprocating slip, is asking for serious surface 
damage by galling, plowing, and metal transfer which could be 
worse than damage by fretting in air. 


AvuTHOR’s CLOSURE 


Mr. Godfrey’s first comments focus on some of our present 
and their inherent The definition of 
corrosion, to the contrary, is Hence, 
looking at the initial steel and the ultimate composition of the 


weaknesses. 
well established. 


definitions 
now 


fretting-damage debris in air, there is no question that corrosion 
has the The 
definition of corrosion, in other words, fits the situation of a 
chemical and its environment 
resulting in chemical-reaction products. Where damage occurs 
in absence of chemical reaction, this obviously is not corrosion. 


occurred, whatever mechanism one assumes. 


reaction between a metal 


Hence wear of two metals in contact and moving with respect to 
each other is a physical degradation process which in absence 
of a reactive environment is sometimes defined as galling or 
simply as wear, and is also sometimes called fretting. It is 
not properly called fretting corrosion. 
With this distinction in mind, the 
fretting corrosion. The accompanying 
which seems always to be part of fretting damage, is also included. 
The latter damage may be, and probably is, the same kind of 
damage as that 
products when metals are rubbed against each other in vacuum 


present papers discuss 


mechanical damage, 


which occurs without formation of corrosion 
or in an inert atmosphere. 

Our results show clearly that metal lost by fretting is less 
extensive in nitrogen than in air, which confirms results that have 
been published previously by others. We have indicated that 
weight loss in nitrogen, although appreciably less than in air, is 
not zero and that metal is transferred from one surface to the 
other. The calculated mechanical component of weight 
when steel is fretted in air is greater than the observed weight 
loss which results from mechanical damage in nitrogen, because 
less or no metal transfer occurs when oxide is present at the inter- 
face. The surface of steel in nitrogen suffers severe cold work, 
which is properly termed a form of damage, but it is doubtful 
that real damage of this kind is at any time as serious as occurs 
in air. Marked pitting, for example, is not observed in a nitro- 
gen atmosphere, and hence fatigue crack nuclei are not generated 


loss 


to the same extent as in air where pitting is common. 

I believe that weight loss is a good quantitative measure of 
fretting damage for most situations where damage of this kind 
Admittedly, it may not be a 
satisfactory criterion for some specific applications where surface 


is observed in test or in practice. 


cold work or metal transfer is an important consideration. It 
is a far better criterion of fretting damage than the usual visual 
estimate of damage typical of many older investigations re- 
ported in the past. On the basis of weight loss, our results truly 
show that fretting damage is reduced in nitrogen and would 
presumably be reduced similarly in vacuum or in any other 


inert atmosphere. Many practical measures for reducing fret- 


ting damage bear out this conclusion and hence support the pres- 
ently described laboratory results based on weight-loss measure- 
ments. 

It is true that oxide particles present at fretted surfaces have 
a greater probability of rubbing against the metal surface after 
fretting corrosion starts than do metal particles. This situation 
is described in the first complete paragraph on the second page 
of the paper, and is mentioned again in describing the model 
for fretting action. The described theory takes this situation 
into account. 

The constants ko, 
steel is fretted against itself in air, 


k,, and k, apply to any situation where mild 
and where the motion is 
essentially sinusoidal. For other metals the mechanical-wea 
term containing k, differs, as do ky and k,, the latter being altered 
by a different oxidation rate constant k/r and by a different 
yield pressure term p,,. 

The chemical evidence of fretting damage, taken as a whole 
and including secondary fretting action, by far predominates 
over the mechanical evidence for all the test conditions described 
in the present paper. This is illustrated by the fact that fretting 
debris is almost all Fe.O;, and only a small portion consists of 
metallic the 
amount of metallic residue is evidence of secondary Iretting action 


iron. As discussed in paper, the observed 


between oxide and metal particles; the latter, according to the 
described theory, having been dislodged from the metal surface 
originally in greater amount, by the factor of mechanical wear 
accompanying chemical reaction induced by mechanical activa 
as Table 1 and Equation [14 
show, becomes increasingly chemical in nature for conditions ol 


tion. Primary fretting action, 
low load, slip, or frequency. 
The rigid exclusion of air is found to be advantageous in prac- 
tice for that suffer 
and the prediction of this advantage is contained in the present 


some metal structures fretting damage, 


data and theory. However, exclusion of air alone may not be 
adequate for other structures or machines operating under more 
severe conditions where major damage results from galling or 
wear, and where the chemical component of fretting damage is 
less important. These conditions, according to theory, include 
heavy loads, large slip, and high frequencies 

Mr. Godfrey’s discussion provides the opportunity to point out 
that many of the present misconceptions and misleading in 
tuitive ideas of fretting damage have arisen from qualitativ: 
experiments without adequate control of all the variables, or 
from visual observations of service performance where again all 
Quantitative data 
recently were almost nonexistent, promise much more in achiev 


the factors were not known which until 


ing the ultimate understanding of fretting corrosion helpful to a 
practical solution of the problem. The empirical, hit-or-miss 
returns—the 
this 


approach has reached the stage of diminishing 


scientific approach is the only one that remains, and in 


respect much more needs to be done. 


Existence and Stability of Ultra- 
harmonics and Subharmonics in 
Forced Nonlinear Oscillations’ 


H. NorMAN ABRAMSON.? The method of analysis used by the 


author appears to be a variation of the well-known method of 


! By T. K. Caughey, published in the December, 1954, issue of the 
JOURNAL OF APPLIED Mecuanics, Trans. ASME, vol. 76, pp. 327 
335 

2 Associate Professor of Aeronautical Engineering, The Agricultura 
and Mechanical College of Texas, College Station, Texas Assoc 
Mem. ASME. 
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Kryloff and Bogoliuboff, and as such this writer believes that two 
points concerning the analysis are worthy of discussion. 

The author’s somewhat brief presentation may confuse some 
readers at the outset because of his failure to explain why the 
terms —KA(d@/dt) and K(dA/dt) do not appear in his Equations 
[4] and [5] For small nonlinearity and for P< w*, one attempts 
to find a solution similar in form to the solution of the correspond- 
ing linear problem, viz 


y = A cos (Qt + >) 
y = —AQ sin (Qt + o) 
Allowing both A and @¢ to be functions of time in the nonlinear 


problem, however, introduces somewhat too much variability into 
the problem and therefore the additional restriction that 


dA d 
— cos (Qt + @)—A #9. sin (Q¢ + ¢) = 0 
dt dt 


may be employed, in correspondence with the form of Equation 
[2] of this discussion. The procedure is essentially the method of 
variation of parameters, well known in ordinary differential 
equation theory. 

The writer wonders why the author did not choose the use to 
complete Kryloff-Bogoliuboff procedure which involves solving 
for A and ¢ and then “smoothing out’’ these periodic functions by 
integration over one period. This would lead to equations of the 
same form as the author’s Equations [7] and [8]. 

The second point that the writer would like to discuss is the 
following: The Kryloff-Bogoliuboff method is essentially a ‘“‘res- 
onance analysis’ in that one must assume at the outset that 
w & Q (considering here only harmonic solutions of period 27 /Q— 
the author explicitly states the assumption of a resonance analysis 
only for the cases of superharmonics and subharmonics, Equations 
[21] and [46]). Therefore, in the vicinity of the peaks of the re- 
sponse curves (point P of author’s Fig. 1) reliable results may not 
always be obtained. This may explain certain differences between 
results of the author and of the writer. According to Equation 
[10] of the paper, the steady-state phase angle is 7/2 on the upper 
locus of vertical tangents, while the writer has shown by a dif- 
ferent method® that the phase angle has the value 7/2 at the point 
where the response curve crosses the curve for free undamped 
oscillations, this curve lyiug somewhat to the side of lower fre- 
quency of the upper locus curve. 

The writer believes that the method of analysis presented in the 
paper would not be satisfactory for a similar discussion of a 
system with uw < 0, because of the nature of the “resonance 
analysis’ just mentioned. In the case of a softening system 
(u <0), the response curves are quite different than in the case of 
the hardening system‘ and appear to lead to stability questions of 
very complex nature. For that problem the region of interest is 
given by {2< w. The question of subharmonics in this region 
may very well be amendable to treatment by the method of the 
present paper. 


Joun C. Buraess.’ In his interesting article on forced non- 
linear oscillations, the author has shown some diagrams not pre- 
viously published. By coincidence, the writer has written his 


’“*Resonance Amplitudes in Systems With a Single Degree of 
Freedom,"’ by H. Norman Abramson, Product Engineering, August, 
1954, pp. 179-182 (also, MS thesis, Stanford University, May, 1951). 

‘**Remarks on Response Curves for a Single Mass System With a 
Softening Restoring Force,” by H. Norman Abramson, JouRNAL OF 
AppLiep MecHanics, to be published. 

5 Mechanical Engineer, Department of Physics, Stanford Research 
Institute, Stanford, Calif. 
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Fic. 1 Response CuRVES FOR Q3, ULTRAHARMONIC OF ORDER 3 


dissertation® at Stanford University on precisely the same phe- 
nomena described by the author, with the same differential equa- 
tion treated by the author, and with a method (the Ritz method’) 
which amounts to that used by the author. The principal dif- 
ferences appear to be that the author concentrated on the effects 
of initial conditions and on stability of the various motions while 
keeping his algebra as simple as possible; the writer concentrated 
on solving the complete algebraic equations, leaving the considera- 
tions of initial conditions and stability to later times or to other 
writers. The author also limits his considerations to small values 
of the nonlinearity (i.e., to quasilinear systems) and to small 
values of the amplitude of the forcing function. 

The writer’s curves are drawn for a moderately high value of 
the amplitude of the forcing function, and he believes that his re- 
sults are not limited to small values of the nonlinearity. Another 
difference is that the author’s curves are qualitative, the writer’s 
are quantitative. The general characteristics of the amplitude- 
frequency response curves shown by the author agree with those 
found by the writer with the exception of that for ultraharmonic 
motion. The writer, basing his conclusions on the exact solution 
of the algebraic equations resulting from the use of an approxima- 
tion containing all the features of the author’s Equation [20], 
found the response curves for ultraharmonice motion to be those 
shown in Fig. 1 of this discussion. The jump region is shown in 
more detail in Fig. 2. 

It is obvious that the ultraharmonic response indicated by these 

¢ “Harmonic, Superharmonic and Subharmonic Response for Single 
Degree of Freedom Systems of the Duffing Type,” by J. C. Burgess, 
PhD thesis, School of Engineering, Stanford University, Stanford, 
Calif., September, 1954. 

7“*Nonlinear Vibration Problems Treated by the Averaging 
Method of W. Ritz,”” by K. Klotter, Proceedings of the First U. 8. 
National Congress of Applied Mechanics, Tae American Society 
or Mecuanicat Enoinegrrs, New York, N. Y., 1952, pp. 125-131. 

8 Also called superharmonic motion. 
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‘1G. 2 Response Curves For Q:, Jump Recion, ULTRAHARMONIC 
or OrpER 3 


curves is distinctly different from that indicated by the author’s 
curve. For interpreting the writer’s curves in terms of the au- 
thor’s notation, the following dimensionless identities may be ob- 
served 


rp ' ; : 
Q: 5 Se m Fic. 3 Response Curves ror Q:, ULTRAHARMONIC OF ORDER 3 
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The co-ordinate systems are seen to be qualitatively similar f : 
es ; : : Fic Response Curves FOR a, ULTRAHARMONIC OF ORDER 
With respect to damping, the parameter D represents the ratio of 
the actual damping to the critical damping of the system. 

In deriving his response relations [29] for steady-state ultra- 
harmonic motion, the author has made some assumptions which re- 
sult in a considerable simplification of the process of solving the 
simultaneous nonlinear algebraic equations. In the writer’s opin- 
ion, there are cases for which these assumptions constitute over- “ei 
simplification, the author’s results being an example. The author Celevisted points shown onty tor 0 + 0.02 
has tried to show, Equations [27] and [28], that the phase angle 
a may be taken to be zero and that the amplitude of the funda- 
mental harmonic may be taken as that for the corresponding 
linear oscillation. It is not clear whether or not he used also the 
condition [21], that Q’ == w. In Figs. 3 and 4 of this discussion 
are shown the writer’s response curves for a and Q;. These curves 
indicate that as the damping coefficient becomes smaller, the 
assumptions made by the author become more questionable. It 
should be noted that the author specifically restricts his equation 
to vanishingly small damping coefficients. Fic. 5 Response Curves ror Q'/;, SUBHARMONIC OF ORDER 
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Fic. 6 Response CURVES FOR a, SUBHARMONIC OF ORDER !/3 

Qualitatively, the reason for retaining a@ is that energy can enter 
the system only if a # 0. If 8 is retained while a is not, a mecha- 
nism is allowed which takes energy out of the system while none 
is allowed which puts energy in. 

With respect to the subharmonic solution, the writer’s results 
agree qualitatively with the relation presented by the author in 
his Fig. 5, that is, with the closed curve character of his response 
curve. The exact character of the writer’s response curves differ 
from that shown by the author, as can be seen from Fig. 5 of this 
The author indicates that sin @ is very small (his 
This is not necessarily so, as can be seen from 


discussion. 
Equation [51] ). 
Fig. 6 of this discussion. 
AUTHOR’s CLOSURE 

The author wishes to thank Professor Abramson and Dr. 
Burgess for their comments. 

The method of analysis used in the paper is based on the work of 
Appleton and Van der Pol, from which the well-known method 
of Kryloff and Bogoliuboff was derived. The reason why terms 


_, db aA A : ‘ 
KA it and K > do not appear in Equations [4] and [5] is that, 
€ € 


dg 


tay eS i. a 
by definition A is of order yu, and by supposition and i are 
tf 


/ _aA ., dd 
also of order uw; hence K i and KA 4 ore of order 4? and may be 
( ¢ 


neglected in a first-order theory. While there is little to choose 
between the methods when applied to the case of predominantly 
harmonic motion, there is a considerable saving in work when 
the present method is applied to the analysis of ultraharmonic or 
subharmonic motions. 

It will be observed from Equation [10] that on the upper locus 
of vertical tangency the phase angle is approximately 7/2, the 
smaller the damping K the closer the approach to 7/2. When 
the damping is zero the upper locus of vertical tangency is 
coincident with the curve for free undamped oscillations and the 
phase angle is exactly w/2. 

Dr. Burgess has produced a most interesting set of curves for 
the case of ultraharmonic and subharmonic motion. In the case 
of ultraharmonic motion a marked difference exists in the nature 
of the jump region, as is clearly illustrated by Fig. 2 of the dis- 
cussion and Fig. 3 of the paper. It is a pity that Dr. Burgess has 
drawn his curves for only one value of §, which is a measure 
of the nonlinearity in the system. Had he repeated his work for 
differing values of § he would have found for § < 0.2 the ultra- 
harmonic jump region is of the type shown in Fig. 3 of the paper, 
while for § > 0.2 the jump region is of the type shown in Fig. 2 
of the discussion. To illustrate this, Fig. 7 shows the ultrahar- 
monic response of an undamped system with § = 10-2. 
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Response Curve For Q;, Jump Recion, ULTRAHARMONIC 
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Since the original paper was concerned with quasilinear systems 
the ultraharmonic response will be as shown in Fig. 3 of the paper. 

Similar comments may be made about the subharmonic 
response and its dependence on the magnitude of the non- 
linearity. 

It may be of some interest to mention that when the ultra- 
harmonic jump phenomena were first predicted late in 1952, a 
small analog computer was built to verify these predictions. It 
was observed that for small nonlinearities or small exciting forces 
the ultraharmonic jump behavior was of the Caughey type but 
for large nonlinearities or large exciting forces the behavior was 
of the Burgess type. 


Torsional Vibrations of Beams of 


Thin- Walled Open Section’ 


J. E. GotpserG.? Approximately a year ago the writer pub- 
lished’ a solution to the major problem discussed by the author— 
that of the torsional oscillations of a simply supported I-type 
beam. Except for minor differences in notation, the writer’s 
formula for the natural frequencies is essentially the same as the 
author’s Equation [14]. Whereas the author used Timoshenko’s 
equation for the statical twisting of an I-beam as his starting 
point, the writer used the Lagrange procedure to obtain the sys- 
tem of dynamical equations of the beam. 

In view of the fact that the writer’s prior publication in the same 
journal confirms the major result obtained subsequently by the 
author, it is quite surprising that no reference was made by 
the author to this earlier work, particularly since this earlier work 
was called to the author’s attention at the time‘ the paper was 


presented. 
AvuTHOR’s CLOSURE 


The author’s paper was concerned with the general problem 
of the free torsional vibrations of bars of thin-walled open 


1 By J. M. Gere, published in the December, 1954, issue of the 
JournaL or AppLiep Mecuanics, Trans. ASME, vol. 76, pp. 381- 
387. 

2 Associate Professor of Structural Engineering, School of Civil 
Engineering, Purdue University, Lafayette, Ind. 

3‘**Note on Torsional Oscillation of I-Type Beams,” 
Goldberg, Journat or Appiiep Mecuanics, Trans. ASME, vol. 
1953, pp. 567-568. 

4 At the West Coast Conference of the Applied Mechanics Division, 
Berkeley, Calif., June 21-23, 1954. 
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section for which the shear center and the centroid coincide. 
These include and other 
complicated shapes such as used in aircraft construction. 


sections I-beams, Z-sections, more 
Mode 


shapes and principal frequencies were determined for six different 
sets of end conditions, including simple supports, fixed ends, and 


cantilevers, The effect on the mode shapes and frequencies of a 


variation in the physical constants of the bar was also shown. 

For the particular case of an I-beam, and for the case of simple 
supports, Equation [14] of the author’s paper reduces to the equa- 
tion derived by Professor Goldberg. This can be seen by substitut- 
ing into Equation [14] the value of the warping constant C,, for an 
I-section. The author apologizes for being unaware of the dis- 
cusser’s note until it was called to his attention at the time of 
presentation, which was several months after the paper had been 


sent to the publisher. To have included a reference to Professor 


Goldberg's note would not necessarily have been pertinent, 
however, since there are earlier works in which essentially the 
same material can be found.** These earlier works are concerned 
with coupled bending and torsional vibrations of simply supported 
beams, and the authors arrived at the expression for the principal 
torsional frequencies of a simply supported beam Equation [14 


as a special case. 


’“*Thin Walled Elastic by V. 
p. 266. 

6 ‘*Eigenschwingungen von geraden Stiiben mit dQnnwandigen und 
offenen Querschnitten,’’ K. Federhofer, Sitzungsberichte der Wiener 
Akademie der Wissenschaften, Math.-natur. Klasse, vol. 156, abt 


Ila, 1947, p. 405. 


Rods,"’ Z. Viasov (Russian), 1940, 
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Energy Transfer in Hot Gases 


Enercy TRANSFER IN Hor Gases. Proceedings of the NBS Semi- 
centennial Symposium on Energy in Hot Gases, held at the 
National Bureau of Standards on Sept. 17 and 18, 1951. National 
Bureau of Standards Circular 523, issued March 10, 1954, Wash- 
ington, D. C. Cloth, 6 X 9 in., iv and 126 pp., figs. For sale by 
the Superintendent of Documents, U. 8. Government Printing 
Office, Washington 25, D.C. Buckram $1.50. 


Reviewed sy T. P. Torpa! 


HE bulletin of 126 pages contains a foreword by A. V. Astin, 
Director of NBS, and the following 16 papers: 

“Processes of Electronic Excitation in Relation to Flame 
Spectra,” by A. G. Gaydon; “Studies of Some Polyatomic 
Flame Bands,” by George A. Hornbeck and Robert C. Herman; 
“Emission Spectra of Polyatomic Free Radicals,” by P. J. Dyne; 
“Distributions of OH Rotational Intensities in Flames,” by 
Herbert P. Broida: ‘Spectroscopic Studies of Low-Pressure 
Combustion Flames,”’ by 8. 8. Penner, M. Gilbert, and D. Weber; 
“Studies of Emission and Absorption in Flames,”’ by G. H. Dieke 
and H. M. Crosswhite; ‘Energy Distribution of CO Molecules 
in CO-O, Flames,”’ by Shirleigh Silverman; ‘High-Resolution 
Spectra of Hydrocarbon Flames in the Infrared,” by W. 8. 
Benedict and Earle K. Plyler; “Infrared Emissivity of Diatomic 
Gases,” by S. S. Penner; “Infrared Spectra of Thermally Ex- 
cited Gases,’’ by Richard H. Tourin; “Present Position of the 
Theory of Flames,” by Bernard Lewis; ‘Detailed Mecha- 
nism of Elementary Reactions: Production of OH(*2*) in the 
H.-O, Flame”’ (Abstract), by Kurt E. Shuler; “Some Reactions 
of Atomic Hydrogen in Flames,”’ by J. R. Arthur and D. T. A. 
Townend; “Temperature of the Hydrogen-Fluorine Flame,” 
by R. H. Wilson, Jr., J. B. Conway, A. Engelbrecht, and A. V. 
Grosse; “Effect of Flame-Generated Turbulence on Heat Trans- 
fer From Combustion Gases,” by Bela Karlovitz; ‘‘Astro- 
physicist’s Concept of Temperature,”’ by Hari K. Sen. 

It is thought that a volume containing such varied material 
can be reviewed best by giving, where possible, summaries or 
conclusions of the authors themselves. 

A. G. Gaydon gives the following summary of his paper: 
Observations of flame spectra and most optical methods of tem- 
perature measurement depend on electronic excitation which oc- 
curs by collision with molecules carrying energy as internal vibra- 
tional energy. The spectrum-line reversal method of temperature 
measurement gives basically the electronic excitation tempera- 
ture; if equilibrium is not established this is likely to be closer 
to the vibrational than to the translational temperature of 
the gas. It is suggested that observations of predissociation 
of band systems such as CH in flames may serve as a sensitive 
test for the existence, or otherwise, of thermal equilibrium. 

G. A. Hornbeck and R. C. Herman present the results of 
investigations of some polyatomic flame bands carried out with 
a low-temperature burner. Hydrocarbon flame bands, the 
alpha bands of ammonia, and CO flame bands have been studied. 
Their work indicates the importance of using low-temperature 
high-intensity sources for the study of polyatomic flame spectra. 
The suppression of diatomic spectra and the higher resolution 
possible because of lower temperature and higher intensity have 


’ 


! Professor of Aeronautical Engineering, University of Illinois, 
Urbana, II. 


revealed many hitherto obscure features in polyatomic flame 
bands. 

P. J. Dyne discusses the apparatus for study of emission 
spectra of polyatomic free radicals, and some particular experi- 
ments conducted, with reference to previous experimental 
and theoretical results. . 

H. P. Broida gives the following abstract of his paper: In- 
tensity distributions of rotational lines in the (0,0) band of the 
2 — *II electronic transition of OH in a variety of flames have 
been obtained with a high-resolution grating monochromator. 
Various parts of the flames have been observed. These spectra 
have been used to investigate thermal equilibrium in the hot 
gases and to measure rotational “temperatures.’’ Flames of 
stoichiometric mixtures of various fuels with oxygen have been 
studied systematically. Preliminary investigations of flames 
using up to 90 per cent diluent have been made. Hydrocarbon 
flames burning in a slot burner with a long observable path 
through the reaction gave an abnormal distribution of OH ro- 
tational intensities similar to that obtained in a discharge through 
water vapor. 

S. S. Penner, M. Gilbert, and D. Weber describe the improved 
apparatus which has been used for the spectrographic study 
of two-dimensional, low-pressure combustion flames. They 
state that excellent spatial resolution is obtained at the expense 
of loss of light intensity, but that this can be compensated for 
by long exposures. Several emission spectra from the luminous 
zone of a propane-oxygen flame burning at a 5-mm pressure have 
been obtained. Also, a preliminary rotational analysis of the 
CH spectrum shows a reasonably normal rotational distribution, 
in agreement with the work of Gaydon and Wolfhard. 

G. H. Dieke and H. M. Crosswhite present and discuss the 
results of new studies of emission and absorption in flames. 

8. Silverman gives the following abstract of his paper: The 
energy distribution in CO-O, flames has been studied in the CO 
harmonic region at 2.3, under moderately high resolution (slip 
width ~ 0.8 cm~!). ‘Temperature profiles’? were obtained for 
an essentially two-dimensional flame. In the cooler regions 
near the orifice, the rotational and vibrational temperatures 
are equal. The vibrational temperature seems to correspond 
to thermochemical values throughout the flame profile. On 
the other hand, in the outer cone rotational temperatures 
are higher than the adiabatic flame temperatures. Introduction 
of CO, or Nz as a diluent into the fuel system is effective in estab- 
lishing vibration-rotation equilibrium, with CO, being especially 
effective. 

W. S. Benedict and E. K. Plyler give the following abstract 
of their paper: In this paper is presented a summary of recent 
work in which the spectra of hydrocarbon flames have been 
studied between 1 and 2.6 microns with considerably higher 
resolution than has hitherto been possible. (For the strongest 
regions of emission, resolution of 0.2 em~! has been achieved.) 
The improvement in resolution has resulted from the use of 
lead-sulphide photoconductive cells, which are sensitive detectors 
in that region, together with a 15,000 lines-per-in. grating 
spectrometer of high optical quality. The results for the 
most part have been presented in greater detail elsewhere; the 
emphasis of the present paper will be to point out the similarities 
and the differences between flame spectra in the near-infrared 
and in the more familiar visible and near-ultraviolet regions. 
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S. S. Penner gives the following abstract of his paper: An 
outline is presented of the basic theoretical relations which are 
used to calculate the infrared emissivity of diatomic gases. 
Next, the measurement of absolute values for the integrated ab- 
sorption, together with the determination of rotational half- 
widths resulting from collision broadening, is described. The 
experimental results are useful for the calculation of the infrared 
emissivity of diatomic gases at low pressures, where overlapping 
between rotational lines may be neglected, and at very high 
pressures, where complete overlapping occurs. Calculations 
at elevated pressures are believed to yield reasonable approxi- 
mations for the conditions existing in rocket combustion cham- 
bers. The theoretical calculations’ have been found to be in 
satisfactory agreement with available empirical emissivity data 
for CO. 

R. H. Tourin gives the following abstract of his paper: In- 
strumentation has been developed for the measurement of in- 
frared emission and absorption spectra of gases heated under 
controlled conditions of temperature, pressure, and composition. 
The setup now in use consists of a specially made quartz gas 
cell heated by a tube furnace, and an optical system which il- 
luminates the entrance slit of a monochromator with radiation 
Spectra are measured 
Some 


from the gas sample or the globar source. 
with a modified Perkin-Elmer Infrared Spectrometer. 
preliminary results have been obtained on carbon dioxide in 
both emission and absorption. 

B. Lewis discusses and evaluates the present state of knowl- 
edge of the macro and microstructure of flames. 

Only an abstract of K. E. Shuler’s paper is printed. 

J. R. Arthur and D. T. A. Townend give the following ab- 
stract of their paper: Methods of detecting the presence of 
atoms in flames are summarized. Particular attention is given 
to the chemiluminescence observed when hydrogen flames are 
brought into contact with certain promoted oxides. Proof that 
this luminescence is due to the recombination of hydrogen atoms 
is furnished by experiments with the oxides in a hydrogen dis- 
charge. The influence of various additives in ex- 
tinguishing the chemiluminescence induced by hydrogen flames 
is examined and the suppression of the sodium D lines is ob- 
served at the same additive concentration. An apparent ex- 
pansion of flames which occurs when sodium salts are added to 
them is also described, the expansion depending on the fuel, 
the mode of combustion, and the nature of the sodium 
salt. It is suggested that additives suppress the chemi- 
luminescence by inducing the recombination of hydrogen atoms 
and that these atoms are mainly responsible for the formation of 
sodium atoms (NaX + H Na + HX) when sodium salts are 
present in flames. The latter process also appears to provide a 
basis for explaining the expansion phenomena. 

R. H. Wilson, Jr., J. B. Conway, A. Engelbrecht, and A. V. 
Grosse give the following abstract of their paper: The high 
exothermicity of the combination of hydrogen with fluorine com- 
bined with the excellent stability of the reaction product results 
in a very high flame temperature. The maximum theoretical 
flame temperature is calculated to be 4300 deg K at one atm 
pressure. After preliminary experiments indicated that this 
maximum temperature must be higher than that of any man- 
made radiator, a new technique was developed using the sun 
as a comparison source. The actual flame temperature, meas- 
ured by means of the line-reversal method using the lithium line 
is 4300 deg K + 150 deg. 

B. Karlovitz presents a simple analysis of the turbulence 
generated by a turbulent flame. He states that at flow velocities 
up to a few hundred feet per second the flame-generated tur- 
bulence by far outweighs the turbulence of the approach flow. 
It has decisive influence on the turbulent flame propagation and 


gaseous 
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on every mixing and heat-transport phenomenon behind the 
flame. 

H. K. The 
paper gives an account of deviations from thermodynamic equi- 
librium in stars, which have made the astrophysicist revise his 
concept of temperature. Temperature of the and 
stellar atmospheres is now an “operational’’ concept, critically 
dependent on the method used to obtain it. Theoretical ex- 
tensions of thermodynamic concepts designed to meet the non- 
discussed, together with a 


Sen gives the following abstract of his paper: 


solar 


thermodynamic cases are recent 
investigation (unpublished) by the author on the effect of the 
non-Maxwellian electron velocity distribution in a shock front 
on certain apparent temperature anomalies in giant stars and 
in the solar chromosphere. 


High-Speed Aerodynamics 


GENERAL Tueory or Hicu Speep AgRopYNAMics, Edited by W. R. 
Sears. Vol. 6 of ‘High Speed Aerodynamics and Jet Propulsion.” 
Princeton University Press, Princeton, N. J., 1954. Cloth, 6 
9'/: in., xiv and 758 pp., 3 pages of plates, figs., index, 


$15. 


references 


LEVIEWED BY AscHER H. SHapiro? 


‘HIS is one of the first volumes of the long-heralded twelve- 
and jet 
Conceived in the spirit of the 


~ volume Princeton series on high-speed aerodynamics 
propulsion to reach publication. 
twenty-year-old six-volume series on aerodynamic theory edited 
by W. F. Durand, the Princeton series has as its objective the 
consolidation of the prodigious literature which has arisen since 
1940 on the diverse phases of aeronautical science which have 
contributed to the remarkable advances in high-speed flight in 
the past decade and a half. How broad is the present conception 
of the term aeronautical science may be gathered from a reading of 
the titles of the twelve volumes, covering as they do thermo- 
dynamics, combustion, gas dynamics, laminar and turbulent 
flows, aerodynamics, high-speed aircraft, physical measurements, 
aerodynamics of machinery, gas-turbine power plants, and jet- 
propulsion engines. If the volume reviewed here is typical of the 
series, we may expect the entire work to be not only a monu- 
mental record of what has been accomplished, but a classic refer- 
ence source and a spur to further research for years to come 

In any case the present volume is by itself an outstanding 
addition to the literature on high-speed aerodynamics. Ad- 
dressed primarily to the aerodynamic problems of high-speed 
aircraft, it has been written by men who have, themselves, made 
notable contributions to theoretical high-speed aerodynamics. 
Perhaps the greatest pitfall in a large volume like this having 
seven different authors is that the work will lack integration in 
spirit, style, and subject matter. Although there are some in- 
evitable remnants of loose bonds between the 
Prof. W. R. Sears (the volume editor) has been on the whole 
remarkably successful in infusing the book with a sense of uni- 
A brief outline of the different sec- 


several parts, 


formity and connectedness. 
tions of the book follows: 


(a) “On the Foundations of High-Speed Aerodynamics,” by 
Th. von Karman, 27 pages. | con- 
cepts and mathematical 
written in the Olympian style of Dr. von Karman, and forming 
a preview of what follows in the remainder of the book. 

(b) “Mathematical Aspects of Flow Problems of Hyperbolic 
Type,” by K. O. Friedrichs, 30 pages. A study of 
mathematical phases of supersonic flows, extending from notions 


A survey of the basic physica 


methods which have been fruitful, 


certain 


2 Professor of Mechanical Engineering, Massachusetts Institute of 
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of uniqueness to those of appropriate initial data, and comprising 
in toto the foundations of the method of characteristics. 

(c) “Small Perturbation Theory,” by W. R. Sears, 61 pages. 
A presentation of the fundamental ideas of small perturbation 
theory, based on the acoustic approximation, and applied to 
problems of subsonic aerodynamics, 

(d) “Supersonic and Transonic Small Perturbation Theory,” 
by Max A. Heaslet and Harvard Lomax, 223 pages. A unified 
exposition of the whole subject of linearized supersonic theory. 
A small volume in itself, the subjects covered include methods of 
solution of the wave equation, two-dimensional supersonic steady 
flow, three-dimensional supersonic steady flow, axisymmetric 
supersonic steady flow, slender airplane theory, unsteady lift, 
reciprocity relations and reverse-flow theorems, and small per- 
turbation theories of transonic and hypersonic flow. 

(e) “Higher Approximations,”’ by M. J. Lighthill, 145 pages. 
This is a notable synthesis of the nonlinear approximations to 
compressible flow, and constitutes as well a critique and appraisal 
of the first-order perturbation methods. Much more than a 
conglomeration of the principal techniques to be found in the 
technical literature, this section places a tremendous variety of 
ideas within a common framework. 

(f) “Plane Subsonic and Transonic Potential Flows,” by Y. H. 
Kuo and W. R. Sears, 93 pages. A discussion of the hodograph 
method as applied to subsonic and to mixed subsonic-supersonic 
flows. 

(g) “The Method of Characteristics,” by Antonio Ferri, 87 
pages. A detailed presentation of the application of the method 
of characteristics to supersonic flows. The text covers two- 
dimensional and axisymmetric potential flows, two-dimensional 
and axisymmetric rotational flows, characteristics methods for 
three variables, and linearized characteristics 
methods. 

(h) “Supersonic Flows With Shock Waves,” by Antonio Ferri, 
79 pages. A survey of theoretical considerations concerning the 
difficult subject of flows containing shocks, including supersonic 
and transonic flows of plane and axisymmetric character, and 


independent 


flow past cones. 
The production and appearance of the book are both excellent. 
The reviewer takes no risk in predicting a long and esteemed 
life for this volume. 


Fluid Mechanics and Computing 


TRANSACTIONS OF THE SYMPOSIUM ON FLUID MECHANICS AND Com- 
putinc—Held at New York University, April 23-24, 1953. Edited 


by G. Birkhoff, K. O. Friedrichs, and T. E. Sterne. Interscience 
Publishers, Inc., New York, N. Y., 1954. Cloth, 7 X 10 in., 243 
pp., figs., tables, $5. 


RevIEWED By AscHEeR H. SHapiro® 


HIS volume contains.....the papers delivered at the first 

symposium in applied mathematics sponsored by the Ameri- 
can Mathematical Society and the Office of Ordnance Research, 
U. 8. Army...in April, 1953... The scientific fields explored 
at the symposium are many and diverse. They include broad 
areas in mathematics, fluid mechanics, mathematical physics, 
and computer techniques. British, French, German, and 
American scientists co-operated to make the symposium of 
significant international interest Each paper presented 
represents in a sense a critical point in the continuing frontal 
attack on the general problem of the understanding and con- 
trol of the physical world.” 


3 Professor of Mechanical Engineering, Massachusetts Institute of 
Technology, Cambridge, Mass. Mem. ASME. 


JOURNAL OF APPLIED MECHANICS 


JUNE, 1955 

The foregoing introduction launches a miscellany of 14 papers 
on the general theme of the mathematical foundations of fluid 
dynamics. Most of the papers pertain to compressible flows, 
and fall into three main categories: (1) Methods of solution of 
specific types of problems in fluid dynamics, (2) investigations 
of the mathematical character of several classes of problems, 
with a concern for uniqueness and existence aspects, and (3) 
techniques for obtaining numerical solutions with the help of 
high-speed computing machines. The roster of distinguished 
names forming the authorship is a warranty of the significance 
and quality of the work. 

Some notion of the scope of the volume is given by the list of 
authors and titles: 


M. J. Lighthill: 
theory. 

G. F. Carrier: 
matics. 

Garrett 
bulence. 

G. 8. S. Ludford and M. H. Martin: 
tropic flows. 

J. H. Giese: Approximate methods for computing flow fields. 

Lipman Bers: Results and conjectures in the mathematical 
theory of subsonic and transonic gas flow. 

Alexander Weinstein: The. singular solutions and the Cauchy 
problem for generalized Tricomi equations. 

P. Germain: Remarks on the theory of partial differential 
equations of mixed type and applications to the study of tran- 


Mathematical methods in compressible flow 
Boundary layer problems in applied mathe- 


Birkhoff: Fourier synthesis of homogeneous tur- 


One-dimensional anisen- 


sonic flow. 

R. von Mises: 

Mark Lotkin: 
chines. 

Peter D. Lax: Weak sclutions of nonlinear hyperbolic equa- 
tions and their numerical omputation. 

L. H. Thomas: Computation of one-dimensional compressible 
flows including shocks. 

G. E. Hudson: The deformation of a thin material shell of 
nonuniform thickness by a detonation wave. 

Hubert Schardin: Measurement of spherical shock waves. 


Discussion on transonic flow. 
Some problems solvable on computing ma- 


The subject matter of most of the papers is of advanced char- 
acter and will have meaning primarily for individuals struggling 
with the barriers standing at the frontiers of our knowledge. 
For these the book will be a valuable reference source. 


Aluminum in Iron and Steel 


ALUMINUM IN IRON AND Steet. By Samuel L. Case and Kent R. 
Van Horn. Engineering Foundation, John Wiley & Sons, Inc., 
New York, N. Y.; Chapman & Hall, Ltd., London, England, 
1953. Cloth, 6 X 9 in., xii and 478 pp., figs., $8.50. 


REVIEWED By P. E. Kye‘ 


HIS is the first volume of the New Series of Alloys of Iron 
Research Monographs directed and edited by Frank T. Sisco. 
The purpose of this new series is to revise and complete the par- 
tially finished manuscripts on nickel and manganese as addition 
elements in steel and cast iron and to prepare monographs on 
selected elements which have recently assumed importance 
in ferrous metallurgy. This first volume is devoted to one of 
these elements, aluminum. 
The text material is divided into two parts—the first being 
devoted to aluminum as a deoxidizer, and the second to aluminum 
as an alloying element. 


* Vice-President, 
Mem. ASME. 


Lesselis and Associates, Inc., Boston, Mass. 
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In part 1 the first chapter is devoted to discussion of the ther- 
modynamics of deoxidation with aluminum, methods of making 
The 


other six chapters treat the subjects of oxide, sulphide, and nitride 


additions, and the practices for various grades of steels. 


inclusions and the effect of deoxidation on austenitic grain-size 
control, notch sensitivity, aging, hardenability, spheroidization, 
and graphitization of iron carbide, and creep. 

The first chapter in part 2 covers the consitution of iron- 
aluminum alloys, iron-rich iron-aluminum-carbon alloys, and 
other ternary systems. The remaining six chapters are devoted 
to the manufacture of the simple and complex iron-aluminum 
alloys, aluminum in heat-resisting and permanent magnet alloys, 
the function of aluminum in nitriding steels, aluminum coatings 
on steels, and the use of aluminum in cast irons, transformer steels, 
tool steels, and nickel-base alloys. 

Special features include brief one to two-page chapter sum- 
maries, a bibliography of 341 references covering the period 1897 
to 1952, a name incex, and a well-prepared subject index. 

To those familiar with the monographs of the earlier series it 
will suffice to say that this new volume is of the same high stand- 
ard of quality. It has been prepared by the authors with the 
advice and assistance of an able Iron Alloys Committee of the 
Engineering Foundation, and is highly recommended as a 
comprehensive review of the literature of the world on this sub- 
ject. By its nature it is not a textbook but is a valuable refer- 
ence book for the libraries of engineers and scientists. 


Nickel in Iron and Steel 


NICKEL IN IRON AND Steet. By A. M. Hall. Engineering Founda- 
tion, John Wiley & Sons, Inc., New York, N. Y.; Chapman & Hall 
Ltd., London, England, 1954. Cloth, 6 X 9 in., xii and 595 pp., 
figs., $10. 


REVIEWED BY P. E. Ky.e® 


THIS is the second volume of the New Series of Alloys of Iron 

Research Monographs directed and edited by Frank T. Sisco, 
and represents a revision of, and additions to, an earlier manu- 
script which was partially completed by Frank T. Sisco and John 
S. Marsh in 1942 

The introductory first chapter is devoted to nickel minerals and 
the occurrence and refinement of nickel ores. The remaining 
chapters refer to the cast and wrought steels and cast irons con- 
taining nickel. Among the many subjects covered are melting, 
working, physical properties, metallography, heat-treatment, 
room-temperature properties, effects of temperature on me- 
chanical properties, corrosion, welding, brazing, seldering, 
machinability, and wear resistance 

The style of this volume is similar to that of the first volume of 
this new series which was entitled “Aluminum in Iron and Steel.” 
It contains valuable chapter summaries and a bibliography of 
784 references covering the period essentially from 1900 to 1953 
with a few selected references between 1858 and 1900. A name 
index and detailed subject index are also included. 

This book is written to the same high standards as other Alloys 
of Iron Monographs and gives thorough coverage of the effects 
of nickel as one of the most common alloying elements in steels 
and cast irons. It is a reference work rather than a textbook and 
contains some unpublished data as we ] as a concise review of the 
essential literature on the subject. It is recommended as a 
valuable addition for permanent libraries of engineers and scien- 
tists, research workers and operating personnel, designers and 
users of machines and structures. 

Associates, Inc., Boston, Mass. 


5 Vice-President, Lessells and 


Mem. ASME. 


Residual Stresses in Metals 


Restpua. STRessES IN METALS AND Meta Construction. Edited 
by William R. Osgood. Reinhold Publishing Corporation, New 
York, N. Y., 1954. Cloth, 6 '/« X 9 in., figs., 
xii and 363 pp., $10. 


references, index, 


Review_ED By D. G. Ricwarps* 


ECAUSE of conflicting opinions concerning the contribution 
of residual stresses to fractures in welded ships, the Ship 
Structure Committee recognized a need for a critical examination 
and appraisal of contemporary knowledge of residual stresses and 
the conditions under their effects 
Accordingly, they requested the Committee on Residual Stresses 
of the National Academy of Sciences 
cil to prepare this monograph. 
The Ship Structure Committee is composed of five member 


which become significant. 


National Research Coun- 


agencies: The Bureau of Ships, the Military Sea Transportation 
Service, the United States Coast Guard, the Maritime Admin- 
istration, and the American Bureau of Shipping. The Committee 
on Residual Stresses is a seven-man committee, headed by Dr. 
John T. Norton. 

The monograph is made up of 21 papers prepared by 23 con- 
tributors: Thirteen from the United States, five from England, 
three from Belgium, one from Germany, and one from Scotland. 
The representation from industry and from the academic in- 
stitutions is about equal. A 22-page summary, presented at the 
end of the book, was written by the editor and the Committee 
on Residual Stresses. 

It was intended that the monograph should summarize and 
assess the present state of knowledge on the effects of residual 
stresses upon the performance of various kinds of structures, with 
particular emphasis on possible contributions of these stresses to 
fracture. The scope was to be broad and not limited to the 
welded-ship fracture problem. 
would enable formulation of generally applicable principles de- 


It was hoped that this survey 


scribing the modification of structural behavior which could be 
expected as a result of the presence of residual stresses. 

A publication of this nature is quite welcome since considerable 
information has been published on methods of measurement, 
origin, and magnitude of residual stresses, but relatively little has 
been published on the significance of these stresses. 

The first seven papers deal chiefly with examples of fractures 
in large structures and welded ships, typical stresses in welded 
ships, and welding stresses. The next nine papers cover the 
significance and influence of residual stresses, a theoretical dis- 
cussion of shakedown, and a discusssion of microstresses originated 
by gas inclusions. The last five papers include a discussion of the 
assumptions and principles which underlie the application of 
mechanical methods of measuring residual stresses, two papers 
on x-ray measurements of strain, and two papers on specific 
measurement techniques. 

The summary is based on the papers in the monograph, the 
literature, and the experience of the members of the Committee 

It is divided into nine sections: 
fracture; latent 
variation of temperature; 


on Residual Stresses 
and 


Super- 


position, flow, microstresses ; 
buckling; 


residual stresses; 


energy; 
fatigue; measurement of 
ships; and recommendations for research 

The majority of the papers contribute to the main object of 
the monograph and are of interest. A paper by MacGregor on 
the significance of residual stresses aims directly at the object and 
is “recommended reading.’’ This paper and the summary clearly 
define the present state of knowledge. Several of the authors 

® Chief, Vibration and Mechanical Metallurgy, Hamilton Stand- 
ard Division, United Aircraft Corporation, Windsor Locks, 
necticut. Mem. ASME. 
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discuss the subject of macrostresses versus microstresses and con- 
siderable emphasis is given to the probable importance of micro- 
stresses. A paper by Greenough, another by Hyler and Jackson, 
and a section in the summary, bear on this subject. Rosenthal 
contributes a good discussion on measurement of residual stress 
in a paper in which he seeks an answer to the question: “What 
is actually being measured?” The results of several series of 
fatigue tests on large shafts and axles involving different states 
of residual stress are presented in a paper by Horger and Neifert. 
The summary is well! written, thorough, and explicit. 

It is clear from the evidence now available that engineers should 
give careful consideration to the subject of residual stresses. 
This monograph should serve as a useful guide to practicing en- 
gineers and it should serve to stimulate those working on the 
fundamental aspects of residual-stress problems. It is evident 
that the book was carefully edited and the text is very easy to 
read. 


Failure of Structural Units 


TecunicaL Report, New Series, vol. 2, September, 1954, British 
Engine Boiler & Electrical Insurance Co., Ltd.. Manchester, 
England. Paper, 9'/2 X 7 in., 21 figs., 256 pp., 12s. 6d. 


REVIEWED BY JoHN M. LEssELLs’ 


URTHER information on the failure of structural units 

is given in volume 2 of the New Series of Technical Reports 
issued by the British Engine Boiler & Electrical Insurance Co., 
Ltd. Such kind of knowledge, as mentioned in the review of 
volume 1 published in the Journat or Apptiep Mecuanics for 
September, 1953, page 451, is of extreme importance to all engi- 
neers concerned with the design and operation of structural 
parts. 

The present volume devotes the first section to a historical 
review of a century’s progress in the organized inspection of en- 
gineering plants. It is interesting to learn that in 1854 boiler 
explosions were generally regarded as fortuitous, and it was not 
until the efforts of such engineering giants as Fairbairn, Whit- 
worth, Longridge, and others that a more rational approach was 
made to the design and operation of pressure vessels. Some in- 
teresting remarks are made on the contribution of the compe- 
tent inspection provided by such insurance companies as the 
British Engine Boiler & Eléctrical Insurance Company in assist- 
ing to avert such failures by the dissemination of technical knowl- 
edge regarding particular failures. All engineers will agree with 
the statement in the report regarding the future possibilities 
which lie open before the engineer: ‘There is no doubt that 

7 President, Lessells and Associates, Inc., Boston, Mass.; Associ- 
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mankind stands on the threshold of an era that is likely to 
surpass in technological development the ones that preceded 
it. It may be that in a hundred years the basic prime movers 
of today may join the beam engine and the Haystack boiler as 
museum curiosities.”’ 

The next section is devoted to a discussion of failure of a 
variety of units such as steam boilers, pipe flanges, turbine 
bearings, and the like. Interesting descriptions are given of 
several crankshaft failures. These indicate the influence of bad 
welding technique on such failures. Other cases are cited which 
show the possible influence of chromium plating in reducing the 
fatigue strength unless proper attention is given to the chromium- 
plating technique. All of these are problems of current engineer- 
ing significance. 

Not the least of the interesting features of this and the pre- 
vious report are the excellent macrographs and micrographs 
which have been used with competent metallurgical knowledge 
as an aid to the engineer in uncovering the causes of failure. 

The latter part of the report is devoted to a review by the Com- 
pany’s Research Engineer, G. A. Cottell, of the knowledge of 
fatigue phenomena. This includes a discussion of crack forma- 
tion and growth on which more knowledge is still required by 
the engineer. An interesting bibliography draws attention to the 
pertinent literature of the subject. 


Strength of Materials 


Srrencts or MarTeriats. By Joseph Marin and John A. Sauer. 
The Macmillan Company, New York, N. Y., second edition, 1954. 
Cloth, 9 X 6in., xvii and 518 pp., figs., $6.75. 


RevIEwED By T. A. Hewson® 


HE book under review by Joseph Marin and John A. Sauer is 

a noteworthy contribution to American college undergraduave 
texts on this important subject. The second edition, like the 
first, combines the mechanics of each stress system discussed with 
a brief treatment of the corresponding mechanical properties of 
materials. Simple stresses are presented in a lucid manner in 
part 1. Part 2 takes up statically indeterminate stresses including 
deformation methods of analysis and energy analytic methods. 
Combined stresses are presented in part 3. Special topics are 
discussed in part 4. These include riveted and welded joints, 
special problems on bending of beams, members subjected to 
fatigue and impact loads, temperature and creep, and experi- 
mental stress analysis. In fact, a principal feature of the book is 
the correlation of stress analysis, mechanical properties, and 
design. This correlation should prepare students more ade- 
quately for the study of machine, structural, and aircraft design. 
The book is exceptionally well written and illustrated. 


8 Chief Engineer, Lessells ancl Associates, Inc., Boston, Mass. 





Third U. S. National Congress of Applied Mechanics 
Preliminary Announcement 


The Third U. S. National Congress of Applied Mechanics 
will be held at Brown University, Providence, Rhode Island, 
during June 11-14, 1958. It is hoped that the scheduling of 
conflicting meetings can be avoided by this early announce- 
ment of the date chosen for the Congress. Further an- 
nouncements concerning the preparation of papers will be 
made as the Congress draws nearer. 


Inquiries regarding the Congress should be addressed to 
one of the following members of the Organizing Committee 
at Brown University, Providence, R. I.: 


Professor D. C. Drucker, Secretary 
Professor E. H. Lee, Treasurer 
Professor W. Prager, Chairman 
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